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Abstract

Fractional differential equations have emerged as an important mathematical tool for mod-
eling dynamical phenomena in which memory and hereditary effects play a significant role.
Unlike classical differential equations, their fractional-order counterparts involve nonlocal op-
erators, making the construction of exact analytical solutions considerably more challenging.
This paper presents a unified analytical framework based on the combined use of Mittag—Leffler
functions and the Laplace transform for obtaining closed-form solutions of fractional differ-
ential equations. The study first reviews the Grinwald—Letnikov, Riemann—Liouville, and
Caputo definitions of fractional derivatives together with their essential mathematical prop-
erties. The analytical characteristics of the one-parameter and two-parameter Mittag—Leffler
functions are then examined, and the corresponding Laplace transform relations required for
solution development are established. These theoretical results are subsequently employed to
derive exact solutions for representative fractional differential equations. The analysis con-
firms that Mittag—Leffler functions naturally generalize the exponential function and accu-
rately characterize the behavior of fractional-order systems. In particular, for the one-term
Caputo fractional differential equation § DXy(x) + \y(x) = h(z), an analytical solution is ob-
tained in terms of the Mittag—Leffler function and its associated convolution integral. Further-
more, the integration of Laplace transform techniques with Mittag—Leffler functions provides
a systematic and rigorous procedure for solving both homogeneous and non-homogeneous frac-
tional models. The proposed framework contributes to the theoretical analysis of fractional
differential equations and offers a practical foundation for future investigations in applied
mathematics, science, and engineering.
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1 Introduction

Fractional calculus has become an important
branch of modern mathematical analysis due to its
capability to represent dynamical systems governed
by memory and hereditary mechanisms [1,2]. By
extending the concepts of differentiation and in-
tegration from integer orders to arbitrary real or
complex orders, it provides a broader mathemat-
ical framework than classical calculus for describ-
ing nonlocal processes [3,4]. This generalization
has led to the widespread use of fractional dif-
ferential equations (FDEs) in modeling phenom-
ena whose present states depend not only on cur-
rent conditions but also on their past evolution.
Such memory-dependent behavior frequently arises
in scientific and engineering applications, where
conventional integer-order models often fail to cap-
ture the observed dynamics with sufficient accu-
racy [2,5,6].

The concept of fractional differentiation dates back
to the question raised by Leibniz concerning the
meaning of a derivative of non-integer order, which
later stimulated the development of fractional cal-
culus as a distinct mathematical discipline [3, 7].
During the following centuries, the mathematical
foundations of fractional calculus were established
through the pioneering contributions of Liouville,
Riemann, Griinwald, Letnikov, and Caputo, lead-
ing to several widely used definitions of fractional
derivatives [2,8,9]. Among these, the Griinwald-
Letnikov, Riemann-Liouville, and Caputo opera-
tors have become the principal formulations for
theoretical investigations and practical applications
because each possesses distinct analytical proper-
ties and is suitable for different classes of fractional
differential equations [10,11].

In recent years, fractional differential equations
(FDEs) have been widely employed to model
anomalous diffusion, viscoelastic behavior, trans-
port processes, biological systems, electrical cir-
cuits, and other complex phenomena characterized
by memory-dependent dynamics [12-15]. Their in-
creasing importance has motivated extensive re-
search on analytical, semi-analytical, and numerical
solution techniques [16,17]. Although a variety of
numerical methods have been developed for solving
FDEs, analytical solutions remain of particular in-
terest because they provide exact representations
of the underlying mathematical models, serve as
reliable benchmarks for validating numerical algo-
rithms, and offer deeper insight into the qualitative
behavior of fractional-order systems [18-20].

Among the many analytical techniques proposed for
fractional differential equations, the Laplace trans-
form occupies a central position because it con-
verts fractional differential operators into algebraic

expressions in the transform domain, allowing the
solution process to be carried out in a systematic
manner while incorporating initial conditions nat-
urally [20-22]. Its effectiveness is closely linked to
the Mittag—Leffler function, introduced by Gosta
Mittag—Leffler in 1903 [23]. In fractional calcu-
lus, this function plays a role analogous to that
of the exponential function in classical differen-
tial equations and appears naturally in exact so-
lutions of a wide range of linear fractional mod-
els [11,24,25]. Consequently, Mittag—Leffler func-
tions have become indispensable in the analytical
treatment of FDEs, particularly when combined
with Laplace-transform-based solution procedures
and related integral transform techniques [26-28].

Although the literature on fractional calculus has
expanded considerably, existing studies typically
concentrate on one aspect of the subject. Some
investigations focus on developing new fractional
derivative operators and their theoretical properties
[29], whereas others derive analytical or numerical
solutions for particular classes of fractional differen-
tial equations [30,31]. Recent contributions follow
a similar direction. Vatsala and Pageni [32] estab-
lished analytical solutions of linear Caputo equa-
tions with fractional initial conditions, while Abol-
hassanifar et al. [33] incorporated Mittag—Leffler
stability analysis into the Laplace-transform frame-
work for fuzzy Caputo systems. Al-Refai et al. [34]
investigated equations involving a modified Mittag—
Leffler kernel under Dirac delta forcing, Cruz-Lopez
and Espinosa-Paredes [35] derived analytical solu-
tions of fractional neutron point kinetic equations
using Laplace transforms together with Mittag—
Leffler functions, and Duan et al. [36] obtained so-
lutions of a two-term Caputo oscillation equation
through a combination of Mittag—Leffler series and
Laplace-transform techniques. While these stud-
ies clearly demonstrate the effectiveness of both
Mittag—Leffler functions and Laplace transforms,
their analyses are primarily directed toward spe-
cific mathematical models. A comprehensive frame-
work that systematically integrates the principal
fractional derivative operators, Mittag—Leffler func-
tions, and Laplace-transform methodology within
a single analytical development remains compara-
tively limited.

The present work is intended to provide such an in-
tegrated framework. Rather than examining an iso-
lated equation, it develops the Griinwald-Letnikov,
Riemann-Liouville, and Caputo fractional deriva-
tives alongside the one- and two-parameter Mittag—
Leffler functions and their corresponding Laplace-
transform identities within a unified analytical set-
ting. These mathematical tools are then applied
to a sequence of representative fractional differen-
tial equations of increasing complexity to obtain ex-
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act solutions. Whenever possible, solutions derived
through the Mittag—Leffler approach are indepen-
dently verified by the Laplace-transform method,
thereby demonstrating the consistency of the pro-
posed methodology. By establishing explicit con-
nections among fractional operators, special func-
tions, and integral transforms, the paper provides
a coherent analytical framework that can be used
as a foundation for future theoretical investigations
and practical applications of fractional differential
equations.

2 Preliminaries

Definition 1 The Gamma function I'(n) is given
by [37]

F(n)z/ e T da
0

and the integral is convergent in the right half-plane
Re(n) > 0.

Definition 2 For two positive real numbers m and
n, [37]

1
B(m,n) = /0 ™1 —2)"

Definition 3 The one-parameter Mittag—Leffler
function (MLF) [23],

oo
kZ:oP ak+1)

A more general form is obtained in two parameter
MLF

Fe®) =2 Tk 5)

where (a, 5 € C) and (Re(a) > 0). This expression
is called the two-parameter Mittag—Leffler function
[23]. For the particular choice (« = 1) and (8 = 1),
E171(Z) = e~.

3 Fractional derivatives and integrals

Definition 4 The Griinwald-Letnikov (GL) Frac-
tional Derivative [3,4] on the forward difference
derivative, by considering f(x) continuous function
defined by

Fe) =ty L) S B)

h—0 h

By using the principle of induction,
n : 1 - j[mn .
@) = Jim 52 > (07 ) f@=ih)
j=

where, n is an integer. We now rewrite the ex-
pression in a form that extends its fractional or-
der where « is any number and by changing limit

1_ _n
) =
_ jh)

h — .’L';[L’
Then
(03

lim,, o0 (i) S (=1
which is GL Fractional Derivative [4] and simply
known as GL Fractional Derivative. This definition
is quite complicated which involves limits and it
make sense only when limit of the function exists.
In case the limit of the function exist but it is not
an easy job to evaluate the limit for every function.
So we have to take some modification for this defi-
nition.

let us consider a expression

dm >y (9 e =)

lim
j=0

becomes,

T'(a+1)
I'la— J+1)J'f r

our definition

[ (@) =
If we plug —« in place of a,

e e
£ = ) i

=0
Equivalently, [9]

1

() = 1 / “(@ — )" ) du

Definition 5 Replacing the integer n with an ar-
bitrary real number « gives

A0 f(z) = ﬁ /w(x —u)*f(u) du, a>0.

which is known as Riemann-Liouville (RL) frac-
tional integral [9] of order a.
Some properties:

. Linearity: ,I%(cf) = c I8(f) and I (f +
9) = olu(f) £ o1u(9)

I [al8] = oIZP(f) = oI a2 ()]

3.1 RL fractional integral of elemen-

tary functions

. Integration of Constants y(z) =C
By the definition of Riemann-Liouville [9]
Fractional Integral,

C(z —a)*

Io(C) = —+
= (C) MNa+1)

In order to match the result with the classical

calculus we must put the base of the integral

a = 0 with a = 1. Then the integral becomes,

Cx®

O

oIg(C) =
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. Integration of y(z) = 2"
Using the RL definition of the fractional inte-
gral [9],

l.aJrn

1
a(,n a—=1 (p —
)= e

a

If we put the base point a = 0 then 2 = 0 in
the above integral, Thus, the integral involves
the Beta function,

I'(n+1)
Ia ny _ a+n
oz ) = Ty i )

Taking o = 1 and n = 1 in the above formula
gives the first-order integral of 2™, which can
be written as

2

ozi(ifl) Y
This result matches with the result of classical

calculus.

. Integration of f(z) = e**

By the definition of the RL fractional inte-
gral [9],

1 x
aIa kxy _ —t a—1 _kt dt.
2 = gy [ e
To simplify this integral, take © — t = u, so
that dt = —du. With this change of variable,
the lower limit ¢ = a becomes u = x —a, while
the upper limit ¢ = z becomes u = 0 Now,

kx

T2 (ko) = £ / T e lek gy
ot I Jo |

Next, set ku = y, which gives du = %. Under
this substitution, u = 0 corresponds to y = 0,
and u = x — a corresponds to y = k(z — a).
Hence,

. ek;p k(z—a) ) L
NCh T(a)he /O e Yy T dy

For the computation of this integral, the base
point must be chosen appropriately. The
above integral resembles the Gamma function
except for its upper limit. When a — —o0,
then we have k(z —a) — oo, for k > 0.
Therefore,

kx

To kx\ __ € > —y a—ld _ekw
—oo Ly (") = ey T dy = ——.
0

INGILAS
If we put « =1 and k£ = 1, then

]4}0‘

*OOI:i(ew) =T = ewa

which agrees with the result from classical cal-
culus.

. Integration of y(x) = sinx
Using the Riemann-Liouville fractional inte-

gral
oLy (sinz) = L /m(gc —t)* Lsintdt.
I(e@) Ja
we get,

: R G DA a—1,2k+1
oL (sinx) = (o) Z (2(k; +)1)!/a (z—t)2 1R+ gt

k=0

For a = 0, using the Beta-function identity,
we get

> k 2k:+1+a
T ( .
T2 (sin ) Z@ e

. Integration of f(z) = cosx
Applying the RL fractional integral and « =
1

)

> k p2k+1
oIl (cosx) Z 2k+1 =sinz.

Definition 6 Let f be a continuous function and let
a > 0. Suppose that n is the least integer greater
than «, so that aeRT and n — 1 < a < n.

Then the RL fractional derivative of order « is de-
fined by [3]

d’n

D) = A 1271 (0)|

3.2 RL fractional derivatives of some
elementary functions

. Derivative of constant f(x)=C

1
I'l—a)(xz—a)® 70

As we can see, this outcome is not always
zero.This outcome is in conflict with the clas-
sical calculus conclusion. This illustrates a
key limitation of the RL fractional derivative.
By reversing the sign in the order of the inte-
gral, one can derive the RL fractional deriva-
tive directly from the corresponding RL frac-
tional integral.

a'DYC)=C-

. RL Fractional Derivatives of y(z) = 2"

. I(n+1)
Y P

n—o

D

. RL Fractional Derivatives of y(z) = e**

?LDg(ekx) _ kaekx
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. RL Fractional Derivatives of y(z)

sin(kx)
)

. RL Fractional Derivatives of y(z)

cos(kx)
)

We see there is some drawback of RL fractional
derivative, so to overcome the drawback of this
RL definition there is a another definition of frac-

kaH—%

RL mya (. S eI
oDy (sin(kz)) = k bln( 5

kx—f—g

RLD2(cos(kx)) = k* cos( 5

3.3 CFDs of some elementary functi

. CFD [38] of f(z) =2”;8> —1

CD2 o] = 110

. CFD of exponential function e** [38]

- a

£ [e]

dzn

tional derivative called Caputo Fractional Deriva-
tive(CFD) [38].

Definition 7 Let f be a function of class C and let

a > 0.
L)

is known as CFD [38] where aeRT,n —1 < a < n.

dn
——f

:a I’H—OL
dx™

xT

D3 (f)

Next, we consider the fractional derivative of the
constant function f(x) = C, using the CFD defini-
tion [38].

C Do _ gh—a) g gn
a Dm (C) - aIﬁU dxm
to classical derivative.

. C} = 0 which is matched

ons

ar o8 r'B+1)

B—a
TT@B-a+1) "

I;L—oz ()\ne/\w)

=\ E17n_a+1(/\$)

. CFD of y(z) = sin(A\x) [38]
1

C o [
D x| =
£ D3 fsin ] = o

Using OCD;‘ [6“’] = A"2" "B p_a+1(Ax):

[§D2(e) — § D2 ()]

- l.(i)\)nl'nia [El,nfaJrl()\ix) — (—1)nE17n,a+1(—’L‘)\(L')]

21

. CFD of y(z) = cos(Az) [38]

1 \\T N — ; n 1
ng [cos Az] = 5(2/\) x [Er n—a+1(iAz) + (=1)" E1 n—at1(—iAx)]

4 Laplace transform (LT)

Definition 8 Let f(¢) be a continuous, single-va

lued function defined on the interval (0,00) and of

exponential order. Its Laplace transform, denoted by F'(s), is given by the following integral [22]

for those values of s where the integral converges.
Some Useful Results

a) If f(t) = 1, then F(s) = é
b) Tf f(t) = t, then F(s) = Si2

Theorem 1 (Convolution Theorem [4]) If F(s)

/OO e St f(t)dt s>0
0

I'(n+1)
sn+1

1

¢) If f(t) =", then F(s) =

d) If f(t) = e, then F(s) = P
and G(s) are the Laplace transform of f(z) and g(z)

respectively then F(s)G(s) is the Laplace transform of

/ " flw — w)g(u)du.
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LT of MLF

The LT of 2°~1E, 5(Az®) as calculating the LT of E, s(x) only become quite complicated and it involves
summation notation. So we modify the MLF into 2°~1E, 5(Az®) whose LT is in closed form.

a—p
I By s (M) = =
Llz ap(A2®)] = ——
Puta=1,6=1
1
LBy 1 (z)] = 1 Lle”]

LT of RL fractional derivative

L{{"Dgf(x)} =
n—1

s*F(s) = > s" {EDE L F(0)
k=0

LT of RL fractional integral
LloZ7 f(x)] = s7F(s)

LT of CFD
n—1

L {(()JD;Xf(x)} =s*F(s) — Z ga—’f—lf(k)(o)
k=0

5 Fractional differential equations

Definition 9 A fractional differential equation (FDE) is an equation involving derivatives of arbitrary
order o > 0, represented by %, where o need not be an integer. Thus, FDEs constitute a natural
generalization of ordinary differential equations to fractional orders.

In general, a fractional differential equation may be classified as linear or nonlinear depending on whether
the unknown function y(z) and its fractional derivatives appear linearly or nonlinearly in the equation
[2,5,39,40].

Definition 10 The equation [2]

m—1
Dgmy(x) + Y arDS*y(x) + aoy(z) = f(x)
k=1
where o, > Qo1 > -+ > a1 > ap > 0 and g, € R, is called a RL-type fractional linear DE [2]. The
corresponding initial conditions for this FDE are specified as follows:
Do Fy(0) =by;  k=1,2,...,m—1

D7 "=y (0) = by,

Similarly, the equation

m—1
“Dgmy() + Y ax DYry(x) + aoy(x) = f(x)
k=1

is called a CFD-type FDE, with initial conditions expressed in the classical integer-order form

dky

ar| _ T

0
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The form of the initial conditions clearly differentiates RL-based FDEs from CFD-based FDEs. Since
the CFD allows the use of standard integer-order initial data, it is particularly convenient for practical
applications [38].

Definition 11 An FDE is considered nonlinear if the unknown function y(x) or its fractional derivatives
appear nonlinearly. In general, a nonlinear fractional differential equation takes the form

Dgy(l‘) = F(.’IJ, y(x), D;lly(x)7 D;”y(m), R ’D;lm_ly(x))

where 0 < oy < g < -+ < up—1 < @ and F is a nonlinear function of its arguments [2, 5].

5.1 Analytical treatment of FDEs using MLFs and LT methods

The analytical treatment begins by assuming a Mittag—LefHler function as the candidate solution of the
fractional differential equation. The proposed solution is then substituted into the governing equation to
establish its validity. An independent derivation based on the Laplace transform is subsequently carried
out to verify the obtained result. Finally, the fractional solution is examined in the limiting case (o = 1),
where it reduces to the corresponding classical solution [4,24,27].

5.1.1 One-term homogeneous FDE via the Mittag-Leffler function involving CFD

Example 1 Solve the one-term fractional differential equation via MLF
4%y
dx®

We assume the solution in the form

(o3

d
Since d—a = §{' D2, substituting into § D[y] = Ay after applying the term-by-term fractional derivative,
using § D2 [z"]

e q pan—a 0 a™ xan
= A _.
nZZOF(om—oz—kl) nz::ol“(an—i-l)
Rewriting after taking o common on the left:
i a™ w(n—l)a 4 i a™ e .
o I((n—1)a+1) o I(na+1)

Replacing the dummy variable n — 1 =k = n = k + 1: and separating the £k = —1 term on the left:

a® e

= A
F(—a+1)+ZI‘(ko¢+1 ZFak—Fl

x“ - a’k+1 Aak ka —« ka
~ Ti—a) *kzzo [F(ak—i— 0 F(ak—l—l)] v =0 O

Comparing coefficients:

1
e Coefficient of x~%: m =0.
e Coefficient of z*¥* for k > 0:
ak+1 Aak

_ =0 1 — Adk, k=0,1,2,...
T(ak+1) TD(ak11) - ¢ “ -
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From the recurrence a*+! = Aa”, iterating:

k=0:a'=A4a"=A4, k=1:a>=4% k=2:a>=4% ... a"=A"
Since we assumed E,(ax®) i o substituting a™ = A"
w = E, = ) =A™
Y — T(an+1) &
e AP pno
= EO& A @ =
Y (A2 nz::O I'(an+1)

is the solution of the one-term FDE.
Verification with Classical Solution when (o = 1)

therefore,y = E1(Ax) = 47,

dy
The classical ODE =2 = Ay has solution y = e4?, which matches.
X
Solution of gD;}y =Ay, A= -1 (relaxation) 3 Solution for fixed a = 0.7, varying A
1.0 4 —— a=1.00 (classical &*¥)
— =085
— a=070 254
— a=0.50
081 a=0.30
204
& 3
% 0.6 %
< <
S ~ 15 4
I 3
l '-h'
X 0.44 =
> ; 10
0.2
5
0.0 04
0 1 2 3 4 5 0.0 0s 1.0 15 2.0 25 3.0

Figure 1: Solution y(z) = E,(Az%) of the one-term FDE § D%y = Ay for several parameter choices,
verified against the classical solution e4* at o = 1.

Figure 1 illustrates the behaviour of the solution y(z) = E,(Axz*) obtained above.

Left panel: y(z) = E,(Az®) for fixed A = —1, varying a. As a — 1, the curve reduces to the familiar
exponential relaxation e™*; for smaller a, the curve exhibits the classic fractional signature — a faster
initial decay followed by a long, slow (power-law) tail, in contrast to the pure exponential decay of the
classical case.

Right panel: Fixed o = 0.7, varying A. A positive A produces Mittag-Leffler growth (the fractional
analogue of ¢4® blowing up), A = 0 gives the constant solution y = 1, and negative A produces decay.

Verification: At o =1, Eq(—x) matches e~* to machine precision, confirming both the boxed result of
the derivation and its correct reduction to the classical solution in the integer-order limit.

5.1.2 Two-term homogeneous FDE via the MLF involving CFD

Example 2 Solve the two-term fractional differential equation via the MLF

Assume the solution of the form
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e

d
Since P = §' D2, substituting into the equation:
e

Zfan—i—l =0

C a
D2 lZI‘an—i—l

Dalzl“om—i—l

I'(n+1) _ I'(n+1) _
k thtCDoz ny] _ n—a dCD2a n] — an—2a
We know that § D2 [z"] I‘(n—a—i—l)z and § Dz%[z"] Tlan —2a + 1)
Applying term-by-term
> a(n—2) 0 a(n—1)
a” x a’x
nzzor(a(n—2)+1)+nzzor( (n—1)+1) Zl“om+1

Re-indexing the sums:

First term: n—2=%k = n=k+2
Second term: n— 1=k = n=k+1
Third term: n =k

0 k+2 ,.ak S k+1 .ok e k .ok
a xr a X a” T
P D) T Tkt D 2 Tk
k=0 k=0 k=0
= k42 k+1 k zoF
— 2" ——— = 0.
2, [0+ e =2

Comparing coefficients (setting the bracket to zero):

ak+2 +ak+1 —26Lk = 0.

Factoring out a* (noting a* # 0 to avoid the trivial solution):

ak(a2+a—2) =0 = a’+a—-2=0.

Solving the characteristic equation:

a?+a—-2=0 = (a+2)(a—1)=0 = a=-2 or a=1.Since we assumed y = E,(ax®), the
two independent solutions are

Y1 = Ea(ma)7 Y2 = Ea(_zxa)'

By the principle of superposition,

the general solution is ‘ y = c1 Eo(x%) 4 ca Eo(—22%) ‘ where ¢y and ¢, are arbitrary constants.

Verification with Classical Solution (o = 1)
Setting o = 1, the FDE reduces to the classical ODE:

The characteristic equation is D? + D — 2 = 0, giving roots D = 1 and D = —2. The classical solution
isy = Cre® +Chre™ 22,
Using F1(2) = e*, the Mittag-Leffler solution becomes

y = c1 Bi(a") + o B1(—22") = c1e” +cpe?”,

which matches the classical solution exactly.
Figure 2 illustrates the behaviour of the general solution y(z) = ¢ Eo (%) 4 ca Eo (—22*) obtained above.
Left panel: y(z) for fixed ¢; = ¢ = 1, varying o.For a = 1, the fractional solution coincides with its

classical counterpart e + e~ 2%, a decaying transient superposed on exponential growth. As growth rate
stays e~ and amplitude scale like é

Right panel: Fixed o = 0.7, varying (c1,c2). This isolates the two independent Mittag-Leffler modes
corresponding to the roots m; = 1 (growth) and ms = —2 (decay), and shows how their linear combina-
tion reproduces the general solution structure familiar from the classical two-root ODE case.

Verification: At o = 1 with ¢; = ¢y = 1, the series matches e 4+ e~2* to machine precision, confirming
both the boxed general solution and its correct reduction to the classical linear ODE result.
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y =Eqo(x%) + Eo(—2x%), varying a Fixed a = 0.7, varying c1, C2
254
— a=1.00 (classical e*+e %) —_—=1,0=0
— a=0.85 20— a1=0,c=1
— a=0.70 —_—a=16=1
— a=0.50 — a=1c=-1
204 -
a=0.30 a=2,6=1
151
151
X 3
= = 104
10 A
5
5
0
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Figure 2: Solution y(z) = ¢; Eo(2%) + c2Eq(—22%) of the two-term FDE § D2%y + § Dy — 2y = 0 for
several parameter choices, verified against the classical solution cie® + coe 2% at a = 1.

5.1.3 One-term FDE via Laplace transform
Example 3 Solve the given fractional differential equation by Laplace transform method
6D y(x) +ay(x) =0, x>0,

with initial condition y(0) =C, 0<a<1.
Applying the Laplace transform to both sides:

£{§Dgy(x)} + a L{y(x)} = 0.

We have « € (0, 1), so n = 1. Using the Laplace formula:

0
sYY(s) — Z sy (0) +a Y (s) =0
k=0
sa—l
Y(s)=C .
() s*+a
Applying the Inverse Laplace Transform,
B—1 o 5@ o 2P B—1 o
safl Safﬂ
Comparing = , therefore,y(z) = C - 21 By 1(—ax®) = C - Eq1(—ax®). Since E, 1(+) =

s+ a s& — )\
Ea ("), the solution is | y(z) = C - Bo(—az®) |
Verification with Classical Solution (o = 1)

y(x) =C-E11(—azx) =C-e .
The classical ODE y/'(z) + ay(z) = 0 with y(0) = C gives:
()= —ay(x) = y=e e
Applying y(0) = C: y(z) = C'e~*, which matches exactly with the classical differential solution.

5.1.4 One-term FDE (order i) via LT (RL Derivative)

Example 4 Solve the linear homogeneous fractional differential equation:

oDy ?y(z) +ay(x) =0, x>0,
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with initial condition {OD;UQ

y@)| =c.
Applying the Laplace transform to both sides of the equation:

£{oDi?y(@)} +a Liy(@)} = 0.

1
Here a = 3 so n =1 then using the RL Laplace transform formula

1/2Y Z [ D;/kafly(x)} . + CLY(S) -0
k=0 =

S12Y (5) — 5712 [OD;1/2 y(x)} Lt aY(s)=0

sY2Y(s) —C +aY(s) =0. [because Using Initial Condition)
Since Y (s) = L{y(z)}, we have:

C
1/2 _ _
Applying the Inverse Laplace Transform,
Rewriting Y(s) to match the standard formula,
C 521
Ys§)=————=C ———.
(s) 7 1 g T o
s h
Comparing with C 3 with a — 3, we identify
S(X —
a:%7 a—ﬂ:%—ljﬂ:%, A= —a.
Therefore, applying the inverse LT
y(@)=C 2P By (M) = C 22 By 4 (—ax'/?)

5.1.5 Solving a homogeneous FDE via MLF and LT method
Example 5 Consider the FDE

“Dey(x) =My(z), 0<a<l, yO0)=1 ... 0
where X is a real constant and © DS denotes the CFD of order o .

Method 1: Direct Mittag—Leffler approach
We propose the solution in the form of the MLF

y(@) = z:o r ak —|— 1)
Verification:
“D2E.( =¢ D¢ f: At
= I(ak+1)
X \k L galk-1)
m
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Let j=k—1,sowhen k=1, j =0:
(oo} )\J+1an
C na «
D2E, (A = _

_ N ey
B Aj;) T(aj+1)
= AE,(Az%)

Therefore:

CDYE,(Az®) = X\ E4(\z®)

This confirms that y(z) = E,(Ax®) satisfies equation (i).

Checking Initial Condition:
OO

y(0) = Eq(0) = O 1

Therefore the solution via Mittag—Leffler approach is

|y(z) = Ea(3a®) |

Method 2: Laplace transform confirmation
Applying the Laplace transform to equation (i) [4]
s7Y (s) — s*1y(0) = AY (s)
s2Y (s) — s = Y ()

Taking inverse Laplace transform using with 8 =1

o) = {2

= xl_lanl()\xo‘)
= E,(A\x®)

The solution is

|y(@) = Ea(\a®) |

Comparison with Classical Solution when o = 1, using E;(z) = €*

y(z) = Ey(Ax) = e
This is exactly the solution of the classical first order differential equation:

dy _

dr )\y(fﬂ), y(O) =1

Accordingly, the Mittag—Leffler function E,(Az®) provides the fractional-order analogue of the classical

exponential function e**.

Figure 3 illustrates the behaviour of the solution y(x) = E,(Az®) obtained via both the direct MLF

approach and the Laplace transform method.

Left panel: y(z) for fixed A = —1, varying «. Every curve satisfies the initial condition y(0) = 1, as
marked on the plot. The classical exponential decay solution e~ is recovered in the integer-order limit
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Table 1: Comparison of solution methods for Example 5.1.5

Method Solution | Remark
MLF Direct E,(Az®) | Fractional solution
Laplace Transform | E,(Az%) | Confirms MLF result
Classical (a = 1) e Special case of MLF
A=-1, varying a (IVP: y(0) =1) Fixed a =0.7, varying A
YOI=1 30
1.0 4 — a=1.00(e™)
— = 0.85
— a=0.70
— a=0.50 7
0.8 1 a=0.30
. 204
< 3
X 0.6 4 x
= =
3 5 154
I m
S 0.4 =
> ; 10
0.2 5
0.0 1 0
0 1 2 3 4 5 0.0 0j5 1.0 15 2.0 2.5 3.0

Figure 3: Solution y(r) = E,(\z®) of the IVP “D%y = Ay, y(0) = 1, for several parameter choices,
verified against the classical solution e** at a = 1.

a =1 for smaller «, the curve shows the characteristic fractional-relaxation signature — a sharper initial
decay followed by a slow, power-law tail, in place of the pure exponential decay of the classical case.

Right panel: Fixed o = 0.7, varying . All curves again satisfy y(0) = 1. Positive A\ produces Mittag-
Leffler growth, A = 0 gives the constant solution y = 1, and negative A gives decay — exactly mirroring
the qualitative behaviour of the classical exponential e**.

Verification: At o« = 1 with A = —1, the series matches e~® to machine precision, confirming both
solution methods and their correct reduction to the classical IVP result y(z) = e*.
5.1.6 Solving non-homogeneous two-term FDEs involving CFD

Example 6 Consider the two term FDE:

“Dy(z) +° Diy(z) = h(z), 0<pf<a<l, y0)=c

where h(z)eC.
Applying Laplace transform in both sides

L{oDy(x)} + L{oDJy(z)} = L{h(x)}

n—1
= [s?Y(s) — Z sk =1y(R) ()
k=0

7Y (s) — ni: sP=E=1y (B (0) | = H(s)
k=0

— 5°Y(s) — 5“1y (0) + s°Y (s) — s°~1y(0) = H(s)
= (s"+ ")V (s) = (s" "+ " y(0) = H(s)
=H(s)+ (s T+ H.C

H(s) sl 4 gh-1
—— Y =
() s + s s + s
1 s@. L1y gB.1
= Y(s)=H 2 c
()= Hs) g + it
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1 1
_ - 1 .C
s"‘—i—sBJrs

=Y (s)=H(s)-
therefore,y(x) = L~ H{G(s) - H(s)} +C (ii)
Where we define the transfer function G(s) as:

1 1 s«

G = = =
(8) et _|_ SB et (1 + %) sﬁ*a + ]_

Thus, the corresponding kernel function g(z) in the time domain is:

o) = o |

To evaluate this inverse transform, we look at the standard Mittag-Leffler Laplace pair:

_ shv v
o {sﬂ_)\} -7 lEﬂvV(/\'x”)

Comparing our parameters with the standard pair formulation:

M_V:_/87 /,L:Oé—ﬁ, )\:_17 V=a«

This explicitly yields the function g(z):

g(@) =27 Ba—pa(-1-2°77)

From equation (ii), let H(s) = L{h(z)} and G(s) = L{g(x)}. Using the Convolution Theorem gives the
final explicit integral solution for y(x):

y(x) = /03j glx —t)h(t)dt+ C

y(z) = /Oi(x 1) By po (—1- (z—1)* ) h(t) dt + C.

5.1.7 Non-homogeneous one-term FDE via LT involving CFD

Example 7 Solve the non-homogeneous linear fractional differential equation involving the Caputo frac-
tional derivative:
6 D3 y(x) + Ay(z) =h(x), x>0,

with initial conditions y*) (0) = by, k=0,1,2,....n—1, wheren —1 < a <n.
Denoting Y (s) = L{y(z)} and H(s) = L{h(x)}, and substituting:

n—1
s°Y (s) = Y s* K yR(0) + MY (s) = H{(s). (ii4)
k=0
Substituting y*)(0) = by:
n—1
= 5"V (s) = > s* Kb+ AY(s) = H(s)
k=0
H(s) n—1 ga—k—1
Y(s) = - by,
— Y (s) Sa“+kz:o L

Taking £~ of both sides:

n—1 a—k—1
(e) = L7H{H(s) - Gls)} + 3 b £79 5
4 ];) F { 5%+ A }
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where
1 50

ST EA ST N

G(s) =

We have the standard inverse Laplace formula:

L 5277 B—1 o
L o Eypg(Az®).

Comparing with

s b
p , we identify:

s
a—F=0= f=q, n=—A

1
s+ A

therefore,g(x) = L7{G(s)} = ﬁ—l{ } =2V By a(=A2®).

Finding the inverse of the second term for each k =0,1,...,n—1
E*l Soszfl _ E*l Soszfl
5%+ A s — (=N |~
so—B

,weidentify a — 8=a—k—1,giving 8=k + 1 and = —X\
— K

. Safkrfl A N
L =2" Ey, pr1(—Ax%).

Comparing with
s

S* 4+ A\

From (i), the solution is

n—1
y(@) = g(z) * h(z) + Y bp 2" Bo rir(-Az®).
k=0
Expanding the convolution
x n—1
y(x) :/ gz — Ot dt+ 3 by Ba pia(~A2%),
0 k=0
Substituting g(z) = 27! Ey o(—A2%)
T n—1
y(z) = / (= )7 By (A = ) h(t) dt + 3 b B g1 (—A2®)
0 k=0
Sa—k—l
which, using E‘l{ Y } = 2% B, k11(—A2?), gives the complete solution:
s

T n—1
y(z) = / (x — 1) By a(=Aax —t)*) h(t) dt + Z b, - 2% - By i1 (—Az®)
0 k=0

is the general solution.

Classical recovery (o« — 1). Note that the strict domain n — 1 < a < n excludes integer « for any n;
the classical case o =1 is recovered as o — 1~ within the n = 1 branch, i.e. 0 < o < 1 with the single
initial condition y(0) = by. There,

y(a:) = /Ox(x - t)ailEa,a(_)\(x - t)a) ]’L(t) dt + bo E(X,l(—/\xo‘).
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Using E1 1(z) = €, both Mittag-Leffler terms collapse as o — 17:

(£ — 1) Ey0(~=Az —1)%) — e @70,

Eoi1(—Xz%) — e*)‘””,

giving
y(z) — / e METORE) dt + by e,
0

which is exactly the classical variation-of-parameters solution of y'(x) + Ay(z) = h(x), y(0) = bp.
6 Results and discussion

Table 2: Summary of analytical solutions and their classical integer-order counterparts

No. FDE Fractional Solution Classical (o =1)
5.1.1 jx—g = Ay y(z) = Ea(Az®) y(z) = e®
d2ay day feY feY T —2z
5.1.2 JoZa + Ty 2y =0 | y(z) = c1 Ba(z¥)+c2 Ea(—22%) | y(z) =Cre” + Cze
5.1.3 Dy +ay=0, y(x) =C - Ea(—ax®) y(z) =Ce™ "
y0)=C, 0<a<l
5.14 [o = § case] oDy +ay=0 y(z) :C~x_1/2E%’%(—aﬂc1/2) y(z) =Ce "
(RL derivative),
[OD;1/2y]$:O -C
5.1.5 “Dly =Ny, y(z) = Ea(Az%) y(z) = e
y0)=1, 0<a<l1
516 CDy DNy = hie), | v = [ w07 y(2) -
0 x
O(E)ﬂ,ia =1 XEp_a,p(—(z —t)’~*) / e @OR(t) dt +ce””
yer= xh(t)dt + ce™™ 0
5.1.7 D%y + Ay =h(z), | y@)= | @-0*" y(z) =
— 0 x
¥ (0) = bk, X Boo(=A(z — 1)%) / e MO () dt
n—-l<a<n xh(t) di 0
n—1 +b0 ei)\z
+ Z b xk Ea, k+1(—A xa)
k=0

Table 2 summarizes the seven examples solved in Section 5, alongside their classical integer-order counter-
parts at a = 1. Looking at the results as a whole, a consistent pattern emerges: whenever the fractional
derivative is Caputo (or Riemann-Liouville, where noted) and the equation is linear, the Mittag—Leffler
function either alone or convolved with a forcing term is what falls out of the algebra, regardless of
whether the solution route is direct series substitution or the Laplace transform.

Example 1 and Example 2 dealt with homogeneous equations solved by assuming an MLF-type ansatz
and matching coefficients directly in the series. For the one-term equation ©“ D%y = Ay (Example 1),
this gave y(z) = E,(Az®) (Figure 1). For the two-term equation © D2y + ¢ D%y — 2y = 0 (Example 2),
the same idea produced a genuine characteristic equation, a®> + a — 2 = 0, with roots a = 1, -2 and
general solution y = ¢1 Eq (%) + c2Eo(—22%) (Figure 2). What’s worth noting is that Example 2 did not
require a second, independent guess the recurrence on the series coefficients collapsed into exactly the
same characteristic polynomial one would write down for the classical ODE y” + ¢’ — 2y = 0, with e™*
simply replaced by E,(mx®). Both examples reduced correctly to their classical counterparts at o = 1,
and the plotted solutions show the expected fractional relaxation behaviour: a sharper initial response
followed by a heavier tail, compared to a plain exponential.

Examples 3 and 4 switch to the Laplace transform as the main solution tool rather than a series ansatz,
and this is where the method starts to show its practical value. For the one-term Caputo equation
€Dy + ay = 0 with y(0) = C (Example 3), transforming, solving algebraically for Y (s), and matching
against the standard MLF Laplace pair gave y(z) = C E,(—az®) directly, without writing out an infinite
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series by hand. The order-1/2 equation with the Riemann-Liouville derivative (Example 4) followed the
same procedure but produced the two-parameter function E /5 1/2(-) rather than the one-parameter Ei,,
a direct consequence of the RL initial condition being specified through a fractional integral rather than
y(0) itself. Example 5 solved the IVP € D%y = \y, y(0) = 1, by both the direct MLF approach and the
Laplace transform, and both routes gave the identical result y(z) = E,(Az®) (Figure 3). This agreement
is a useful cross-check: the direct method relies on term-by-term differentiation of the MLF series, while
the Laplace method does not, so the two arriving at the same answer is not a circular result.

Examples 6 and 7 extend the framework to non-homogeneous equations, which is where the practical
advantage of the Laplace approach becomes clearest. For the two-term equation Cch‘y + CDgy = h(x)
(Example 6), transforming and inverting produced a transfer function G(s) whose inverse is a shifted two-
parameter Mittag—Leffler kernel g(z) = 2%~ ' E,_ g o(—2#); the full solution is then the convolution of
this kernel with the forcing term, plus the constant contributed by the initial condition. Example 7, the
general non-homogeneous one-term equation D%y + \y = h(z) with n initial conditions, followed the
same logic and produced the closed-form solution

n—1

y(x) = /x(x — ) By oAz — 1)) h(t) dt + Z b, 2 B g1 (—A2).
0 k=0

This result is structurally the fractional analogue of the classical variation-of-parameters solution: the
summation term is built from the same Mittag—Leffler pieces that appear in the homogeneous Exam-
ples 1-5, while the integral term is a convolution against a Mittag—Leffler kernel, mirroring how the
classical solution of a linear ODE with forcing splits into a homogeneous part and a particular integral.

Taken together, the seven examples in Table 2 show that the Laplace transform is not merely an al-
ternative route to the same MLF solutions obtained by direct substitution in Examples 1 and 2 — it is
the more general of the two tools. The series ansatz works cleanly for homogeneous equations where
a suitable guess is available (Examples 1, 2, 5), but it does not obviously extend to equations with an
arbitrary forcing term. The Laplace method handles that case without additional guesswork (Exam-
ples 3, 4, 6, 7), at the cost of requiring the appropriate Mittag—Leffler Laplace transform pair. Every
example that could be checked against a classical limit (« = 1, or «, 3 integer) reduced to the expected
exponential-based solution, which is the main evidence that the algebra throughout is consistent rather
than merely formally plausible.

7 Conclusion proaches are consistent rather than independently
convenient. Each method has its own advantages
and limitations. The direct MLF ansatz is con-
ceptually simple and mirrors the classical solution
procedure closely, but it depends on being able to
guess the correct form of the solution in advance,
which becomes difficult once the equation is non-
homogeneous or involves multiple fractional orders.
The Laplace transform method, by contrast, is more
systematic and does not require an initial guess,
but it depends on having the appropriate Mittag—
Leffler Laplace transform pair on hand, and the re-
sulting solutions for non-homogeneous problems are
left as convolution integrals that may not always
reduce to a simple closed form for a general forc-
ing function h(z). In every case tested, however,
both methods correctly reduced to the correspond-
ing classical exponential solution at o = 1, which
provides strong support for the internal consistency
of the framework as a whole.The choice between
the two methods, in practice, depends on the struc-
ture of the equation at hand: the direct ansatz is
preferable for simple homogeneous problems where
the characteristic roots are easy to find, while the
Laplace transform is the more robust choice once

Our approach differs from most existing treat-
ments of fractional differential equations in that it
is purely analytical rather than numerical: exact
closed-form solutions are obtained directly in terms
of the Mittag—Leffler function, without discretizing
the domain or approximating the fractional deriva-
tive by a finite-difference scheme. Two complemen-
tary routes were used throughout a direct Mittag—
Leffler series ansatz, and the Laplace transform
method and applied across several representative
fractional differential equations involving the Ca-
puto and Riemann-Liouville derivatives. The di-
rect MLF ansatz reduces homogeneous equations to
an algebraic characteristic equation in exactly the
same way the classical exponential ansatz does for
integer-order linear ODEs, while the Laplace trans-
form method extends this further to equations of
Riemann-Liouville type and to non-homogeneous
equations with an arbitrary forcing term and multi-
ple initial conditions, where the series ansatz alone
offers no clear path forward. Where both meth-
ods were applied to the same problem, they pro-
duced identical results, confirming that the two ap-
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non-homogeneous terms, multiple derivative orders,
or Riemann—Liouville-type initial conditions are in-
volved. Extending this framework to nonlinear frac-
tional differential equations, or to systems of cou-
pled FDEs, would be a natural next step, since nei-
ther the series ansatz nor the Laplace transform
method used here assumes linearity is present. It
would also be worthwhile to investigate the con-
volution integrals arising in the non-homogeneous
cases for specific physically motivated forcing func-
tions h(z), evaluating them either in closed form
where possible or numerically otherwise, and com-
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