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Abstract 

In this paper, exact solutions of different variants of second order hyperbolic telegraph equation are 

investigated with Homotopy Perturbation Method (HPM). The results determined by the proposed 

method are quite satisfactory and shows that HPM technique is very effective and useful for solving the 

nonlinear partial differential equations (PDEs) with given initial or boundary conditions. The proposed 

iterative scheme finds the solution without any discretization, linearization or restrictive assumptions.  
 

Keywords: Telegraph equation; Homotopy perturbation method. 

 

1.  Introduction 
 

Hyperbolic PDEs are the area of interest of many mathematicians because of their applications in many 

applied sciences for example wave equation and telegraph equation. The telegraph equation was first 

introduced by kirchoff in 1857. But it was first examined by Poincare in 1893. The telegraph equation has 

both wave motion and diffusion properties. Telegraph equation describes various phenomena in many 

appliedfields, for example in fluid dynamics it shows the random motion of the particle, travelling of 

electromagnetic waves in superconducting media and propagation of pressure waves occurring in 

pulsatile blood flow in arteries [1]. 
 

In the last few years, many techniques have been introduced for the exact and numerical solutions of the 

nonlinear PDEs, such as the ADM [2], Exponential function method [3,4], Homotopy Analysis Method 

(HAM)[5-7] and Variational Iteration Method (VIM)[8-10].  
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In this work, we use homotopy perturbation method (HPM) for solving hyperbolic telegraph equation. 

Besides from the other techniques, the nonlinear PDEs are solved easily and efficiently without 

transforming or linearizing the equation by using the Homotopy Perturbation Method (HPM) [10]. It 

gives the solution with great accuracy, less calculations and avoiding of unnecessary assumptions. The 

HPM was first proposed by He and it is applied to solve a wide class of nonlinear PDEs and ODEs 

effectively, more easily and much accurately with approximations converging rapidly to accurate 

solutions. 
 

2. Basic Idea of Homotopy Perturbation Method (HPM) 

Consider the following non-linear differential equation 

,0)()(  rrfuA               (1) 
with the boundary conditions of 

,0),( 
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u
uB                                      (2) 

where A, B, f(r) and Γ are differential operator, boundary operator, known analytic function and the 

boundary of the domain Ω, respectively. 

The operator A(u) can be divided into a linear part L(u) and a non-linear part N(u). 

Therefore Eq.(1) can be rewritten as 
.0)()()(  rfuNuL               (3)      

In case the nonlinear Eq. (1) has no small parameter, we can construct the following homotopy, 
.0)]()([)()()(),( 00  rfvNpupLuLvLpvH           (4) 

Here p is homotopy parameter. 

According to the Homotopy Perturbation Method, the approximate solution of Eq. (4) can be expressed as 

a series of the power p i.e.       

u = 𝑙𝑖𝑚
𝑝→1

 (uo+pu1+p2u2+p3u3+…).                                                                                      (5)  

When Eq. (4) corresponds to Eq. (1), (5) becomes the approximate solution of Eq. (1). 
 

3. Numerical Examples 
 

In this section we give some numerical examples to check the efficiency and accuracy of the proposed 

method by solving some hyperbolic telegraph equation. 

Example 3.1 Consider the following Hyperbolic Telegraph equation 

 
,xxttt uuuu 
                                                                      (6) 

with the initial conditions 
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              (7) 
According to the above defined procedure, we have 
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Equating powers of p 
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and so on. The closed form solution is 
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             (9) 
This is the exact solution of the Eq. (6) as given by [11]. 
 

Example 3.2 Consider the following Telegraph Eq. 

 ,2,4 





 xxttt uuuu

                                               (10) 
with the initial conditions  

 
.sin)0,(,sin)0,( xxuxxu t 
         

According to the above defined procedure, we have 
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            (11) 
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Consequently, 

 
xtxtxup sinsin),(, 0
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 And so on. The closed form solution is 
 

 






























...
!3!2

1sin),(

...
!5

9

!4

15

!3

4
sin

!3

3

!2
sinsinsin),(

32

54332

tt
txtxu

ttt
x

tt
xxtxtxu

 
..sin),( textxu       (12) 

 
This is exact solution [11]. 
 

Example 3.3 Consider the following Telegraph equations 

 
),,( txfuuuu xxttt  

           (13) 
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with the initial conditions 
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According to the above defined procedure, we have 
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 And so on. The series solution is 
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The closed form solution is  

 
.),( 2 txtxu                (16) 

This is the exact solution as given by [11].  
 

Example 3.4 Consider the following Telegraph equation 

 
txxtt uuuu 2
              (17) 

with the initial conditions 

 
.1)0,(,1)cosh()0,(  xuxxu t             (18) 

According to the above defined procedure, we have 
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Consequently, we have 
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 and so on. The series solution is 
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This is exact solution as was found in [12]. 
  
4. Conclusion 
 

We have applied HPM for calculating the exact solution of second order hyperbolic telegraph equation. 

The results obtained by this method are quite satisfactory and are in accordance with the other techniques. 

The results gained through HPM prove that this is a powerful method for finding the exact.  
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