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Abstract

For any base of the root lattice JAve can construct a signed graph. A signed grajmé whose edges are signed
by +1 or -1. A signed graph is balanced if and dhiis vertex set can be divided into two set$eitof which may
be empty—so that each edge between the sets ifueegad each edge within a set is positive. Fgivan signed
graph Tsaranov, Siedel and Cameron constructeddiresponding root lattice. In the present workhage dealt
with signed graphs corresponding to the root lathg. A connected graph is called a Fushimi tree ifitdlocks
are complete subgraphs. A Fushimi tree is saicetgsimple when by deleting any cut vertex we haveagé two
connected components. A signed Fushimi tree igaall Fushimi tree with standard sign if it can famsformed
into a signed Fushimi tree whose all edges areesidiy +1 by switching. Here we have proved that sigped
graph corresponding to,As a simple Fushimi tree with standard sign. Oafmmesult is that s simple Fushimi tree
with standard sign is contained in the cluster gibg a line.
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1. Introduction

A signed graph is a graph in which each edge hass#ive or negative sign. A signed graph is batanc
if and only if its vertex set can be divided inteotsets (either of which may be empty) X and Y tisat
each edge between the sets is negative and eaehwittiin a set is positive. This is the first thewor of
signed graphs (Harary, 1953)

A given signed graph, Tsaranov, seidel and Cammstnuct the corresponding root lattice. We treated
with signed graphs corresponding to the root latfic A connected graph is called a Fushimi tree if its
all blocks are complete subgraphs. A Fushimi, isezaid to be simple when by deleting any cut verte
We have always two its connected components. Swgcind local switching of signed graphs are also
Introduced by Cameron, seidel and Tsaranov. A sighagshimi tree is said to be a Fushimi tree with
standard sign if it can be transformed to a sigiReshimi tree whose all edges are signed by +1. by a
switching we prove that any signed graph correspgria A, is a simple Fushimi tree with standard sign.

2. Some definitions
(i) Posets: Let P be any set in which the partial order relatk holds

i.e. This relation is

a. Reflexive :x<x, OxOP
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b. Anti-symmetric:x<y andy<x=x=y, 0 X, yUP
C. Transitive :x<y andy<z=x<z 0O XYy, zUP
For Example: The se of Natural number N={1,2,3,........... w} with nianal elements W is a poset with

the usual orderings .
(ii) Lattice: A poset (P<) in which every pair of elements has a supremuimof\doin and infimum/)
or meet is called a lattice.
Itis noted by L.
For Example: Itis a lattice, for
avb =aorblN, accordingags<b orb<a

alb=a or bON, accordingasa<b orb<a

(iii) Thelattice A, and signed Fushimi trees

A connected graph G = (V, E) is called Fushimi tfeeach block of G is a perfect graph. A Fushiraet
G is said to be Fushimi tree if G is divided exattvo connected components when each cut verdéx in
is deleted.

A signed simple Fushimi tree is called a speciahimi tree with standard sign if we switch all sgvf
edges in to +1.

The latticeA, is spanned by vectog —e , | <i# j<n+]
where{ge,......... €.} is the orthonormal base of the Euclidean (n+1pefl™

There is the one - to - one correspondence betemkard root bases @&, and connected signed graphs
associated with\,.

(iv) Local switching: Let S be subset of vertices of a graph G themgtaph H formed by vertices of S is
called local switching of G generated by S.

3. Theorem

Any connected signed graph is a signed graph agsdavith A, if and only if it is a simple Fushimi tree

with Standard sign.
Proof. Let G be a singed graph corresponding to a ordessd{ a,, a,,...,a,} . If we replacea by -a,

then the sign of G is switched with respect ®¥ Hence there is no problem whether we taker —a, .
There is no cycle in G whose length is more thalm 3act, if ql,qz,...,qm,m>3 make a cycle, then we
can assume tha&til =€ ~€,=¢,,a =€, g =€ -€ .8 =€ —¢€, But this implies that
8,8 ,...,8 are not linearly independent. B ,& ,a make a cycle, then we can assume that
a =€ -¢,8a =€ —-¢ ,4a =€ —¢, . We have cycles of this type only in G. Now takeleck B

of G consisting of verticeg ,a, ,..a . Two vertices alla, anda,_ must be on a cycle in B. We may



RN. Yadav / BIBECHANA 11(1) (2014) 157-160: (Online Publizat: March, 2014) p.159

assume thag, ,&_,8_ make a cycle, then we can pat =e; -, ,a =€ -¢, ,8 =€ —-¢ . The
verticesa, and@, are also on a cycle in B, which may &g,a, ,a,_. Then we can pug, =€, —¢, ,
a_ =€ —¢e. or a, =e, —e,.a =€ ~¢€ where J,Z]. Assume that

a, =€, —¢,,a =¢€_ —¢, . Two verticesa, anda, are also on a cycle iB. Then we havej, = |,,

a contradiction. Hence, we ged =€, —€; ,a_=€ —¢€_. By this way, we geta, =g -¢ ,

1< k £ m. Hence any block of G is a perfect graph whose £tigee sign+1. Suppose ttet =€, —e;,

of a block B is a cut vertex. If two vertex , &, which are not in B are adjacent wig , then we can put

a; =€, ~€,a =€ —¢ .Hencea ,a ,a are contained in another block of G. Hence we show
that G-&_ has two connected components. Thus G is a simyslkiffi tree with standard sign.

Conversdy: Let G be a special Fushimi tree with standard.ségsume that G has m blocks. If m =1, it
is evident that G is a connected signed graph agsdcwith A,. Now suppose that the result is true for

simple signed Fushimi trees with m blocks. Let Galmmple signed Fushimi tree with m + 1 blocks. Le
G' be a simple Fushimi tree with standard sign twidcmade from G by deleting one block B of G. Then
G' is a connected signed graph associated Wjtrand corresponding to a ordered bgaga,,.....a.} .

Now assume that dllvertices of B are adjacement with a vergx= €, —€; and thate; is not used in
any other @; is not used in any othay. Then we can consider that the block B consists of

€, "642:€, "€u3r-- 8, T6+ and a. Hence we regard G as a connected signed graph

associated withA, |, .

3.1. Local switching of smple Fushimi trees

Let G be a simple Fushimi tree with standard sigrtke a block B of G. In the present work, G is gaid
be (n+ k,k)-type with respect to B if the order of B is n+ldahe number of cut vertices in B is k. Let a

be a cut vertex in a block B. G/{a} has the two mected components. One is the component containing
B/{a}. We call the other the branch with respeci{B) a). All such components are called branchek wi
respect to B. A block of a simple Fushimi treesiid to be pendant if it has only one cut vert@g. call

a simple Fushimi tree line-like if it has only obleck or it has exactly two pendant blocks. A birars;

with respect to (B, a) is called line - like B,U{a} I line-like. A simple Fushimi tree is said to béiree
Fushimi tree if the order of its every block is 2.

3.2.Lemma

Let G be a simple Fushimi tree of (n+k, k) -type with respect to a block B. We can transform G into a

simple Fushimi tree of (k, K)-type, by a sequence of local switching.

Proof. Let the block B consist of verticeg,,a,,....&,, &, ....,.8,, Where a_,,.....a,,, are cut
vertices. set) ={a,,,} andK =(a,,a,,a,4,a,,,....a,,,}. By local switching with respect t(an,J),

we obtain a simple Fushimi tree of (n+k-1, k)-typi¢éh respect to blocka,,a,,....,a,, 85,8} »
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where a, anda,., are cut vertices. Denote lfy, this simple Fushimi tree of (n+k-1, k)-type. Apiply

the same procedure 6,, we get a simple Fushimi tree of (n+k-2,k)-typepBating the same method,
we get a simple Fushimi tree of (k, k)-type at.last
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