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Abstract

This expository study focuses on the origin and mathematical development of the sequence
of rational Bernoulli numbers. Johann Faulhaber developed foundational formulas for power
sums of positive integers, which later enabled Leonhard Euler to systematically develop and
apply Bernoulli numbers. This study presents FEuler’s use of Bernoulli numbers as a bridge
between finite sums and infinite series, emphasizing their role in generating functions and in
the evaluation of the Riemann zeta function at positive even integers. It further elucidates the
relation between the zeta function and Bernoulli numbers and interprets how Leonhard Euler
continued to expand the theory by deriving exponential generating functions, highlighting their

significance in analytic number theory.

Keywords

Generating function, infinite series, Jacob Bernoulli, polynomials, Zeta function.

Article information

Manuscript received: December 18, 2025; Revised: May 04, 2026; Accepted: June 10, 2026
DOI: https://doi.org/10.3126/bibechana.v23i3.87590
This work is licensed under the Creative Commons CC BY-NC License. https://creativecommons.

org/licenses/by-nc/4.0/

1 Introduction

Johann Faulhaber (1580-1635) of Germany studied
the sum of powers of positive integers in the finite
case [1]. Following the formula developed by other
previous mathematicians, he developed the formu-
lae of finding the sum of series like 1% 4- 2% 4- 3% 4
4% 1 ... 4+ (n — 1) up to the 17*" power which was
published in his Academia Algebrae [2,3]. But he
couldn’t generalize these particular formulae. Then
this work was continued by the Swiss Mathemati-
cian Jacob Bernoulli (1654-1705). He successfully
generalized Faulhaber’s formulas for sums of powers
of positive integers [3,4].

Bernoulli became the first mathematician to real-

ize the existence of a sequence of rational num-
bers By, By, Bs, B3, By, ... associated with the co-
efficients of terms of polynomials of sums of pow-
ers of integers. These numbers are very useful to
establish a uniform formula for all sums of powers.
Seki Takakazu (1642-1708) also developed the same
formula (Katsuyo Sanpo) independently in 1683,
somewhat around the same time as Jacob Bernoulli
or earlier [1]. These numbers are important in com-
binatorics and number theory, and they also arise
in the formulas of some special functions such as
the Riemann zeta function. Jacob Bernoulli pub-
lished this work in 1713 in "Ars conjectandi” [5].
These numbers are now popular as the Bernoulli
numbers and they are associated with Bernoulli’s
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polynomials.

The triangular numbers and their properties devel-
oped by the Pythagoreans 2000 years ago form the
foundation of finding these Bernoulli numbers. The
triangular numbers 1, 3,6, 10, . .. were a sum of con-
secutive integers 1,2,3,4,... It inspired the math-
ematicians of a later age to find the sum of pow-
ers of consecutive integers. Especially, the math-
ematicians of the 17*" and 18" centuries studied
such sums of finite and infinite series [6,7]. Ac-
cording to Louis Saalschiitz, the term Bernoulli’s
numbers was used for the first time by Abraham
De Moivre (1667-1754) and also by Leonhard Euler

Table 1: Pascal triangle

(1707-1783) in 1755 [8-13]. Among the astonish-
ing questions of these times was the Basel problem,
which was proposed in 1644 by Pietro Mengoli and
remained unsolved in his time [12]. Leonhard Euler
extended the use of Bernoulli numbers and studied
their properties in detail [1,13]. We are focusing on
this particular direction.

2 Faulhaber’s work and Bernoulli numbers

Consider a table where the table entry (a;;) = (;)
forms the Pascal triangle when arranged in trian-
gular form. This table is very useful for binomial

expansions as well.

of binomial coefficients

i\j 0 1 2 3 4 5 6 7 8
0 1 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0
2 1 2 1 0 0 0 0 0 0
3 1 3 3 1 0 0 0 0 0
4 1 4 6 4 1 0 0 0 0
5 1 5 10 10 5 1 0 0 0
6 1 6 15 20 15 6 1 0 0
7 1 7 21 3 35 21 7 1 0
8 1 8 28 56 70 56 28 8 1
9 1 9 36 8 126 126 84 36 9
10 1 10 45 120 210 252 210 120 45
11 1 11 55 165 330 462 462 330 165
12 1 12 66 220 495 792 924 792 495
13 1 13 78 286 715 1287 1716 1716 1287

Johann Faulhaber, a German mathematician, de-
voted considerable effort to finding formulas for the
sums of powers of positive integers. His results,
published in Academia Algebrae (1631), extended
earlier work on triangular, square, and cubic sums
to much higher powers. In particular, Faulhaber
obtained explicit formulas for sums up to the 17
power, and Donald Knuth (1993) noted that his
tables implicitly encode formulas up to the 237
power [1,14]. Faulhaber began with the triangu-
n(n+1)
2

lar number N =

17 4217 4317 4417 4

1280N? — 6720N® + 21120N7 — 46880N° +

45

and so on.

For illustration, let us take N = 10, which implies
that n = 4. By using this process, we can obtain
Table 2.

1
11+21+31+41+~-+n1:N:@ (1)
PB4+24334+434+...4n3=N? (2)

4N?3 — N2
15+25+35+45+---+n5:T (3)
174 0T 37 44T g = L2V TSNP 2N

6
(4)
+n17:

7291N° — 74220N* + 43404N® — 10851N?2 )

So, from Equation (3), we have
4N3 — N?

P42 43 44440’ = ——
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= 15495 135 4 45 — M — 1300 which is true.

Table 2: Faulhaber’s representation of N as triangular numbers in terms of positive integers n

N 1 3 6 10 15 21 28 36 45 55 66 78 91 105
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14

He claimed that these formulae make it very easy Faulhaber expressed the sum of powers of the first
to compute finite sums of odd powers of positive n positive integers as [3]

integers. But it is difficult to find how he actu-

ally proved these formulae. In 1834, Carl Jacobi el

published a paper in which he provided a rigorous _ »

proof of Faulhaber’s assertion [3,4,13-15]. Thus, Spln) = ]; g (©)

ie.,
54(n)=%5—%4+%3—% Slo(n)=%+%w+¥—n7+n5—%3+2—g

Here, the coefficient of n in Sp(n) is 1, in S1(n) is —3, in Sz(n) is &, in S3(n) is 0, in S4(n) is —55 and so

on, which are known as Bernoulli numbers [13,16]. In the form of continuity of Faulhaber’s work, Jacob
Bernoulli assumed u = 2N = n? 4+ n. Then,

1 1
anﬁuziA(l)u
3 1o 1 95 2
Xn = :ZAOU + Aju
s5_1 (g 15, L33 3,2 3
¥n :6 u —§u :E(AOU + Aju —|—A2u)
En7—1 u4—éu3+gu2 —1(A4u4+A4u3+A4u2+A4u)
_8 3 3 _8 0 1 2 3

and so on. He generalized and wrote the following expression

n—1
1 m+1 m+1 } m+1
m _ m+1 m m—1 L. -1 m

k=0

Here, Jacob Bernoulli found the fixed values of By, By, Bs, B3, ... which are known as Bernoulli numbers.
For illustration, the sum of the 4" power of positive integers up to 4 terms is given by:

3
1 5 5 5 5
N Y e e
k=0

3
1 1 1 -1

B = 208 5% —nd 410 x —nd 1
,;:O —5{71— ><2n+ ><6n +5><—30n
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Taking n = 4 in the right-hand side:

3
1 1 1 1

E S 44+1 43+ 4t =
{ -5 X 0><6 5><30 98

ie., 1* + 2% + 3% = 98, which is true.

3 Origin of Bernoulli numbers

Jacob Bernoulli deeply studied Faulhaber’s formulae and the trends of the polynomial S,(n) defined
by [3]

L By, p! k
Sy(n) = = _pptick 8
p(n) = kl (p+1fk)n (8)
Bo np"'l Bl nP B P 1 Bg _9 B
_ 20 23 (p — 1)nP -p
RCES T M T s (e T

where Bj are numbers which are independent of p and are known as Bernoulli numbers. Then by
identification with Faulhaber’s formulae, Jacob Bernoulli concluded that the constant numbers are

1 1 1
By =1 By = —= By = - Bs = Bi= -
0 s 1 2, 2 6; 3 07 4 30)
1 1
B5_07 BS_Ev B7_0; B8 %7 Bg—o,
) 691 7 3617 43867
Bio— 2 By — 220 S Big= ——— o
10 661 12 27307 14 67 16 5107 18 708 }

which are the Bernoulli numbers [5].

For illustration, these numbers work as claimed by Jacob Bernoulli. Consider p =4 and n = 4:

3
Sa(4) =) Kt =142 +3* = 98

k=0
Now, by using Equation (8):
S4(4) = Oi?@ﬂ_k)f“k
:ﬁ? 455-1-% 44—1—1};><4><43—&—§;><4><3><42—&—§—><4><3><2><41
g—% 44+%><43—%=98

The result is the same as the direct sum. So, the 4 The Bernoulli generating function
expressions are identical. Thus, it showed that the

Bernoulli numbers are very useful in finding the sum In 1755, Euler explained the Bernoulli numbers as
of powers of positive integers. The original method the coefficients of the exponential function [17-20]
for finding the Bernoulli numbers is computation- .

ally lengthy and it may take more time for higher _ Z ka 9)
Bernoulli numbers. -1

Boxo lel BQIQ 33373 B4.’E4
_x
—r=(e 1)( o o T T g T

z  x? 3 gt Boz® Byz!  Bsx?  Bsz® Byt
=x = +—+f—|——+... + + + + + ...

1 3! 0! 1! 2! 3! 4!
Multiplying both expressions on the right side and equating the coefficients of =, 22, 23, ... on both sides
yields
1 1 1 1 1
By=1 Bi=—-——-, Bs=-, By=——, Bsg=-—, Bg=——,...
0 ) 1 2 ) 2 6 ’ 4 30 9 6 49 ) 8 30 )
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where Bg,11 = 0 for n > 1. As the value of n 5 The relation between Zeta function and
increases, the magnitude of the Bernoulli numbers Bernoulli numbers

By, grows rapidly. It is also observed that the de-

nominators of every Bernoulli number Bsy,, (n > 2) The function sinz has zeroes at =« =

are divisible by 6. Furthermore, these numbers 0,+m, +27, 447, +6m,... Then Euler’s infinite
exhibit alternating signs such that By, < 0 and product representation for the sine function gives
Banio > 0 for n > 1[7,21-25]. [26]
sine = kx(z—7) (v +7)(x—27)(x+27)(z —47) (z +47) - - - = ka(2? — 7%)(2? — 47?) (2? — 167%) ... (10)
BT k(a? — 7?)(2? — 4n2)(2a? — 167%). .. (11)
x
= lim 2" = k(—n2)(—4n2)(~1672). ..
z—0 X
=1 = k(—7?)(—4r%)(-167%) ...

1

Therefore,k =
erefore,k = oy Cam) (1677 ..

Substituting the value of k in Equation (11)

.TQ .'172 .'172 .’11'2 .'1/'2
mr=z(1-")(1- ) (12 ) (1- -2 ) (-2 )., 12
S x( 772> ( 4772> ( 9772> ( 16772> (1 257r2) (12)

Now, replacing = by 7wz in Equation (12), we get

. L w22 ) w22 1 w22 L w22
inTr = — - - ——...
SHLTL =T w2 472 972 1672
: 2 2 2 2
SIMTL 42 _x _x = _
s (-2 (-2) (- 2) (1-2) "

Taking the logarithm on both sides of Equation (13), we get

o 2
In(sin7z) = lnwx + Zln (1 — ;)
k=1

Differentiating both sides with respect to =, we get

R SIR
i@ "

k=1

B

meot T =

It is noted that —— must be the sum of an infinite geometric series with common ratio —’“‘Z and first
= g k
T k2 )

term 1. In this regard, we can write

ﬂmcotﬂ'x:l—Qi(i (22)”> x%z (14)

k=1

But,
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= 2%((2) + 2*¢(4) + 2°¢(6) + 2°((8) Z 2%"¢(2n)
Substituting this value in Equation (14), one can yield
mxcotTr =1 — 2 i ¢ (2n) (15)
n=1
Again, from Euler’s effort:
cotx = ni;:) Ban(=1) (éi);n( r (16)
Replacing x by 7z and multiplying both sides of Equation (16) by wz itself, we get
X cot T = i Bon(=1)"(2) " (m2)™ (17)

(2n)!

n=0
So, from Equations (15) and (17) we have
1-2 Z )2¢(2n) Z_% B%(l):?(s)):"(m)?”
> > _1\n 2n 2n
n=1 n=1 :
- BQn Q)Zn(ﬂ'x)2n

2n<— 27’l

iZ

s 2n)!

n+1 (2)271—1 (7.‘_)271, (x)Qn

Equating the coefficients of (x)?
can obtain

™ on both sides, one

B2n(_1)n+1(2)2n—1(ﬂ.)2n

(2n)!

¢(2n) =

(7 1)n+1B2n(27.r)2n
2(2n)!
which is the required relation between the Riemann

zeta function and Bernoulli numbers [5].

Therefore,((2n) = (18)

2

in (18), then ((2) = =,

4 6 8
C(4) = &5, €(6) = g, C(8) = gpg» ¢(10) =
93”—;;5,... [27—29]. Thus, each ((2n) is a rational
multiple of 72", where the rational coefficients are
the Bernoulli numbers. The generating function
=7 converges for [z| < 27, which is why Bernoulli
numbers appear naturally in many analytic expan-
sions. Euler’s evaluation of these special zeta val-
ues is a fundamental result in analytic number the-

ory [30].

Ifn=12345,...

6 Conclusion

This paper explored the relationship between sums
of powers of positive integers and the Bernoulli
numbers. The study examined the contributions

(2n)!

of Johann Faulhaber, Jacob Bernoulli, and Leon-
hard Euler, highlighting the historical development
of formulas for power sums and the emergence of
coefficients now known as Bernoulli numbers. In
particular, Euler’s systematic derivation and inter-
pretation of these numbers were discussed. This
study demonstrates that Bernoulli numbers pos-
sess a rich mathematical structure, with applica-
tions extending beyond finite sums to analysis and
number theory. Furthermore, this study examined
the connection between the values of the Riemann
zeta function and Bernoulli numbers, expressed as
¢(2n) = W This relation illustrates
how Bernoulli numbers provide a bridge between
discrete summation formulas and continuous ana-
lytic structures. Future studies may focus on Euler
numbers, Euler polynomials, the role of the zeta
function in summability theory, the application of
Bernoulli numbers in the Euler-Maclaurin summa-
tion formula, and other properties of Bernoulli num-
bers.
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