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Abstract : We have used simple statistical theory to describe the mixing behavior of liquid Bi-In alloys in terms of energetic 
and structure through the study of their thermodynamic and transport properties. The structural characteristics of Bi-In 
melts are described by the two microscopic functions, i.e. the concentration fluctuation in long wavelength limit and the 
Warren-Cowley short range order parameter. The transport properties are analyzed through the diffusion coefficient 
ratio and viscosity. The Gibb’s free energy of mixing, enthalpy of mixing and entropy of mixing are the thermodynamic 
functions which are used to describe the thermodynamic behaviors. In whole analysis thermodynamic input parameter, 
i.e. interchange energy take important role which is temperature dependent. The computed results are in good agreement 
with experimental data and support a weak ordering tendency in molten Bi-In system.
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1. Introduction

The brittle nature of Bi as well as its tendency to segregation 
makes difficult the production of Bi-based alloys in the 
forms of wires or sheets. The Bi-In binary alloys are rarely 
used as solders, except a few particular compositions, while 
both, Bi and In, have great importance as a components of 
multi-component lead free solders containing Ag, Sn, Sb 
and Zn, widely used in electronic industry [1-3]. Among 
these, alloys from the Bi-In-Sn ternary system have a wide 
range of fusible applications and are believed to be the 
most promising. The addition of Sn results in a significant 
improvement of mechanical properties [4]. It is also 
important to mention that Zn-based alloys containing the 
Bi-In inter-metallic compound are used to produce alkaline 
batteries, while Bi-In amalgams as a luminescent material 
improve handling characteristics of a fluorescent lamp [2, 
5].  The energetics and the structure of the alloys melts as the 
way in which they are coupled are necessary prerequisites 
to understand the mixing behavior in liquid alloys. The 
nature of interactions and structural re-adjustment of 
the constituents in the liquid alloys can be deduced by 
combining the theoretical modeling of observable indicators 
such as the thermodynamic and thermophysical properties 
and the corresponding experimental data. Phase diagram 
has assured that Bi-In system exhibits the three intermetallic 
compounds: BiIn(β) with tetragonal structure, Bi3In5 (γ) with 

complex tetragonal structure and BiIn2 (δ) with hexagonal 
structure [6-8]. Among the three phases, the BiIn has the 
highest heat of formation and heat of fusion and it melts 
congruently at 383.15K [8].
In the present work the thermodynamic and transport 
properties as well as the ordering phenomenon (the 
concentration fluctuation in long wavelength limit and the 
Warren-Cowley short range order parameter) of liquid Bi-
In alloys have been reproduced quantitatively using simple 
statistical theory in a weak interaction approximation. The 
grand partition function for the system has been solved 
under the frame work of such model to obtain analytical 
expressions for various parameters [9, 10]. The theoretical 
formalism for the thermodynamic functions is presented in 
section 2.1, section 2.2 deals with structural function while 
the transport properties are presented in section 2.3. Result 
and discussions are given in section 3. Section 4 outlines the 
conclusions.

2.Theoretical formalism

2.1. Thermodynamic functions
2.1.1. Gibb’s free energy of mixing, GM
The standard thermodynamic relation for Gibb’s free energy 
of mixing (GM) is

1 1[ ln ( )ln( )] XS
M MG RT x x x x G= + − − + 	(1)
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One can easily obtain a relation between excess free energy 

of mixing, XS
MG  and the ratio of activity coefficients, γ  (= γA 

/ γB ) by using standard thermodynamic relations [10].
x
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Where R is universal molar constant; x, concentration of 
the component; ω, interchange or ordering energy and z, 
coordination number.
Using the relations (1) and (2), one obtains an expression for 
the Gibb’s free energy of mixing [8-11] as

 

M A B

B

G RT[ xlnx (1 x)ln(1 x) xln (1 x) ln ]

RT[x ln x (1 x) ln(1 x) x(1 x) ]
k T

= + − − + γ + − γ

ω
= + − − + −   (3)

2.1.2. Enthalpy of mixing, HM and entropy of mixing, SM

The calculation of enthalpy and entropy of mixing are 
of immense relevance since they will likely to provide 
information on the temperature dependence of the ordering 
energy. The enthalpy of mixing (HM)   can be obtained from 
the standard thermodynamic expression as

M
M M

x,P,N

B B

G
H G T

T

1 dRT x(1 x) x(1 x)
k T k dT

∂ = −  ∂ 

 ω ω
= − − − 

 
	        (4)			 

	                    
And entropy of mixing (SM) can be worked out from the 
relation

M M MS (H G ) / T= −
                               (5)	

2.2. Structural functions
2.2.1. Concentration-concentration fluctuations in 
the long wavelength limit, Scc(0)

 ccS (0)  is an essential  structural function which has been 
widely used to study the nature of atomic order in binary 
liquid alloys[12]. It is thermodynamically related to Gibb’s 
free energy of mixing (GM) through the equation

( )
12

M
cc 2

T,P,N

G
S 0 RT

x

−
 ∂
 =
 ∂  	                   (6)

Equations (1) and (6) gives the theoretical value of Scc(0):

1
ccS (0) x(1 x)[1 z(1 ) / 2 ]−= − + − β β 	      (7)                                             

For the ideal mixing, when the ordering energy is zero, 
concentration-concentration fluctuations are usually 
computed from:

ccS (0,id) x(1 x)= − 			         (8)

2.2.2. Warren-Cowley short range order 
parameter,α1

The Warren-Cowley [13, 14] short-range order parameter 
(α1) is another important structural function which is 
useful to quantify the degree of chemical order in the alloy 
at melt. It provides insight into the local arrangement of 
the atoms in the molten alloys. Although it is difficult to 
obtain the experimental values of α1, theoretical values of 
this parameter are easily obtain via conditional probability 
[A/B] which defines the probability of finding an A- atom 
as a nearest neighbor of a given B-atom. It can be evaluated 
theoretically [13, 14]:

id
1 cc cc(S 1) / {S (z 1) 1}, S S (0) / S (0)a = − − + =    (9)	                                       

where z is the coordination number, which is taken as 10 for 
our purposes. 

2.3. Transport properties

The mixing behavior of binary liquid alloys can also be 
studied at the microscopic level in terms of transport 
properties such as viscosity, chemical diffusion coefficients 
etc. 

2.3.1. Viscosity

Viscosity isotherm (η) of liquid alloys is an important 
transport parameter for the understanding of the atomic level 
structure and interactions. As in the case of thermodynamic 
functions, the composition dependence of η of liquid alloys 
is also found to exhibit either a linear variation, or positive 
or negative deviations from the linear law.  A simple formula 
for the investigation of viscosity of a binary solution [15] is

id
B

21 x(1 x)
k T

  ω
η = η − −  

   
		      (10)

with    0 0
id A Bx (1 x)η = η + − η 	                 (11)

where  0
iη is the viscosity of pure component  i ( = A or B) 

and ω as usual, the interchange energy or order energy.
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2.3.2. Diffusion

. .
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 ∂
=  ∂ 

The mixing behavior of the alloys forming molten metal can 
also be studied at the microscopic level in terms of coefficient 
of diffusion. The mutual diffusion coefficient (DM) of binary 
liquid alloys can be expressed in terms of activity (ai) and 
self- diffusion coefficient (Did) of pure component with the 
help of Darken’s equation [16]

i
M id i

i

d ln a
D D x

dx
=    			         (12)

We obtain an expression for 
MD  in terms of Scc(0)[14]:

)0(S
)0(S

D
D

cc

id
cc

id

M =
	 			        (13)

with     1( )M B AD xD x D= + −              (14)
Where DA and DB  are the self-diffusion coefficients of 
pure components A and B respectively. According to Eq. 
(14), Scc(0)<Scc(0,id) is typical compound forming alloys 
implying DM ˃ Did. A peak on diffusivity curve, DM/Did verses 
xBi, suggests presence of maximum chemical order in the 
molten alloys system as well as the composition of the most 
probable associates formed in the liquid phase[14]. The 
relationship between Scc(0) and the diffusivity expressed 
by the ratio of the mutual and self-diffusion coefficients, 
DM /Did, indicates the mixing behavior of the alloys, i.e. 
the tendency for compound formation(DM/Did>1) or phase 
separation (DM/ Did < 1) or ideal mixing (DM / Did approaches 
1). Considering only the energetics of the nearest- neighbor 
bond, equation (12) becomes 

M id
B

2D D 1 x(1 x)
k T

  ω
= − −  

   
                 (15)

3. Result and discussions

In the present work, we have studied the composition 
dependence of the thermodynamic, structural and transport 
properties of Bi-In alloys at constant temperature 900K. It is 
understood from the theory that there are some parameters 
that need to be fitted in order to carry out the present 
calculations. The parameters are the coordination number 
(z), interchange energy ( ω ) and temperature derivative of 
interchange energy (dω/dT). For uniformity, the coordination 
number (z) in the liquid phase was chosen as 10. We observed 

that the choice of z does not significantly affect our results. 
Interchange energy ( ω ) and temperature derivative of 
interchange energy (dω/dT) for the alloys system have been 
estimated by the method of successive approximation using 
experimental data of free energy of mixing(GM) and enthalpy 
of mixing(HM) over the whole range of concentration[6]. 
Once suitable values of these parameters are chosen, the 
theory allows calculating other quantities mentioned above. 
The values of the fitted parameters for the alloys system are 
presented in Table 1.

Table 1.

Basic parameters
_______________________________________
Alloys   T(K)      z             ω *            dω/dT *
_______________________________________
Bi-In	  900      10   -1.027×kBT     -0.048×kB

_______________________________________
*The values of these parameters are obtained by 
thermodynamic fitting.

3.1. Thermodynamic properties

Eqs.(3),(4) and (5) have been used to compute GM/RT, HM/
RT and SM/ R. Fig. 1 shows the result of these computations. 
We observed that there are remarkable agreement between 
computed and their respective experimental data [6]. The 
implication of ω in the Table 1 being negative for the Bi-
In system is that it is chemically ordered. Small values of 
ω suggest that they are weakly interacting. Fig.1 shows 
that there is remarkable agreement between computed GM/
RT and their respective experimental data which confirms 
that the choice of ω for the alloys is quite reasonable. 
The plots (Fig.1) resulting from Eqs.(4) and (5) which 
incorporated temperature dependence of interchange 
energy(dω/dT) shows a remarkable agreement between the 
experimental data and the computed values which confirms 
the temperature dependence of the interchange energy of the 
alloys. The result of enthalpy of mixing HM/RT for Bi-In is 
shown in Fig.(1), compared with experimental results[6]. 
The experimental and computed values of HM/RT show 
negative trend indicating clustering of unlike atoms or 
hetero- coordination. The results for the entropy of mixing 
for Bi-In are also plotted with concentration in Fig.(1). The 
positive value of SM/R shows the presence of atomic order. 

Thermodynamic and Transport properties of molten Bi-In alloys
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More positive values of SM/R within entire concentration 
confirm that Bi-In system is hetero-coordinated alloys. The 
computed values of the entropy of mixing (SM/R) are also 
compared with experimental results. We observed that there 
are also remarkable agreement between computed and their 
respective experimental data.
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Figure 1-Free energy of mixing (GM), Heat of mixing (HM) and 
Entropy of mixing (SM) Vs Concentration of bismuth (xBi ) for Bi-In 
liquid alloys at 900K. Solid line for theoretical values and circles 
for Experimental data[6].

3.2. Structural properties

We consider the calculated concentration fluctuation and 
Warren-Cowley chemical short range order parameter to 
understand the nature, strength and level of influence of 
the order in the properties of the alloys. The concentration 
fluctuation in long wavelength limit (Scc(0)) and the Warren-
Cowley chemical short range order parameter (α1) have 
been computed via. Eqs.(7) and (9). We have used Eq.(7) to 
compute the Scc(0) theoretically for the alloys. It can also be 
obtained directly from the measured activity [6] data as

11
A B

cc A B
a a

S (0) (1 x)a xa
x (1 x)

−−  ∂ ∂ = − =   ∂ ∂ −           (16)
where aA and aB are the observed chemical activities of 
constituents of the alloys. The Scc(0), obtained from Eq.(16) 
are taken as experimental values. Figure 2 shows a plot of 
the computed and experimental values of S cc(0)  along with 
the ideal values. The computed values of S cc(0)  are in good 
agreement with the experimental values of S cc(0) for the 
alloys. The result can be used to understand the nature of 
atomic order in binary liquid alloys. At a given composition 
if S cc(0)  < S cc(0,id)  ordering in liquid alloy is expected 
while S cc(0)  > S cc(0,id)  gives the indication of tendency of 
segregation. S cc(0,id)  is the ideal value of Scc(0)   which is 
associated with alloys of ideal mixture. In figure, it is seen 

that for Bi-In system S cc(0)  < S cc(0,id)  which shows that 
liquid Bi-In alloys at 900K is of hetero-coordinating nature.
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Figure 2-Concentration fluctuation at long wavelength limit 
(Scc(0)) and Warren-Cowley chemical short range order parameter 
(α1) Vs Concentration of bismuth(xBi)for Bi-In liquid alloys at 
900K. Solid line for theoretical values, circles for Experimental 
data [6] and dashed line for the ideal values of concentration 
fluctuation. Dotted line represents the Warren-Cowley chemical 
short range order parameter (α1).
In addition, Warren-Cowley CSRO parameter (α1) provides 
an immediate insight into the nature of the local arrangement 
of atoms in the mixture. The minimum possible value of α1 is 
-1 and it indicates complete ordering of unlike atom pairing 
at nearest atoms. On the other hand the maximum value of α1 
is +1, which implies complete segregation leading to phase 
separation and α1= 0 corresponds to a random distribution 
of atoms. Figure 2 shows the plots of α1 against chemical 
composition, obtained from Eq.(9). In the Bi-In system, 
α1 is found negative throughout concentration of Bi.The 
negative values of α1 throughout whole concentration range 
of bismuth is the signatures of chemical ordering in the Bi-
In liquid alloys at 900K.
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Figure 3-Viscosity ( η ) Vs concentration of bismuth (xBi) in liquid 
Bi-In alloy at 900K ; solid line for theoretical values and dotted 
line for ideal values.
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3.3. Transport properties

The viscosity of the Bi-In liquid alloy has been computed 
numerically from Eq. (10). From the plot of η verses bulk 
concentration of xBi (Fig.3) in Bi-In liquid alloy, positive 
deviation from the linear law (Raoult’s law) in viscosity 
isotherms η(x) have been observed for the regular alloy. 
The calculated values of Scc(0) are used in Eq. (13) to 
evaluate the ratio of the mutual  and intrinsic-diffusion 
coefficients,DM/Did . For the consistency of the estimated 
order energy parameter, ω, we have also calculated DM/
Did  using Eq.(15). Fig.4 shows plot of DM/Did  against the 
concentration of bismuth. In that plot the value of DM/Did is 
found greater than 1 in the entire range of concentration which 
is indicative for the compound formation in the mixture. A 
maximum value of DM/Did = 1.56 for xBi= 0.5, confirms a 
weak tendency for chemical ordering, as observed by the 
Scc(0) and CSRO parameter.

0.0 0.2 0.4 0.6 0.8 1.0
1.15

1.20

1.25

1.30

1.35

1.40

1.45

1.50

1.55

d m
/d

id

xBi Fig.4

Figure 4- Ratio of chemical and intrinsic diffusion coefficients 
(DM/Did) Vs concentration of bismuth (xBi) in liquid Bi-In alloy at 
900K.

4. Conclusions

Following conclusions are drawn from the theoretical 
investigation on Bi-In liquid alloys at 900K:
	 Order energy is small, negative and found to temperature 

dependent. 
	  The alloy system is weakly interacting and chemically 

ordered. 
	 Thermodynamic and structural functions are deviated 

negatively from their ideality.
	  Viscosity isotherm of the alloy is found to deviate 

positively from linear law.
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