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Abstract: Stirling numbers of the first kind has some interesting 
interpretations. In this short paper, we exhibit an elementary deduction of an 
identity for  𝑆𝑆𝑛𝑛

𝑚𝑚  obtained by Petersen-Varchenko. 
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1. Introduction 

Petersen-Varchenko [7] proved the following identity: 

 𝑆𝑆𝑛𝑛
𝑛𝑛−𝑘𝑘

𝑘𝑘  − 𝑚𝑚𝑘𝑘
𝑚𝑚  𝑚𝑚 𝑛𝑛 − 𝑘𝑘

𝑚𝑚  𝑆𝑆𝑛𝑛
𝑚𝑚 𝑛𝑛−𝑘𝑘 ≤ 𝑘𝑘 ≤ 𝑛𝑛                                 (1) 

for the Stirling numbers of the first kind [9]. On the other hand, we know the expression [1, 3, 8]: 

 𝑆𝑆𝑛𝑛
𝑛𝑛−𝑘𝑘  − 𝑛𝑛−𝑘𝑘 𝑗𝑗−𝑛𝑛−

𝑗𝑗 𝑛𝑛−𝑘𝑘−  𝑗𝑗
𝑛𝑛 − 𝑘𝑘 −  𝑆𝑆𝑛𝑛−

𝑗𝑗                                                  (2) 

In Section 2, we show that (2) implies (1). 

2. Petersen-Varchenko’s Formula 

From (2), we have 

𝑆𝑆𝑛𝑛
𝑛𝑛−𝑘𝑘 −  − 𝑚𝑚

𝑘𝑘−

𝑚𝑚 −
 𝑚𝑚 𝑛𝑛 − 𝑘𝑘
𝑚𝑚  𝑆𝑆𝑛𝑛−

𝑚𝑚 𝑛𝑛−𝑘𝑘  

− − 𝑚𝑚𝑘𝑘−
𝑚𝑚  𝑚𝑚 𝑛𝑛 − 𝑘𝑘

𝑚𝑚  𝑆𝑆𝑛𝑛−
𝑚𝑚 𝑛𝑛−𝑘𝑘 𝑆𝑆𝑛𝑛−

𝑛𝑛−𝑘𝑘− −  𝑛𝑛 − 𝑘𝑘 𝑆𝑆𝑛𝑛−
𝑛𝑛−𝑘𝑘                         (3) 

and in the left side of (3) we employ the recurrence [8] 

                                                      𝑆𝑆𝑛𝑛
𝑛𝑛−𝑘𝑘 𝑆𝑆𝑛𝑛−

𝑛𝑛−𝑘𝑘− −  𝑛𝑛 −  𝑆𝑆𝑛𝑛−
𝑛𝑛−𝑘𝑘  
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2 
 

thus 

                                         𝑘𝑘 −  𝑆𝑆𝑛𝑛−
𝑛𝑛−𝑘𝑘  − 𝑚𝑚𝑘𝑘−

𝑚𝑚  𝑚𝑚 𝑛𝑛 − 𝑘𝑘
𝑚𝑚  𝑆𝑆𝑛𝑛−

𝑚𝑚 𝑛𝑛−𝑘𝑘         

where we make the changes  𝑛𝑛 ⟶ 𝑛𝑛   and  𝑘𝑘 ⟶ 𝑘𝑘  to obtain (1), QED. 

Now we shall deduce an alternative relation to (1); in fact, from [2, 4] we have the expression: 

 𝑆𝑆𝑛𝑛
𝑛𝑛−𝑘𝑘  𝑛𝑛 −𝑘𝑘  𝐵𝐵𝑘𝑘

𝑛𝑛                                                                             (4) 

with the participation of the Nörlund polynomials 𝐵𝐵𝑚𝑚
𝑧𝑧  [5], that is, 

  𝑆𝑆𝑛𝑛
𝑗𝑗  𝑘𝑘 𝑗𝑗 −

𝑘𝑘  𝐵𝐵𝑘𝑘
𝑘𝑘 𝑗𝑗                                                                (5) 

Besides in [2, 5], we find the property: 

 − 𝑘𝑘  𝑧𝑧𝑘𝑘 𝐵𝐵𝑘𝑘
𝑘𝑘−𝑧𝑧   𝑘𝑘 𝑗𝑗 −

𝑘𝑘  𝑘𝑘
𝑗𝑗  𝑘𝑘 − 𝑧𝑧𝑘𝑘 𝑗𝑗  

𝑘𝑘 𝑧𝑧
𝑘𝑘 − 𝑗𝑗 𝐵𝐵𝑘𝑘

𝑘𝑘 𝑗𝑗                                    (6) 

 ⟹ 𝐵𝐵𝑘𝑘
 𝑛𝑛 − 𝑘𝑘

 𝑘𝑘−𝑛𝑛𝑘𝑘  
  𝑛𝑛

𝑘𝑘 𝑗𝑗 
𝑘𝑘
𝑗𝑗  𝑘𝑘 − 𝑛𝑛𝑘𝑘 − 𝑗𝑗  𝑆𝑆𝑛𝑛

𝑗𝑗                                               (7) 

then from (4) and (7) we obtain the following identity for Stirling numbers of the first kind: 

 𝑆𝑆𝑛𝑛
𝑛𝑛−𝑘𝑘   𝑛𝑛

𝑘𝑘 𝑗𝑗 
𝑘𝑘
𝑗𝑗  𝑘𝑘 − 𝑛𝑛𝑘𝑘 − 𝑗𝑗  𝑆𝑆𝑘𝑘 𝑗𝑗

𝑗𝑗 ≤ 𝑘𝑘 ≤ 𝑛𝑛                                            (8) 

which if  𝑘𝑘   gives the known results [3]: 

 𝑆𝑆𝑛𝑛
𝑛𝑛− − 𝑛𝑛                     𝑆𝑆𝑛𝑛

𝑛𝑛−  𝑛𝑛  𝑛𝑛 −                                               (9) 

   It is possible to construct many identities for  𝑆𝑆𝑛𝑛
𝑚𝑚 , for example, from [3], we have: 

  𝑛𝑛 − 𝑘𝑘 𝑆𝑆𝑛𝑛
𝑘𝑘  − 𝑘𝑘 𝑗𝑗𝑛𝑛

𝑗𝑗 𝑘𝑘  𝑗𝑗
𝑘𝑘 −  𝑆𝑆𝑛𝑛

𝑗𝑗                                                 (10) 

and from [8]          

 − 𝑛𝑛

𝑛𝑛  − 𝑘𝑘 𝑗𝑗−𝑛𝑛
𝑗𝑗 𝑘𝑘−  𝑗𝑗

𝑘𝑘 −  𝑆𝑆𝑛𝑛
𝑗𝑗  − 𝑟𝑟

𝑟𝑟
𝑛𝑛
𝑟𝑟 𝑆𝑆𝑟𝑟

𝑘𝑘−                                        (11) 

we deduce the following relation 

  𝑆𝑆𝑛𝑛
𝑘𝑘 − 𝑛𝑛 𝑛𝑛  − 𝑚𝑚

𝑚𝑚
𝑛𝑛
𝑚𝑚 𝑆𝑆𝑚𝑚

𝑘𝑘−                                                     (12) 
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3. Conclusion 

Petersen-Varchenko [7] obtain formulas for the growth rate of the number of certain paths in a 
multi-dimensional analogue of the Eulerian graph, and as a corollary they deduce the identity (1). 
Our approach shows that (1) can be proved via an elementary process. 
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