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Abstract
The sequence space al have been defined and the various classes of infinite matrices have been
characterized by Aydin and Basar, ( see, [1] ) , where 1< p < oo In this paper we characterize the
classes (a :f, ), (a :f) and (a :f,),where f ,f and f, denote respectively the spaces of almost
bounded sequences , almost convergent sequences and almost convergent null sequences.

Keywords:  Sequence space of non-absolute type;, almost convergent sequences; f-duals and Matrix

Transformations.

1. Introduction, Background and Preliminaries

A sequence space is defined to be a linear space with real or complex sequences. Throughout the paper
N, R and C denotes the set of non-negative integers, the set of real numbers and the set of complex
numbers, respectively.

Let w denote the space of all sequences ( real or complex ). Let X and Ybe two non-empty subsets of
w. Let A =(a,;) ,(n, k € N), be an infinite matrix of real or complex numbers. We write (Ax),, =
A,(x) =Yg anrxr - Then Ax ={A,(x)} is called the A-transform of x, whenever A,(x) =
Yk AniXr < oo forall n € N. We write lim, Ax = lim,, A, (x). If x € X implies Ax € Y, we say that
A-defines a matrix transformations from X into Y, denoted by A: X — Y. By (X:Y), we mean the class
of all matrices A such that A: X - Y.

For a sequence space, the matrix domain X4of an infinite matrix A is defined as

(1) Xy ={x=(x) €Ew: Ax € X}
Let ¢4, and ¢ be the Banach spaces of bounded and convergent sequences x = {x(n)}n=, With

supremum norm ||x|| = sup,|x(n)|. Let T denote the shift operator on w, that is , Tx = {x(n)}y=1,
T2x = {x(n)}-, and so on. A Banach limit Lis a non-negative linear functional
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on ¢4, such that L is invariant under the shift operator and L(e) = 1, where e = (1,1,...) (see, [2]),
that is, a functional L: £, = R is called a Banach limit if

(i) L is linear,

(i) L(x) = 0ifx,, > 0 for all n.

(it1) L(x) = L(Tx)whereT is shift operator on w.

(iv) L(e) = 1,wheree = (1,1, ...).

Since the Hahn-Banach norm preserving extension is not unique, there must be many Banach limits in
the dual space of ., and usually different Banach limits have different values at the same element in
f.. However, there indeed exists sequences whose values of all Banach limits are same. If x =
{xn}m=o € c, where c is a Banach space of £, consisting of convergent sequences, then L(x) = lim,, x,,
is a trivial example. Besides this there also exists non-convergent sequences satisfying this property. For
example x = {1,0,1,0, ... }the value of L(x) =% is same for every Banach limit. Lorentz (see, [4])

called a sequence x = {x,}n=; almost convergent if all Banach limits of x, L(x) , are same, and this
unique Banach limit is called F-lim of x. In his paper Lorentz proved the following criterion for almost
convergent sequences.

A x = {xp}n=o € o is almost convergent with F-limit L(x) if and only if

limy, ¢ Ly ()= L(x),
where, ty,(x) = %Zf;ol T'x,, (T° = 0), uniformly in n > 0.
The above limit can be rewritten in detail as

X, + -+ x -1
(Ve > 0), (3po) (Vp > po) (Vn) [— . LLLZR

Ll <e.

We denote the set of almost convergent sequences by f.

f =1{x € ly : limy, t;;,(x) exists, uniformly inn}.
Nanda [6] has defined a new set of sequences f, as follows:

foo = {x €l = limy,|tn(x)| < o0},
We call f,the set of all almost bounded sequences. The approach of constructing a new sequence space
by means of matrix domain of a particular limitation method has been studied by several authors viz., (
see, [1,5,7]).

Following (see, [1], [7]), the sequence space a_ is defined as the set of all sequences whose A" -transform

isin ¢, thatis,

. R RS
a :{xz(xk)ea):hm—IZ( 1+7)x, exists}
"on+

k=0
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k
1+r 0<k<n
n+1
where , a, =
0, k>n

With the notation of (1) that, a’ = (c)A,, .

2. Main Results
Define the sequence y =(y, (7)) which will be used, by the 4" -transform of a sequence x =(x,), that s,
R
2 r) = x.; forkeN.
) 50 = 2T

For brevity in notation, we write

1 m
t (Ax) = A (x)=) aln,k,m)x
mn( ) m+1; n+z() ; ( )k
1 m
where , a(n,k,m)=——-> a, ., ;(nk,meN
e DI )
Also. ﬂmkm0=A-ﬁﬂﬁgﬂ(k+D=‘Kmh?)—“mkt%m)(k+D
1+r l+r 1+ 7

We denote by X7, the 8 —deal of a sequence space X and mean the set of all the sequences x = (x;,)
such that xy=(x,y,)e cs for all y=(y,)eX. Now, we give the following lemmas which will be

needed in proving the main Theorems.
Lemma 2.1[1]: Define the sets D,(p) and D, (p) as follows

ro__ _ . ak ©
D —{a—(ak)ea).z A(Hrkj(kﬂ) < }

k

Dr:{a:(ak)ea):( a"k j ecs}
: 1+r

a a a
where , A(l k,{} = L 1 o
+r +r 147

Then , [« =D ND;

Lemma 2.2 [5]: fc f,

Theorem 2.1: A4 € (a,:f,) if and only if
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3) sup Y | a(n,k,m)| < o
nme N
and
a
4 L ecs,forall neN
I+

Proof: Sufficiency: Suppose the conditions (3) & (4) holds and xea. Then {aﬂ’k }keN € [aj ]ﬂ for

every neN the A-transform of x exists. Since xea’ , by hypothesis, and a = ¢ (see,[1]), we have
y € c¢.Thus, we can find K > 0 such that sup|yk| <K.
k

| ¢, (Ax) |= ‘ z a(n, k, m)x,

:‘ Zd(nak:m)yk
k

< Z|d(n,k,m)||yk| SKZ| a(n,k,m) |
k k

Taking sup on both sides, we get 4xe f, forevery xea..

Necessity: Suppose that 4 e (a.:f, ). ThenAx exists for every xea  and this implies that

{ a,, }kEN € [ a ]ﬂ for every neN, the necessity of (4) is immediate. Now, » a(n,k,m)x, exists for
k

each m,n and xeda ,the sequences {a(n,k,m)},_, define the continuous linear functionals w,, (x) on
a. by
v, () => a(nk,myx, ; (nk,meN).

k

Since a. and c are norm isomorphic ( see [1], ), it should follow with (2) that ||y, (x)| = | a(n, k,m)|

holds for every k € N. This implies that the functionals defined by y,, on a’ are point wise bounded,
so by uniform bounded principle , there exists M >0 such that
[ w,,(x)| < M for every m,neN.

Thus we conclude that

<M

Zd(n, k,m)y,

k

sup |, (x)] =sup

m,n

Za(n, k, m)x,
k

=sup
m,n

n,me N

This implies that sup Z| a(n,k,m) |< oo, which shows the necessity of the condition (3) and the proof of
k

(i) is complete. [J
Theorem 2.2 : 4 € (a, :f) if and only if (3),(4) and

(5) lima(n,k,m)= g, ,uniformly in n, and for each keN.

(6) 1i£n2‘d(n, k,m)=f,| = 0, uniformly in .
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Proof: Sufficiency: Suppose that the conditions (3), (4), (5) and (6) hold and xea’ . Then 4x exists and
at this stage , we observe with the help of (5 ) & (6) that

k
2| 8] =sup 3|, j,m)| < o=
=0 mnj

holds for every & .This gives that (,) €/ .Since xea by hypothesis and a = c( see,[1]), we have
y € c.Therefore , we can easily see that (4, y,) e/, for each y € cand also there exists K > 0 such
that sup| yk| < K .Now for ¢ > 0, choose a fixed k, €N ,there is some m, €N such that
k
k()

Z(d(n9k’m)_ﬁk>yk <

£
k=0 2
for every m>m,andk, eN .

Also by (6) , there is some m, €N, such that

i |a(n, k,m)-B,| < %

k=ko+1

for every m>m, uniformly in ».Thus , we have

1 m
Z(Ax)nfj - ﬂkyk
k

m+143

> {a(n,k,m) - B,) y,

ko

> (a(n.k,m) - B,) v,

k=0

<

+ Y [ k,my - 8,) v,

k=ky+1

< % + i |<d(nakam)_ﬁk>||yk|

k=ky+1

<yt ¢
2 2K

for all sufficiently large m ,uniformly in »n. Hence, Ax € f°, which proves sufficiency.

Necessity: Suppose that 4 € (a,:f). Then, since fc f, ( by Lemma 2.2 ), the necessities of (3) and

(4) are immediately obtained from Theorem 2.1 . To prove the necessity of (5), consider the sequence

b (r) = (bff) (r)) for every k € N, where
o 1+ Kk
1+ 7

0 , 0<n<kor n>k+1

=D

B ()= , k<n<k+1

Since Ax exists and is in f for each xea, one can easily see that
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k
+r"

APP (r) = {A( la”’“ j(k+1)} e f for all keN ,which proves the necessity of (6). Similarly

taking x=eea, , we shall get

Ax = { ZA[ i ](k +1) } e f ,which proves the necessity of (5).This concludes
k neN

1+7*

the proof.

Note that if we replace f by f, , then Theorem 2.2 is reduced to the following corollary:
Corollary: 4 € (a’:f,) ifand only if (3) ,(4), (5) and (6) holds with g, = 0 foreach keN.
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