
147

 
 

Development of an Arithmetic Function using Euler’s  
Phi Function and Study of its Properties  

Nischal Maharjan,  Bhupendra Budha 

Department of Physics, St. Xavier’s College, Tribhuvan University, Kathmandu, Nepal 
Corresponding authors: nischal.maharjan@sxc.edu.np, bhupendra.budha@sxc.edu.np 

 

Received: Jan 5, 2019       Revised: March 3, 2019               Accepted: March 7, 2019 

 

Abstract: The central results of this article are   φ
φ  −   equals to (n-1) whenever 

‘n’ is a prime number and it equals to (n) otherwise. These results can be used to 
determine and define the set of prime numbers. This result can also be used to realize 
the density of prime numbers in a given interval. 
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1. Introduction 

Euler Phi function: Euler’s phi function, also known as Euler’s totient function counts the 
number of positive integers which are less or equal to ‘n’ and are relatively prime to ‘n’. It is 
denoted by 𝜑𝜑 𝑛𝑛 or 𝜙𝜙 𝑛𝑛  [4, 5]. 

Table 1: values of 𝜑𝜑 𝑛𝑛  for the values of n from 1 to 10 

n: 1 2 3 4 5 6 7 8 9 10 

𝜑𝜑 𝑛𝑛 : 1 1 2 2 4 2 6 4 6 4 

 
Lemma 1 [3]: 𝜑𝜑 𝒏𝒏 𝒏𝒏   𝟏𝟏 − 𝟏𝟏

𝒑𝒑 𝒑𝒑 𝒏𝒏 , where product is over distinct prime numbers ‘p’ 

divides ‘n’. 
Lemma 2 [2]:    𝜑𝜑 𝒑𝒑𝜶𝜶 𝒑𝒑𝜶𝜶 − 𝒑𝒑𝜶𝜶−𝟏𝟏 where ‘p’ is prime number and 𝜶𝜶 ∈ 𝒁𝒁 , 𝜑𝜑 𝒑𝒑 𝒑𝒑 − 𝟏𝟏, 
for 𝜶𝜶 𝟏𝟏 
Lemma 3:  𝜑𝜑 𝒎𝒎 𝒏𝒏 𝜑𝜑 𝒎𝒎 𝜑𝜑 𝒏𝒏 , where ‘m’ and ‘n’ are relatively prime numbers [1, 2]. 

Lemma 4:  𝜑𝜑 𝒎𝒎 𝒏𝒏 𝜑𝜑 𝒎𝒎 𝜑𝜑 𝒏𝒏 𝒅𝒅
𝜑𝜑 𝒅𝒅 , where d=gcd(m,n) [2]. 

2. Proposition and Proof 

2.1 Proposition: Let us define an arithmetic function 𝑓𝑓 𝑛𝑛   as  𝑓𝑓 𝑛𝑛 𝜑𝜑 𝑛𝑛
𝜑𝜑  𝑛𝑛−   . Then we 

propose, 
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 𝑓𝑓 𝒏𝒏  𝒏𝒏 − 𝟏𝟏 𝑖𝑖𝑓𝑓 𝒏𝒏 𝑖𝑖𝑠𝑠 𝑝𝑝𝑟𝑟𝑖𝑖𝑚𝑚𝑒𝑒
𝒏𝒏 𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒

  

2.2 Proof:  

2.2.1 Proof for 1st case: 

Here, ‘n’ is a prime number. Let there exist ‘r’ distinct primes between 1 and (n-1)! such that 

𝑛𝑛 − 𝑝𝑝𝑘𝑘 𝑝𝑝𝑘𝑘 𝑝𝑝𝑟𝑟
𝑘𝑘𝑟𝑟 , where 𝑝𝑝 𝑝𝑝 … 𝑝𝑝𝑟𝑟 are ‘r’ distinct primes (using unique factorization 

theorem). We know, 𝑛𝑛 𝑝𝑝 𝑝𝑝 … 𝑝𝑝𝑟𝑟 .  
Hence, n and (n-1)! are relatively prime. Then we have,  

 𝑓𝑓 𝑛𝑛 𝜑𝜑 𝑛𝑛
𝜑𝜑  𝑛𝑛−  

𝜑𝜑 𝑛𝑛  𝑛𝑛−  
𝜑𝜑  𝑛𝑛−  

𝜑𝜑 𝑛𝑛 𝜑𝜑  𝑛𝑛−  
𝜑𝜑  𝑛𝑛−  𝜑𝜑 𝑛𝑛 𝑛𝑛 −  using lemmas 2 and 3.  

Therefore, the 1st case is true. 

2.2.2 Proof for 2nd case: 

Subcase I: When ‘n’ is a composite number. 

Here, n is a composite number. Let n be composed of ‘s’ distinct primes such that  

𝑛𝑛 𝑝𝑝𝑘𝑘 𝑝𝑝𝑘𝑘 𝑝𝑝𝑠𝑠
𝑘𝑘𝑠𝑠  𝑝𝑝𝑖𝑖

𝑘𝑘𝑖𝑖𝑠𝑠
𝑖𝑖 , where 𝑝𝑝 𝑝𝑝 … 𝑝𝑝𝑠𝑠 are ‘s’ distinct primes. 

We know (n-1)! is composed of every number from 1 to (n-1). This implies that (n-1)! is 

composed of every prime number between 1 to (n-1).  Let ‘d’ be gcd{n,(n-1)!}. Then we have, 

𝑑𝑑 𝑝𝑝𝑘𝑘
′
𝑝𝑝𝑘𝑘

′
𝑝𝑝𝑠𝑠
𝑘𝑘𝑠𝑠′  𝑝𝑝𝑖𝑖

𝑘𝑘𝑖𝑖′𝑠𝑠
𝑖𝑖 , where 𝑘𝑘𝑖𝑖′ ≤ 𝑘𝑘𝑖𝑖  as 𝑑𝑑 ≤ 𝑛𝑛  

It implies  

𝑓𝑓 𝑛𝑛 𝜑𝜑 𝑛𝑛
𝜑𝜑 𝑛𝑛 −

𝜑𝜑 𝑛𝑛 𝑛𝑛 −
𝜑𝜑 𝑛𝑛 −

𝜑𝜑 𝑛𝑛 𝜑𝜑 𝑛𝑛 −
𝜑𝜑 𝑛𝑛 −

𝑑𝑑
𝜑𝜑 𝑑𝑑

𝜑𝜑 𝑛𝑛 𝑑𝑑
𝜑𝜑 𝑑𝑑

𝑛𝑛   − 𝑝𝑝 𝑝𝑝 𝑛𝑛 𝑑𝑑

𝑑𝑑   − 𝑝𝑝 𝑝𝑝 𝑑𝑑

𝑛𝑛 − 𝑝𝑝 − 𝑝𝑝 − 𝑝𝑝 − 𝑝𝑝𝑟𝑟
− 𝑝𝑝 − 𝑝𝑝 − 𝑝𝑝 − 𝑝𝑝𝑟𝑟

𝑛𝑛 

(Using lemmas 1 and 4) 
Subcase II: When n = 1 (i.e., neither prime nor composite) 

 𝑓𝑓  𝜑𝜑
𝜑𝜑 −  

𝜑𝜑
𝜑𝜑  

Therefore, from subcase I and II, it is clear that 2nd case is true. 
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3. Applications 

3.1 Determination of Prime Numbers 

We know, 𝑓𝑓 𝒏𝒏  𝒏𝒏 − 𝟏𝟏 𝑖𝑖𝑓𝑓 𝒏𝒏 𝑖𝑖𝑠𝑠 𝑝𝑝𝑟𝑟𝑖𝑖𝑚𝑚𝑒𝑒
𝒏𝒏 𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒

  

From these results, we can generate the set of prime numbers. 

Let 𝜂𝜂 be the set of numbers generated by 𝑓𝑓 𝑛𝑛 𝜑𝜑 𝑛𝑛
𝜑𝜑  𝑛𝑛−  𝑓𝑓 𝑛𝑛 𝑛𝑛 −  when ‘n’ is prime 

number. As we know, 2 and 3 are the only two consecutive prime numbers. So, for n=3 in 𝑓𝑓 𝑛𝑛 , 
we get 2 which is the only prime number in set 𝜂𝜂. 

Let 𝑍𝑍 be the set of natural numbers. Then we can define a new set 𝑃𝑃 as  

𝑷𝑷 𝑍𝑍 − 𝜂𝜂 𝒔𝒔𝒆𝒆𝒕𝒕 𝒐𝒐𝒇𝒇 𝒂𝒂𝒍𝒍𝒍𝒍 𝒑𝒑𝒓𝒓𝒊𝒊𝒎𝒎𝒆𝒆 𝒏𝒏𝒖𝒖𝒎𝒎𝒃𝒃𝒆𝒆𝒓𝒓𝒔𝒔 −  𝟐𝟐 𝒔𝒔𝒆𝒆𝒕𝒕 𝒐𝒐𝒇𝒇 𝒂𝒂𝒍𝒍𝒍𝒍 𝒐𝒐𝒅𝒅𝒅𝒅 𝒑𝒑𝒓𝒓𝒊𝒊𝒎𝒎𝒆𝒆 𝒏𝒏𝒖𝒖𝒎𝒎𝒃𝒃𝒆𝒆𝒓𝒓𝒔𝒔. 

Then, we can define set of all prime numbers as union of 𝑃𝑃 and {2}. 

 

Fig. 1: Set of prime numbers from 1 to 100 formed using 𝒇𝒇 𝒏𝒏  with the help of Mathematica 

3.2 Realization of Density of Prime Numbers in a Given Interval 

Let 𝑇𝑇 be the table of numbers generated by 𝑓𝑓 𝑛𝑛 𝜑𝜑 𝑛𝑛
𝜑𝜑  𝑛𝑛−   For all composite numbers ‘n’ in 

𝑓𝑓 𝑛𝑛 , we get ‘n’ i.e. if we plot 𝑛𝑛 𝑣𝑣𝑠𝑠 𝑓𝑓 𝑛𝑛 graph using only composite numbers and pass line 
through all the points, then we will get a straight line passing through origin. But for prime 
numbers ‘n’ in 𝑓𝑓 𝑛𝑛 , we get ‘n-1’ and if we plot all 𝑛𝑛 𝑣𝑣𝑠𝑠 𝑓𝑓 𝑛𝑛 graph using all the natural 
numbers then due to presence of prime numbers, there will be no straight line passing through 
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origin as numbers generated by prime numbers in 𝑓𝑓 𝑛𝑛 𝜑𝜑 𝑛𝑛
𝜑𝜑  𝑛𝑛−    will break the straight line 

and form a zigzag line.  

So we can derive a conclusion that if there are many zigzags in the graph of certain interval of 
natural numbers, then the interval is densely packed with prime numbers, if there are not many 
zigzags in the graph of certain interval of natural numbers, then the interval is not densely packed 
with prime numbers and if the line is straight in the graph of certain interval of natural numbers, 
then the interval does not contain any prime numbers. Hence, by observing the graph, we can 
realize the density of prime numbers in given interval. Few examples of   graph plotted 
using the help of Mathematica are shown below: 

a. Interval which is densely packed with Prime Numbers 

 

Fig. 2: Line plot of the function 𝒇𝒇 𝒏𝒏  ranging from 1 to 20 

b. Interval which is not densely packed with Prime Numbers 

 
Fig. 3: Line plot of the function 𝒇𝒇 𝒏𝒏  ranging from 4431 to 4450 
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c. Interval with no Prime Numbers 

 
Fig. 4: Line plot of the function 𝒇𝒇 𝒏𝒏  ranging from 9981 to 10000 

4. Conclusion 

The main result of this article is 𝑓𝑓 𝒏𝒏  𝒏𝒏 − 𝟏𝟏 𝑖𝑖𝑓𝑓 𝒏𝒏 𝑖𝑖𝑠𝑠 𝑝𝑝𝑟𝑟𝑖𝑖𝑚𝑚𝑒𝑒
𝒏𝒏 𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒

  
Hence, this result can be exploited to construct an algorithm to generate the set of prime numbers 
and to observe the density of prime numbers in any given interval of natural numbers.   
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