
ISSN: 2362-1303 (Paper) | eISSN: 2362-1311 (Online)
JOURNAL OF ADVANCED ACADEMIC RESEARCH (JAAR)

June 2026

Vol. 13, No. IIwww.phdcentre.edu.np60

 
Three-Layer Perceptron Position and Size Encoding in 

Shapes Classification Tasks 
Carlo Ciulla1 

1Faculty of Economics, Technology and Innovation, Department of Computer Science, 
Western Balkans University, Tirana, Albania 

Corresponding Author Carlo Ciulla, carlo.ciulla@wbu.edu.al; cxc2728@njit.edu  
ORCID: https://orcid.org/0000-0002-5563-6036 

Received 18 March 2026, Accepted 16 May 2026, Published 30 June 2026 
 
ABSTRACT 

This research reports on the ability of the three-layer perceptron trained with the 
backpropagation algorithm to solve classification tasks while encoding the spatial location, the 
size and the shape of two-dimensional geometrical figures in the Cartesian plane. The data set 
consists of images. The pixel’s brightness inside the shapes is kept constant and the remnant of 
the image is made of zero-valued pixels’ brightness. Results show that the neural network 
training based on backpropagation converges and the neural network classifier confirms the 
successfulness of the learning process with 100% correct classification rate. The hidden layer can 
successfully encode all the variables: position, shape, and dimension; and so, it does the output 
layer. Testing the three-layer perceptron with patterns not used for the learning process yields a 
correct classification rate between 95% and 100%. The task of encoding the shape of geometrical 
figures regardless of their size and their position on the Cartesian digital grid is regarded here as 
the ability of the three-layer perceptron to form complex decision regions. This ability is typical 
of this type of neural network because, with a sufficiently large hidden layer, it is a universal 
function approximator. The novelty of this paper is called Hidden Activation Analysis (HAA), 
and it consists of explicitly revealing that after the learning process the hidden layer of the three-
layer perceptron can solve the pattern recognition task. 
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INTRODUCTION 
Overview 

To clarify the essence of position (location) encoding in artificial intelligence, and more 
specifically in machine learning applications like neural networks, is due to refer to the 
conceptualization reported recently in Mai et al. (2022) that states that position encoding is the 
ability to encode a single point location in an embedding space. The location encoder is defined 
as the function that maps any coordinate in space (two or three dimensional, or more generally 
‘L’) to a vector representation of dimension ‘D’, given that L << D (Mai et al., 2022). The 
geometrical consequence of this definition is that there exists a difference between the departing 
space and the embedding space. The formalism introduced by Mai et al. (2022) states that the 
location encoder is the neural network convolution of the position encoder (PE). The formulation 
of the PE is wide and follows various schemes (Li et al., 2021; Jin et al., 2022; Mai et al., 2022; 
Rußwurm et al., 2024).  
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Generalizing on this concept, we can substantiate that the convolutional power of neural 

networks used by deep learning structures can map the geometry of a point (its location in the 
original defining space) into a new geometry. This new geometry consists of hyperspace that 
results from the convolution of the coordinates of the point (two or more dimensions) with the 
weights connecting the neurons of one layer (e.g. the input layer or the hidden layer) with a 
neuron of the subsequent layer (e.g. the hidden or the output layer). The convolution brings the 
departing point (geometric location) into a new point which coordinates are the initial coordinate 
convolved with the weighting connections of the network’s afferent layer. Using this concept, 
recent literature has evolved as follows regarding the ability of the neural networks to encode 
object’s position (its location in the defining space). 
 

Encoding three-dimensional geometric structures by means of an auto-encoder was reported 
as a methodology to archive 3D registration (Elbaz et al., 2017). A position encoding network 
consisting of a feed-forward convolutional encoder and a position encoder module, was designed 
to extract features and to predict the position information (Islam et al., 2020). The same research 
confirms considerable ability of convolutional neural networks (CNNs) to encode the position 
information (Islam et al., 2020). Semantic vectors of fixed length represent the spatial 
information of multiple objects. Such vectors are calculated by means of the convolution power 
of feed-forward neural networks. This representation shows that the vector representation is well 
suited for simple network architectures with a single hidden layer, however not trained with 
gradient-descend backpropagation algorithm (Mirus et al., 2019). A CNN module that models the 
spatial information of rectified patches was proposed to reinforce on the concept that an image 
(or a patch) as input to the CNN determines a tensor that can be interpreted as a detector 
response of the receptive field (Hinton et al., 2006; Hinton and Salakhutdinov, 2006). Hence, 
when the images are not aligned, the tensor is transformed into a descriptor that determines 
encoding of the spatial position and discards the geometrical information (Mukundan et al., 
2019).  
 

Deep neural networks have been also employed to learn the spatial characteristics (while 
encoding the position) and the feature selection (while encoding the type) (Wang et al., 2020). 
These two predictors called ‘where’ (position) and ‘what’ (type) were simultaneously encoded by 
a deep neural network. These encoding yields feature extraction, non-linear feature enhancement, 
and voxel-wise linear representation (Wang et al., 2020). Displacement between neighboring 
frames of pedestrian motion was predicted using the multi-layer perceptron. This prediction was 
able to map the pedestrian location and to predict the trajectory (Xu et al., 2018). Four types of 
CNNs were used to count trees from high resolution satellite images, showing that the most 
accurate prediction is possible using the encoder-decoder network (Yao et al., 2021). Graphical 
representation of spatial structures is obtainable by graph neural networks (GNNs) (Klemmer et 
al., 2023). These types of networks account for spatial dynamics. Moreover, GNNs were 
augmented by a positional encoder (PE) used to determine embedding of position coordinates, 
and this embedding provides the training data for the GNN. Hence, the new framework for 
modeling spatial data is the PN-GNN (Klemmer et al., 2023). 
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Motivation and Novelty 

The literature on the three-layer perceptron is substantially restricted because current and past 
research has been giving mayor attention to position spatial encoding using convolutional neural 
networks (CNNs).  
 

Because of the usage of deep learning techniques for image classification, literature relegates 
the three-layer perceptron to marginal importance. However, it has been shown long ago in the 
literature that the three-layer perceptron can form complex decision regions (Huang & 
Lippmann, 1987). A three-layer perceptron with a sufficiently large hidden layer is a universal 
function approximator (Cybenko, 1989; Hornik et al., 1989). Moreover, CNNs are not complex 
arbitrarily; their architecture explicitly encodes translation invariance, which three-layer 
perceptron lack. In this paper, to reveal the property by which, after the learning process, the 
hidden layer of the three-layer perceptron can solve the pattern recognition task, is 'regarded as' 
Hidden Activation Analysis (HAA). Results of the HAA are coherent with the ability of the 
three-layer perceptron to solve classification problems that require encoding of spatial location, 
size and shape of geometrical objects located inside an image. 
 

In fact, this paper reports that HAA is evidence that, using the three-layer perceptron is 
possible to encode position, size and geometry of shapes defined in the digital grid. Encoding is 
possible both in the hidden and the output layer of the network.  
 

The geometrical shapes studied in this research are the rectangle, the square, and the circle. 
Their size is variable and so the position within the grid. However, despite this variability, the 
three-layer perceptron can learn to distinguish between shapes. 
 

The expected evidence that the classification task is solved by the hidden layer of the 
network is used in this paper to bring novelty to literature. The novelty of this work is to 
explicitly reveal through HAA that after the learning process the hidden layer of the three-layer 
perceptron can solve the pattern recognition task. The implications of this work are in the domain 
of deep learning because this evidence revitalizes the role of the three-layer perceptron 
confirming that it can solve a pattern recognition problem, which is normally delegated by more 
complex network architectures like CNNs. Overall, this work makes a point in favor of the use of 
the three-layer perceptron in deep learning. 
 
Theory 

Computational systems composed of neurons distributed along cascaded layers are called 
artificial neural networks (ANNs). Except for the input layer, which is the gate to the 
computational system, neurons are computational units that receive input and calculate an output. 
The neurons are connected by internal variables called weighting connections. Changing the 
weight of the connections changes the behavior of the whole computational system. The goal is 
to achieve a desired input-output response by making use of an optimal set of weighting 
connections. The optimality depends on the accuracy of the input-to-desired-output mapping. 
ANNs use the learning process to achieve such optimality. The learning paradigm used to map 
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the network input to the desired output, is commonly referred to as supervised learning. To 
perform supervised learning, one of the most popular algorithms used by ANNs is the 
backpropagation algorithm. Backpropagation makes use of the delta rule for the calculation of 
the partial derivatives of the cost function. The cost function is the measure of the deviation 
between the net current output and the net desired output.  
 

Each of the neurons in the hidden and output layers mathematically implements a 
hypersurface called hyperplane. As illustrated by Eq. (1), the hyperplane of the neuron is 
mathematically defined by the linear combinations of inputs and weights afferent to the neuron. 

 

 

In Eq. (1),  is neuron output of the afferent layer (L - 1).  is the firing threshold, known 
also as the bias term of the neuron.  is the weighting connection between neurons. The 
input pattern to the network is  with . Neurons are non-computational in the 
input layer (L = ). 
 

Each neuron of hidden and output layers (L = 1, 2) is featured by a transfer function , as 
shown in Eq. (2). This function needs to be differentiable because of the necessity of the 
backpropagation algorithm to calculate the partial first order derivatives of the cost function with 
respect to the weighting connections. Indeed, differentiability is ultimately a requirement of the 
delta rule for the iterative weights’ adjustment. The iterations are inherent to the optimization 
process that attempts to find the global minimum of the cost function for a specific set of values 
of the weights. 
 

                
 

The cost function is defined by Eq. (3). 
 

 

The learning set is inclusive of  patterns,  is the number of categories to classify, and  
 is the desired class identification value. As articulated by Eq. (1) and Eq. (2),  is function 

of . Based on these two equations, the backpropagation algorithm uses Eq. (4) to 
calculate the weighting connection change at the p-th iteration of the learning process. Eq. (4) is 
called delta rule, and it implements the steepest descend iterative optimization process. 
 

  
 

 is the learning coefficient and it is set to be . After computing the derivatives, Eq. 
(4) is rewritten as Eq. (5). 
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In Eq. (5),  is calculated by (6), (7). Eq. (6) is used as the correction term of the weighting 
connections between the neurons of the output layer and the neurons of the hidden layer. Eq. (7) 
is used as the correction term of the weighting connections between the neurons of the hidden 
layer and the neurons of the input layer. 
 

 

 

Based on Eq. (4), the update  of the weighting connections is calculated as per Eq. (8). 
 
 

 
 
 

The term  is applied to the weighting connections of each computational neurons of the 
neural network. Moreover, the term  is applied to the weighting connection after all N 
patterns of the training set are processed, hence it is inclusive of all partial corrections 
determined by each pattern of the training set. To fine tune the speed of the steepest descend 
method, the smoothing factor  (coefficient in ]0, 1[) is multiplied by the term  and 
summed to the update of the weighting connection so that Eq. (8) can be rewritten as Eq. (9). 
 

 
 

 and  are calculated at (p-1)-th iteration of the learning process. The mathematics 
reported in this section designs a three-layer artificial neural network which was implemented in 
ANSI C and C++, and it was used to solve two-class identification problems. Tables 1, and 2 cite 
the references that report the formulae used in this section of the manuscript, hence the tables 
create a connection between this manuscript and the literature. 
 

 
 

Figure 1. Three-layer artificial neural network with input patterns  and . 
 
Backpropagation Example of the Three-Layer Artificial Neural Network 

This section uses the same approach of the previous section, and details the mathematics 
involved in the training of a three-layer neural network using the backpropagation algorithm. 
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Figure 1 shows the illustration of the network with 2 input neurons, and 2 neurones in both 
hidden and output layers. The threshold logic units are termed as b1 and b2 for the hidden layer, 
and b3 and b4 for the output layer. The input to the threshold logic units is constant and it is 1. 
 
 
 

Equations Use Literature 
 

(1), (10), 
(12), (14), 
(16), (18), 
(20), (22), 

(24) 
 

 
Input to the 

Neuron 

Rumelhart et al., 1985; Widrow & Lehr 1990; Billings et al., 1991; Frasconi et al., 
1993; Sontag, 1993; Wythoff, 1993; Yegnanarayana, 1994; Magoulas et al., 1997; 

Thimm et al., 1996; Marmarelis & Zhao, 1997; Tivive & Bouzerdoum, 2004; Günther 
& Fritsch, 2010; Abdel-Hamid et al., 2014; Park & Lek, 2016; Lv et al., 2018; Rana et 

al., 2018; Zajmi et al., 2018; Zhang & Qu, 2021; Dampfhoffer et al., 2023; Fekri-Ershad 
& Alsaffar, 2023; 

(2), (11), 
(13), (15), 
(17), (19), 
(21), (23), 

(25) 

Sigmoid Function 

Rumelhart et al., 1985; Pineda, 1987; Widrow & Lehr, 1990; Billings et al., 1991; 
Sontag, 1993; De Villiers & Barnard, 1993; Wythoff, 1993; Rojas & Rojas, 1996; 

Thimm et al., 1996; Marmarelis & Zhao, 1997; Khotanzad & Chung, 1998; Hagan & 
Demuth, 1999; Park & Lek, 2016; Al-Mahasneh et al., 2017; Lv et al., 2018; Rana et 

al., 2018; Zajmi et al., 2018; Cong & Zhou, 2023; Zhao et al., 2024; 

 
(3), (26) 

 
Cost Function 

Rumelhart et al., 1985; Pineda, 1987; Werbos 1990; Widrow & Lehr, 1990; Billings et 
al., 1991; Frasconi et al., 1993; Sontag, 1993; Wythoff, 1993; Rojas & Rojas, 1996; 
Magoulas et al., 1997; Chen & Zhong, 2009; Günther & Fritsch, 2010; Park & Lek, 

2016; Bao et al., 2018; Min et al., 2018; Zajmi et al., 2018; Zhou, (2018); Lillicrap et 
al., 2020; Zhang & Qu, 2021; Dampfhoffer et al., 2023; 

 
(4), (5), (35), 

(119) 

 
Delta Rule 

Rumelhart et al., 1985; Pineda, 1987; Widrow & Lehr, 1990; Billings et al., 1991; 
Wythoff, 1993; Yegnanarayan, 1994; Rojas & Rojas, 1996; Thimm et al., 1996; 

Magoulas et al., 1997; Hagan & Demuth, 1999; Bao et al., 2018; Lv et al., 2018; Zajmi 
et al., 2018; Zhou, 2018; Lillicrap et al., 2020; Zhang & Qu, 2021; Zhao et al., 2024; 

(6) 

Correction Term of 
the Weighting 
Connections 

Between Neurons 
of the Hidden 

Layer and Neurons 
of the Output 

Layer 

Rumelhart et al., 1985; Widrow & Lehr, 1990; Billings et al., 1991; Wythoff 1993; 
Yegnanarayana, 1994; Thimm et al., 1996; Rojas & Rojas, 1996; Kalogirou, 2000; 

Chen & Zhong, 2009; Park & Lek, 2016; Al-Mahasneh et al., 2017; Zajmi et al., 2018; 
Zhang & Qu, 2021; 

(7) 

Correction Term of 
the Weighting 
Connections 

Between Neurons 
of the Input Layer 
and Neurons of the 

Output Layer 

Rumelhart et al., 1985; Widrow & Lehr, 1990; Billings et al., 1991; Wythoff, 1993; 
Yegnanarayana, 1994; Rojas & Rojas, 1996; Thimm et al., 1996; Kalogirou, 2000; 

Chen & Zhong, 2009; Park & Lek, 2016; Al-Mahasneh et al., 2017; Zajmi et al., 2018; 

(8) 
 

Learning Rule 
Rumelhart et al., 1985; Widrow & Lehr, 1990; Billings et al., 1991; Hecht-Nielsen, 

1992; Wythoff 1993; Yegnanarayana, 1994; Rojas & Rojas, 1996; Thimm et al., 1996; 
Hagan & Demuth, 1999; Park & Lek, 2016; Zajmi et al., 2018; 

(9) Learning Rule 
(with momentum) 

Rumelhart et al., 1985; Widrow & Lehr, 1990; Billings et al., 1991; Yegnanarayana, 
1994; Wythoff, 1993; Park & Lek, 2016; Zajmi et al., 2018; 

 
Table 1. Fundamental equations along with their application (left column), their use (central column), and 
the literature where they were found (right column).  
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Equations Use Literature 

 
(26) 

 
Total Error 

Rumelhart et al., 1985; Werbos 1990; Widrow & Lehr, 1990; 
Frasconi et al., 1993; Sontag, 1993; Wythoff, 1993; Rojas & 

Rojas, 1996; Park & Lek, 2016; Min et al., 2018; 
 

(27), (44), (63), (73), (82), (91), 
(101), (110) 

 
Chain Rule 

Rumelhart et al., 1985; Werbos, 1990; Widrow & Lehr, 1990; 
Billings et al., 1991; Hecht-Nielsen, 1992; Hagan & Demuth, 

1999; Lv et al., 2018; Zhou, 2018; Zhang & Qu, 2021; 
Dampfhoffer et al., 2023; 

(28), (29), (30), (31), (32), (33), 
(46), (49), (52), (56), (59), (62), 
(65), (68), (71), (75), (78), (81), 
(84), (87), (90), (93), (96), (99), 
(103), (106), (108), (112), (113), 

(115), (118) 

First Order Partial 
Derivative – Relevant 
to the Chain Rule and 

the Delta Rule 

Newton, 1736; 

(47), (57), (50), (60), (66), (69), 
(76), (79), (85), (88), (94), (97), 

(104), (107), (116) 

Derivative of 
Sigmoid Function 

Werbos, 1990; Widrow & Lehr, 1990; Rojas & Rojas, 1996; 
 

 
Table 2. Fundamental equations along with their application (left column), their use (central 
column), and the literature where they were found (right column). 
 
Step 1. Forward Pass 
From the input layer to the hidden layer 

 

 

 

 
 

 

 

 

 
 

From the hidden layer to the output layer 
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Step 2. Calculation of the Error of Fit 
The target patterns are . 

 
 

Step 3. Backpropagation from Output Layer to Hidden Layer 
The weighting connections , , , , , are treated the same way as they are treated 
for the two-layer neural network. Indeed, mapping within the network architecture included 
between the output layer and the hidden layer is conceptually the same as that one written for the 
two-layers neural network.  
 
 

Step 3.1 Update of the Weighting Connection  
To report and example this section shows how to update the weighting connection . The 
connection  needs to be updated by the delta rule using the two states  and  that the 
network can have based on the two input patterns  The two input patterns 
belong to two different classes. 
 

 
Hence the following equations hold true for the three-layer neural network 
 

 

 

 

 

 

 

 

 

 

 
The delta rule admits 
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Δ  =  ·  
 
Step 4. Backpropagation from Hidden Layer to Input Layer 
The example of this section shows how to calculate the update of the weighting connection . 
For each weighting connection and each threshold logic unit of the network the following partial 
corrections need to be applied:  
 

 

 

 

 

 

 

 

 

 
The sum of these partial corrections quantifies, for each weighting connection and for each 
threshold logic unit, the total correction to apply at each iteration. Each partial correction is part 
of the chain rule to determine the relations existing between  and  (see Step 4.1). To help 
the visual connection between the formulae and the topography of the network the reader is 
referred to in Figure 1.  
 

Step 4.1 Update of the Weighting Connection  
For equation (36) we can write 
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For equation (37) we can write 
 

 

 

 

 

    

 

 

 

 
 

For equation (38) we can write 
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For equation (39) we can write 
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For equation (40) we can write 
 
 

 
 

 

 

 

    

 

 

 

 

 
For equation (41) we can write 
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For equation (42) we can write 
 

 
 

 

 

 

 

 

 

 

 
 

For equation (43) we can write 
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Hence, the cumulative correction term to use for  is the sum of equations (53), (72), (100), and 
(109) and the four zero terms as shown by the math processes of this section. 
 

 
 
RESULTS 
Data Sets and Problems 

The experimental sessions were conducted in the following manner. Each image contained 
one shape only. Each shape was reproduced in more images by changing the position or the size 
across the grid of digital samples. Each pattern was an image of 147 x 168 pixels. Hence the 
three-layer perceptron input comprised of 24,696 values. The pixel brightness was either 1000.0 
inside the shape or 0.0 outside the shape. Each of the images of the training and test sets was 
calculated separately with no need for interpolation or extrapolation. The use of 1000.0 or 0.0 for 
pixel brightness does not cause numerical instability in the sigmoid because the pixel brightness 
is scaled into [0, 1] before the image is processed by the network. The hidden layer was inclusive 
of 10 neurons for all the experiments. Since the network’s performance was sensitive to the 
hidden layer size, 10 is the number of neurons which was empirically determined as optimal 
provider of successful learning process. The success of the learning process was measured by the 
ability of the network to reach the global minimum through the steepest descend optimization. 
The learning rate was set to 0.001 or to 0.01. The smoothing factor (momentum) was set to 0.005 
or to 0.05. 
 

Three two-class problems were generated: 1. Rectangular and Square shapes (Table 3), 2. 
Circular and Square shapes (Table 4), 3. Circular and Rectangular shapes (Table 5). The output 
layer has 2 neurons (one for each class). Each learning process encompassed one of the three 



ISSN: 2362-1303 (Paper) | eISSN: 2362-1311 (Online)
JOURNAL OF ADVANCED ACADEMIC RESEARCH (JAAR)

June 2026

Vol. 13, No. IIwww.phdcentre.edu.np74

 
two-class problems. Each data set was either composed of 1. Shapes at different position across 
the digital grid, or 2. Shapes at different positions and with different size. Each learning process 
is detailed in Tables 3, 4, and 5. In these tables are presented, from left to right, the number of 
patterns (images) of each learning process, the size of the shapes in pixels, the classification rate, 
and the first separation layer (and neuron). The tables also show, from left to right, the variables 
of the problem (Shape, Size, Position), the number of patterns (images) used for validation (after 
the learning process), the size of the shapes, and the correct classification score of the validation 
test. Figure 2 shows shapes sizes with varying positions.  
 
After the Learning Processes 

After the learning processes the error of fit was satisfactorily low (below 0.31 units), which 
means it was such to assure 100% correct classification of the patterns used for the learning 
process. A neural network builder loaded the values of the weighting connections and the values 
of the bias of the threshold logic units; and each image was feed-forwarded through the net. The 
recognition rate was such to assert that the three-layer perceptron encoded successfully the three 
variables shape, position and size. 
 

The expected finding revealed by the Hidden Activation Analysis is the main result. The 
network’s hidden layer was able in some cases to encode the three variables hence assuring 
separation of the two classes. This analysis is the novelty of this research. This aspect is reported 
in Tables 3, 4, and 5 (see column labelled ‘First Separation - Hidden Layer, Neuron; Output 
Layer’), which shows the neuron able to separate the two classes. In the hidden layer, HID 1 is 
the first neuron, HID 2 is the second neuron, and so on. The Hidden Activation Analysis, which 
looks at the numerical values of the sigmoidal output at the hidden layer, is reported in Figure 3 
for a case that involves all the 10 neurons. In this case the network successfully separates the two 
classes by means of each the 10 neurons of the hidden layer, hence it would not require 
additional processing of the output layer. 
 

The main result, however, is revealed by HAA and it is that the hidden layer can encode the 
three variables at the same time. The results of HAA are reported in Tables 3, 4, and 5 in the 
column labelled “First Separation revealed by HAA or Output Layer Separation. Hidden Layer 
Neuron (HID) or Output Layer (OUT)”. This column reports the number (identifier, e.g. HID 1) 
of the hidden layer neuron where the pattern recognition problem is solved by the network 
consequently to the learning process; or OUT which means that the network uses the output layer 
to solve the pattern recognition task. That means that after the learning process, the net can solve 
the pattern recognition task at a specific hidden neuron (e.g. HID 1). If the solution is not found 
at any of the hidden neurons, then it is found at the output layer (“Output Layer Separation”). 

 
After the learning process, the network was able to generalize to shapes at unobserved positions 
and sizes. Each row in Tables 3, 4, and 5 is corroborated by the test session described by the four 
right-most columns which show the number of images used by the tests, the size of the shapes, 
and the correct classification rate. The correct classification rate of the patterns used for the 
learning process was 100% in all data sets (see tables). The correct classification rate of the 



ISSN: 2362-1303 (Paper) | eISSN: 2362-1311 (Online)
JOURNAL OF ADVANCED ACADEMIC RESEARCH (JAAR)

June 2026

Vol. 13, No. II www.phdcentre.edu.np 75

 
images with shapes at unobserved positions and sizes (patterns not used for the learning process) 
was high (above 95% overall). 

 
 

 

 

 

 

 

 
 
Figure 2. Images illustrating the rationale of the learning processes. Data is featured by shapes of 
different sizes located at different positions in the digital grid. With varying position, the top row and the 
second row from the top show the rectangular shape, the third and the fourth row from the top show 
square shapes, and the fifth row from the top and the bottom row show circular shapes. Each image 
consists of 147 x 168 pixels. Hence, the net receives 24,696 inputs. The pixel brightness is either 1000.0 
or 0.0. The output neurons are 2; one for each class. 
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Square Shapes 
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Number of Images - 
Learning Process 

Rectangle Size 
(Pixels) – Learning 

Process 

Square Size 
(Edge) – 

Learning Process 

Correct 
Classification 

Rate (%) - 
Learning 
Process 

First Separation revealed by 
HAA or Output Layer 

Separation. Hidden Layer 
Neuron (HID) or Output 

Layer (OUT) 

Variables (Shape; Size; 
Position) 

Number of Images - 
Test 

Rectangle Size 
(Pixels) - Test 

Square Size 
(Edge) – Test 

Correct 
Classification 

Rate (%) - Test 

38 
(19 & 19) 

 
20 x 10 

 
10 100 HID 6; HID 8; Shape; Position; 40 

(20 & 20) 
 

20 x 8 
 
8 100 

76 
(19 & 19) 
(19 & 19) 

 
20 x 10 
14 x 7 

 
15 
10 

100 HID 4; HID 9; Shape; Size; Position; 100 
(50 x 50) 

 
20 x 7 

 
15 95 

84 
(21 & 21) 
(21 & 21) 

 
15 x 10 
10 x 7 

 
10 
7 

100  
OUT; Shape; Size; Position; 108 

(54 & 54) 
 

15 x 7 
 

10 99 

140 
(35 & 35) 
(35 & 35) 

 
20 x 5 
14 x 3 

 
10 
7 

100  
HID 1; Shape; Size; Position; 140 

(70 & 70) 
 

20 x 5 
 
8 97 

140 
(35 & 35) 
(35 & 35) 

 
20 x 5 
14 x 3 

 
15 
10 

100  
HID 2; Shape; Size; Position; 228 

(114 & 114) 
 

20 x 3 
 

15 99 

140 
(35 & 35) 
(35 & 35) 

 
20 x 5 
14 x 3 

 
5 
3 

100 HID 2; HID 4; HID 6; HID 8; 
HID 10; Shape; Size; Position; 228 

(114 & 114) 
 

20 x 3 
 
5 99.5 

148 
(37 & 37) 
(37 & 37) 

15 x 5 
10 x 3 

10 
7 100 OUT; Shape; Size; Position; 236 

(118 & 118) 15 x 3 10 99.5 

148 
(37 & 37) 
(37 & 37) 

15 x 5 
10 x 3 

5 
3 100 HID 2; HID 4; HID 6; HID 8; 

HID 10; Shape; Size; Position; 148 
(74 & 74) 15 x 5 4 100 

160 
(21 & 19) 
(21 & 19) 
(21 & 19) 
(21 & 19) 

 
20 x 10 
14 x 7 

15 x 10 
10 x 7 

 
15 
10 
10 
7 

 
100 

 

 
OUT; Shape; Size; Position; 76 

(38 x 38) 
 

20 x 10 
 

13 97 

172 
(43 & 43) 
(43 & 43) 

 
10 x 5 
7 x 3 

 
8 
5 

100 
 

HID 2; 
 

Shape; Size; Position; 260 
(130 & 130) 

 
10 x 3 

 
8 100 

172 
(43 & 43) 
(43 & 43) 

 
10 x 5 
7 x 3 

 
5 
3 

100 HID 2; HID 4; HID 6; HID 8; 
HID 10; Shape; Size; Position; 124 

(62 x 62) 
 

10 x 8 
 
4 100 

300 
(19 & 21) 
(19 & 21) 
(35 & 35) 
(35 & 35) 
(21 & 19) 
(21 & 19) 

 
20 x 10 
14 x 7 
20 x 5 
14 x 3 
10 x 5 
7 x 3 

 
15 
10 
10 
7 
5 

3 x 3 

 
100 

 
OUT; Shape; Size; Position; 92 

(46 & 46) 
 

20 x 8 
 

12 95 

 
Table 3. Training set and test set correct classification rates after the learning processes for rectangular 
and square shapes. For all the sessions, the value of the learning rate is 0.001, and the value of the 
smoothing factor is 0.005. The number of neurons in the hidden layer was consistently 10. After the 
training sessions, to verify the generalization power of the net, the three-layer perceptron confronted 
novel patterns not used during the learning process. For each experimental session reported in the table, 
new patterns were presented to the net, and the correct classification score was as low as 95%. The fifth 
column from the left shows the results of the Hidden Activation Analysis. This column shows the 
identifier (e.g. HID 1) of the neuron in the hidden layer that can solve the pattern recognition problem; or 
OUT which means that the network solves the pattern recognition task at the output layer. 
 
3.3 Ablation, Comparison with Competitive Method, and Noise Study 

This section reports on an ablation study and a comparison of the TLP with a competitive method 
developed to assist the performance evaluation. The ablation study was conducted on a three classes 
pattern recognition task involving the classification of three shapes at once. The shapes were circle, 
square and rectangle, and their position and size varied across the digital grid. The experiments were 
conducted in order 1. To determine the optimal number of neurons in the hidden layer of the TLP and 2. 
To compare the TLP with a competitive method. The competitive method is the TLP with growing hidden 
layer architecture while performing the learning process. The idea of the competitive method is to 
determine the neural network internal structure (number of neurons in the hidden layer) by making use of 
the learning process. Although equations (1) through (9) constitutes the core of the math implemented in 
the competitive method, details are here omitted because outside the scope of the present paper.  

 
The comparison is illustrated in Figure 4a. The competitive method was trained with 6 neurons in the 

hidden layer. The TLP proposed by this research was ablated using 7, 8, 9, 10, 11, 12, 13, and 14 neurons 
in the hidden layer. Results of the ablation (see Figure 4a) show that the best architecture is archivable 
with 9, 10, and 12 neurons in the hidden layer. After the learning process, the recognition rate of the TLP 
is 100% versus 99% of the competing method (see yellow bar). Hence, the TLP shows to be superior 
versus the competitive method. Moreover, Figures 4b and 4c show the HAA performed on the TLP that 
has 9 neurons in the hidden layer (see bar with pattern fill in Figure 4a). HAA revealed that after the 
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learning process neuron 1 (HID 1) and neuron 9 (HID 9) can solve the three classes pattern recognition 
problem. Indeed, the charts in Figures 4b and 4c show the separation of the three classes, as shown by the 
spatial distribution of the numerical values of the hidden neurons’ activations. The plot in Figure 4a shows 
also the robustness to the noise of the competitive method (see the three bars with gradient fill). The 
competitive method converged with 6 neurons in the hidden layer and had a classification rate of 99% for 
three experimental sessions with three different noise levels. The noise was introduced in the images by 
adding 1.0, 5.0, and 10.0 units to the pixel brightness values. Figure 4d shows the noise pattern which was 
used to contaminate the data. 
 

Number of Images - 
Learning Process 

Circle Diameter 
(Pixels) – Learning 

Process 

Square Size 
(Edge) – 
Learning 
Process 

Correct 
Classification 

Rate (%) - 
Learning 
Process 

First Separation revealed by HAA 
or Output Layer Separation. 

Hidden Layer Neuron (HID) or 
Output Layer (OUT) 

Variables (Shape; 
Size; Position) 

Number of Images - 
Test 

Circle 
Diameter 
(Pixels) - 

Test 

Square Size 
(Edge) – Test 

Correct Classification 
Rate (%) - Test 

60 
(30 & 30) 

 
15 

 
15 100 HID 5; HID 9; Shape; Position; 76 

(38 & 38) 8 14 96 

60 
(30 & 30) 

 
10 

 
20 100 HID 1 through HID 10; Shape; Position; 76 

(38 & 38) 8 14 97 

60 
(30 & 30) 

 
15 

 
20 

 
100 HID 1; HID 2; HID 5; HID 9; Shape; Position; 68 

(48 x 20) 6 18 100 

76 
(38 & 19) 

(19) 

 
8 

 
10 
7 

 
100 

HID 2; HID 4; HID 6; HID 8; 
HID 10; 

Shape; Size; Position; 68 
(48 x 20) 6 18 100 

76 
(38 & 19) 

(19) 

 
10 

 
10 
7 

 
100 HID 1; HID 2; HID 8; HID 9; 

Shape; Size; Position; 76 
(38 & 38) 6 15 100 

76 
(38 & 19) 

(19) 

 
8 

 
15 
10 

 
100 

HID 1 through HID 10; 
(see Figure 3) 

Shape; Size; Position; 76 
(38 & 38) 6 15 100 

76 
(38 & 19) 

(19) 

 
8 

 
8 
5 

 
100 HID 2; HID 4; HID 8; HID 10; 

Shape; Size; Position; 76 
(38 & 38) 6 12 98 

76 
(30 & 19) 
(8 & 19) 

 
15 
20 

 
25 
17 

100 HID 1; HID 5; 
Shape; Size; Position; 78 

(40 & 38) 15 23 100 

120 
(30 & 30) 
(30 & 30) 

 
8 
10 

 
20 
15 

 
100 

 
HID 2; 

Shape; Size; Position; 138 
(100 & 38) 9 17 98 

120 
(30 & 19) 
(30 & 11) 

(19) 
(11) 

 
15 
10 

 
15 
10 
20 
14 

 
100 

 
HID 2; 

Shape; Size; Position; 138 
(100 & 38) 

8 14 98 

152 
(30 & 19) 
(8 & 19) 
(38 & 19) 

(19) 

 
15 
20 
8 

 
25 
17 
8 
5 

 
100 

 

 
OUT; 

Shape; Size; Position; 78 
(40 & 38) 

15 20 100 

212 
(30 & 19) 
(30 & 19) 
(38 & 19) 

(11) 
(19) 
(19) 

15 
10 
8 

25  
17 
20 
14 
8 
5 

 
100 

 

 
OUT; 

Shape; Size; Position; 78 
(40 & 38) 

15 20 100 

 
Table 4. Training set and test set correct classification rates after the learning processes for circular and 
square shapes. For all the sessions, the value of the learning rate is either 0.001 or 0.01, and the value of 
the smoothing factor is either 0.005 or 0.05. The number of neurons in the hidden layer was consistently 
10. The ability to correctly classify a novel pattern (unseen at the time of the learning process) both in size 
and position of the shape is relevant though to the after-the-learning-process generalization power of the 
three-layer perceptron (see right-most column in the table). The fifth column from the left shows the 
results of the Hidden Activation Analysis. This column shows the identifier (e.g. HID 1) of the hidden 
layer neuron that can solve the pattern recognition problem; or OUT which means that the network solves 
the pattern recognition task at the output layer. 
 
3.4 Linear Classifier 

This section presents results obtainable using the perceptron, a linear classifier used to solve 
the pattern recognition task consisting of linearly separate two images. The images pair were 1. 
Circle vs. Rectangle, 2. Circle vs. Square, and 3. Square vs. Rectangle. Three hundred iterations 
using 0.001 as learning rate and 0.005 as smoothing factor, were sufficient for the perceptrons to 
converge and learn both shape and position difference. Figure 5 shows the image maps of the 
weighting connections of the three images pairs obtained after the learning process. The 
weighting connections in (a) are obtained when separating the circle and the rectangle, in (b) the 
connections were obtained when separating circle and square, and in (c) the connections were 
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obtained when separating square and rectangle. Figure 5 shows that the perceptrons can encode 
the shape. The image maps of the weighting connections are binary as they show the white 
regions where the shapes are reconstructed (classified) and the black regions where the shapes 
are not reconstructed (negated). This binary behavior confirms that the shapes are separated by 
the classifiers. 
 

Number of Images - Learning 
Process 

Circle 
Diameter 
(Pixels) – 
Learning 
Process 

Rectangle Size (Pixels) 
– Learning Process 

Correct 
Classification 

Rate (%) - 
Learning 
Process 

First Separation revealed by HAA or 
Output Layer Separation. Hidden 

Layer Neuron (HID) or Output Layer 
(OUT) 

Variables (Shape; 
Size; Position) 

Number of Images - 
Test 

Circle 
Diameter 
(Pixels) - 

Test 

Rectangle Size 
(Pixels) – Test 

Correct 
Classification 

Rate (%) - Test 

60 
(30 & 30) 

 
15 

 
20 x 10 

 
100 

 
HID 5; Shape; Position; 127 

(39 & 88) 9 
 

20 x 9 
 

96 

60 
(30 & 15) 

(15) 
10 

 
15 x 10 
10 x 7 

 
100 HID 2; HID 4; HID 6; HID 8; HID 10 

 
Shape; Size; 

Position; 

127 
(39 & 88) 

 
9 

 
20 x 9 

 
99 

76 
(38 & 35) 

(3) 
8 

 
15 x 5 
10 x 3 

 
100 

HID 1; HID 2; HID 4; HID 6; HID 8; 
HID 10; 

 
Shape; Size; 

Position; 

83 
(43 x 40) 7  

20 x 5 100 

76 
(38 & 35) 

(3) 
10 

 
20 x 5 
14 x 3 

 
100 HID 2; HID 8; Shape; Size; 

Position; 
65 

(39 & 26) 9  
20 x 14 98 

76 
(38 & 37) 

(1) 
8 

 
15 x 5 
10 x 3 

100 HID 2; HID 4; HID 6; HID 8; HID 10; Shape; Size; 
Position; 

95 
(69 & 26) 

 
5  

20 x 14 98 

 
76 

(30 & 37) 
(8 & 1) 

 
15 
18 

 
15 x 5 
10 x 3 

100  
HID 1; HID 3; through HID 9; 

Shape; Size; 
Position; 110 16 13 x 5 100 

76 
(30 & 38) 

(8) 

15 
18 10 x 5 100 HID 1; through HID 10; Shape; Size; 

Position; 
110 

(50 & 60) 16 13 x 5 97 

78 
(33 & 22) 

(23) 

 
17 

 
20 x 10 
20 x 6 

100 OUT Shape; Size; 
Position; 

98 
(9 & 35) 
(19 & 35) 

 
20 
29 

 
20 x 7 
20 x 5 

 

 
97 

136 
(30 & 19) 
(30 & 19) 

(20) 
(18) 

 
15 
8 

 
20 x 10 
14 x 7 
15 x 10 
10 x 7 

 
100 

 
OUT; 

 
Shape; Size; 

Position; 

89 
(59 & 30) 

 

 
6 

 
20 x 5 

 
 

 
98 

152 
(30 & 19) 
(8 & 19) 
(38 & 21) 

(17) 

 
15 
18 
8 

 
20 x 10 
14 x 7 
15 x 10 
10 x 7 

 
100 
100 

HID 2; Shape; Size; 
Position; 

105 
(59 & 46) 

 
6 

 
20 x 8 98 

168 
(30 & 19) 

(19) 
(30 & 35) 

(35) 

 
10 

 
15 

 
20 x 10 
14 x 7 
20 x 5 
14 x 3 

 
100 

 
OUT; 

 
Shape; Size; 

Position; 

89 
(31 & 58) 

 
11 

 
20 x 6 100 

255 
(30 & 19) 

(19) 
(8) 

(30 & 35) 
(34) 

(38 & 21) 
(21) 

 
15 

 
20 
10 

 
8 

 
20 x 10 
14 x 7 

 
20 x 5 
10 x 8 
15 x 10 
10 x 7 

 
100 

 
OUT; Shape; Size; 

Position; 
82 

(40 & 42) 14 20 x 9 97 

 
Table 5. Training set and test set correct classification rates after the learning processes for 
circular and rectangular shapes. For all the sessions, the value of the learning rate is either 0.001 
or 0.01, and the value of the smoothing factor is either 0.005 or 0.05. The number of neurons in 
the hidden layer was consistently 10. The correct classification rate of the images with shapes at 
unobserved positions and sizes (patterns not used for the learning process) was high; as low as 
96% overall (see right-most column in the table). The fifth column from the left shows the 
results of the Hidden Activation Analysis. This column shows the identifier (e.g. HID 1) of the 
hidden layer neuron that can solve the pattern recognition problem; or OUT which means that 
the network solves the pattern recognition task at the output layer. 
 
DISCUSSION 
The Literature 

Following the early developments of the sixties of the past century, in the early nineties three 
major learning rules were developed to train artificial neural networks. The learning rules were 
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the perceptron rule (Rosemblatt, 1957), the least square adaptation algorithm (Widrow et al., 
1988; Widrow & Lehr, 1990), and the backpropagation algorithm (Werbos, 1974). At that time 
the problem of the adjustable yet complicated structure of the backpropagation based artificial 
neural networks was already recognized as the network complexity (De Villiers & Barnard, 
1993) and it was measured by the Vapnik-Chervonenkis (VC) dimension. The VC dimension 
relates to the number of weighting connections of the ANN architecture (Baum & Haussler, 
1989; Sontag, 1993). As recalled in Bezdek (1992), to characterize algorithms it takes the 
elucidation of complexity, convergence, stability, robustness, and performance validation. 

 
In fact, contemporary research uses statistical theory to model the output layer, within the 

effort to develop a general model for multilayer neural networks. This theory can be generalized 
to networks that use any form of learning rule or optimization procedure (Kleyko et al., 2023). 
Studying three-layer and four-layer neural networks accomplished the result which ascertains 
that the latter is not superior to the former. Moreover, the four-layer neural networks were more 
difficult to train and prone to get trapped in a local minimum of the cost function (De Villiers & 
Barnard, 1993). More than a single hidden layer and a neurons’ overfull hidden layer usually 
degrade performance yielding to an increased number of false minima, and overfitting which in 
terms translate to poor generalization ability of the net (Macukow, 2016; Park & Lek, 2016). 
Moreover, recent research studied the optimal hidden layers’ architecture as defined by the 
number of layers in a multilayer perceptron, and it showed that 3 layers were optimal for the 
network architecture (Uzair & Jamil, 2020).  
 

The present research work finds its place in the literature in between the establishment of 
ANNs that were built based on the perceptron original model, and the years of the new century 
when we have witnessed the expansion of ANNs to deep learning approaches that make use of 
CNNs (Hinton et al., 2006; Hinton & Salakhutdinov, 2006), and the evolutional neural networks 
(Yao, 1999; Al-Mahasneh et al., 2017). The widespread use of CNNs has been witnessed by their 
application to various pattern recognition tasks such as facial classification (Fasel, 2002; Tivive 
& Bouzerdoum, 2004). Handwritten classification (Simard et al., 2003), and object detection 
(Liu et al., 2015). Also, the calculation of the Fourier transform between hidden layers was able 
to classify human electroencephalographic (EEG) activity, hence was able to analyze the 
frequency domain of the EEG (Cecotti & Graeser, 2008). Speech recognition (Abdel-Hamid et 
al., 2014), and more generally, copious vocabulary continuous speech recognition (LVCSR) 
(Sainath et al., 2013). Other applications include the parallelization of CNNs using graphic 
processing unit (GPU) to achieve face recognition and pose estimation (Nasse et al., 2009), or 
image classification (Ciresan et al., 2011; Krizhevsky et al., 2012). CNNs often benefit from the 
advantage of identifying the object pattern in an input image of arbitrary size (Tivive & 
Bouzerdoum, 2004). 
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Figure 3. Hidden Activation Analysis (HAA). Experiment involving 76 images (38 circles with 8 pixels 
diameter and 38 squares with 15 pixels edge). These experiments are summarized in Table 4 (see row 
with italics font). This figure plots the value of the sigmoidal output of each of the 10 hidden neurons 
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(each plot is for a specific neuron, such as HID 1 – the first) for all the 76 images. Along the x direction, 
each pair of dots (red and blue) represent the two shapes located at a given position and given a specific 
size in the digital grid. Hence, encoding of position, size and shape of the objects is successfully 
determined by each of the neurons of the hidden layer because of the clear separation between red dots 
(square shape) and blue dots (circular shape) across the horizontal dimension (which represents the 
variables position and size). 
 

 

 
 
Figure 4. Ablation, comparison with competitive method, and noise study. The pattern 
recognition task is the classification of the three types of shapes, circles, squares, and rectangles, 
with varying size and position in the digital grid. The chart in (a) shows that the competitive 
method with 6 neurons in the hidden layer achieves 99% accuracy after the learning process (see 
yellow bar). The TLP proposed in this paper achieves 100% accuracy with 9, 10, and 12 neurons 
in the hidden layer. The left Y axis shows the accuracy values. The right Y axis shows the 
residual error of fit which is also numerically displayed by the numbers in the chart (e.g. 1.4 was 
the error obtained when the learning process converged (Conv.). The charts in (b), and in (c), 
show HAA of the TLP indicated by the bar with pattern fill when TLP had 9 neurons in the 
hidden layer. The charts in (b) and in (c) show the sigmoidal activation values in the neurons of 
the hidden layer for the square (green), the circle (blue), and the rectangle (red). The meaning of 
the HAA is to reveal that the three classes pattern recognition task is solved by neurons 1 and 9 
in the hidden layer. This solution could not be found by the competitive method because none of 
the 6 neurons in the hidden layer was able to separate the three classes. On the other hand, the 
competitive method was able to achieve 99% accuracy when data was contaminated by noise. 
These experiments are illustrated by the three bars with gradient fill in (a). The three sessions 
used three different noise level contaminations, all additive to the pixel brightness of 1.0, 5.0, 
and 10.0 pixel brightness values. The image in (d) shows the noise pattern when the additive 
value was 1.0 pixel brightness units. The other patterns were topographically the same but with 
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higher noise contamination. So, the competitive method shows to be superior to the traditional 
three-layer perceptron in handling noise in the dataset. 
 
 

 

 

 
Figure 5. Shape difference encoding by the perceptrons. The images are shown on the two left-
most columns. The image maps of the weighting connections are shown on the two right-most 
columns. Each image map shows the weighting connections obtained after the learning process 
consisting of 300 iterations using 0.001 as learning rate and 0.005 as smoothing factor. Each 
image map was calculated by two perceptrons, one used to discern the shape (see white) and the 
other used one to negate the other shape (see black). Hence, each image map is relevant to a 
couple of perceptrons acting by binary behavior. The pattern recognition tasks are 1. Circle vs. 
Rectangle (see (a)), 2. Circle vs. Square (see (b)), and 3. Square vs. Rectangle (see (c)). The 
binary behavior of the image maps of weighting connections confirms the ability of the 
perceptrons to encode both shape and position of these three patter recognition tasks. 

(a) 

Images Maps of Weighting Connections 

(b) 
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This characteristic of CNNs is due to their ability to use feature extraction filters that code 

translational invariant features. These filters are implemented as hidden layers and it is possible 
to optimize their parameters using gradient-based methods (Szarvas et al., 2005). However, in 
some cases, one disadvantage of this coding approach is that the CNNs pooling architecture 
captures only translational invariance (Le et al., 2010). Hence, it follows that ANNs can be 
trained to detect their own translational and rotational invariances from non-labelled data (Hinton 
et al., 2006; Hinton & Salakhutdinov, 2006; Le et al., 2010). Recent reviews of CNNs 
architectures and optimization strategies are provided in Cong & Zhou (2023), and in Zhao et al. 
(2024). 
 
The Contribution 

A study of two-layer networks and three-layer networks showed in the year 1987 that two-
layer networks trained with backpropagation provide good performance in forming both convex 
and disjoint decision regions, however, the three-layer network can form complex decision 
regions (Huang & Lippmann, 1987). The role of the present research work is to provide evidence 
obtained by HAA that the hidden layer of the three-layer perceptron can successfully encode the 
variables of a pattern recognition problem in such level of details that allow the solution of the 
problem.  
 

In this work the pattern recognition problem is the classification of geometrical shapes, 
which is based on encoding the position and the size in the digital grid. This work is relevant to 
deep learning because it demonstrates the ability of the hidden layer of the neural network to 
encode both location and size of the shapes placed in the Cartesian digital grid. 
 
CONCLUSION 

This paper presents evidence obtained by HAA in support of the revitalization of the three-
layer perceptron used for geometrical shapes classification tasks. More specifically, this research 
shows that the hidden layer alone can successfully encode the three variables: shape, size and 
position. This evidence is relevant to more complex structures like convolutional neural networks 
used nowadays in deep learning. Despite the evolution brought by convolutional neural 
networks, this piece of research shows that the simple hidden layer of the three-layer perceptron 
can successfully separate classes within the context of pattern recognition problems that would 
be solved by deep learning structures. Hence, the conclusion of this work is a message to use in 
deep learning. That is, to look closely at the level of separation between classes at each layer of 
the neural network architecture, because, after the learning process, each layer might at least in 
principle able to achieve separation of the classes. In conclusion, through its ability to encode 
shape, size and position, the hidden layer of the three-layer perceptron can solve the pattern 
recognition task at hand.  
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