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‘n’ is a prime number and it equals to (n) otherwise. These results can be used to
determine and define the set of prime numbers. This result can also be used to realize

the density of prime numbers in a given interval.

Abstract: The central results of this article are f(n) = equals to (n-1) whenever
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1. Introduction

Euler Phi function: Euler’s phi function, also known as Euler’s totient function counts the
number of positive integers which are less or equal to ‘n’ and are relatively prime to ‘n’. It is

denoted by @ (n) or ¢p(n) [4, 5].

Table 1: values of ¢(n) for the values of n from 1 to 10

n: 1 2 3 4 5 6 7 8 9 10

p(n): 1 1 2 2 4 2 6 4 6 4

Lemma 1 [3]: ¢(n) =nX l_[pm(l - %), where product is over distinct prime numbers ‘p’
divides ‘n’.

Lemma 2 [2]: ¢@(p%) = p* — p* ! where ‘p’ is prime number and a € Z*, p(p) =p — 1,
fora=1

Lemma 3: ¢(m.n) = ¢(m). (n), where ‘m’ and ‘n’ are relatively prime numbers [1, 2].

Lemma 4: ¢(m.n) = o(m). (p(n).ﬁ, where d=gcd(m,n) [2].

2. Proposition and Proof

p(nh)
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2.1 Proposition: Let us define an arithmetic function f(n) as f(n) =

propose,
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_(m—1, if nisprime
fn) = { n, otherwise

2.2 Proof:
2.2.1 Proof for 1* case:

Here, ‘n’ is a prime number. Let there exist ‘r’ distinct primes between 1 and (n-1)! such that

n-D!'= pf 1.p§ Z. pf ", where pq, py, ..., Py are ‘v’ distinct primes (using unique factorization
theorem). We know, n > py,py, -, Pr-
Hence, n and (n-1)! are relatively prime. Then we have,

_ ey _en(r-1 _ em)e{(n-15 _ — .
f(n) = 0= el D] —  elmDn @(n) =n — 1, using lemmas 2 and 3.

Therefore, the 1™ case is true.

2.2.2 Proof for 2" case:
Subcase I: When ‘n’ is a composite number.

Here, n is a composite number. Let n be composed of ‘s’ distinct primes such that

k k ki - .
Lpyt..ps® =1 p; ', where pq, Dy, ..., ps are ‘s’ distinct primes.

k
n=p;
We know (n-1)! is composed of every number from 1 to (n-1). This implies that (n-1)! is

composed of every prime number between 1 to (n-1). Let ‘d’ be gcd{n,(n-1)!}. Then we have,

d= pf;-pé‘é---pf; = §=1pi"£,where k; < k;asd <n.
It implies
My (1-12).d
fn) = o) _olm-(-DY_ oMm).o{n—DY d _eMm.d_ " ¥\ p/
p{(n-=1}  o{(n-1} e{n—-1DY ‘o) o) a.Te (1 ~ %)
1 1 1 1
=n-(1—p—1)-(1—p—2).(1—g) ..... -2 .
1 1 1 1
A=A =) (L =5 (1= 39

(Using lemmas 1 and 4)

Subcase II: When n =1 (i.e., neither prime nor composite)

1) =2 _ean _
Y p(1-1)!  @(OY

Therefore, from subcase I and 1, it is clear that 2™ case is true.
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3. Applications
3.1 Determination of Prime Numbers

if nisprime

n-— 11
We know, f(n) = { n, otherwise

From these results, we can generate the set of prime numbers.
p(nh)

p{(n-1Y
number. As we know, 2 and 3 are the only two consecutive prime numbers. So, for n=3 in f(n),

Let 1 be the set of numbers generated by f(n) = .f(n) =n—1 when ‘n’ is prime

we get 2 which is the only prime number in set 7.

Let Z* be the set of natural numbers. Then we can define a new set P as

P = 7" —n = set of all prime numbers — {2} = set of all odd prime numbers.
Then, we can define set of all prime numbers as union of P and {2}.

4= Table[EulerPhi[n!] /EulerPhi[(n-1)!], {n, 1, 100}]

owsE {1, 1, 2, 4, 4, 6, 6, 8, 9, 10, 10, 12, 12, 14, 15, 16, 16, 18, 18, 20, 21, 22, 22, 24, 25, 26, 27, 28, 28, 30, 30, 32, 33,
34, 35, 36, 36, 38, 39, 40, 40, 42, 42, 44, 45, 46, 46, 48, 49, 50, 51, 52, 52, 54, 55, 56, 57, 58, 58, 60, 60, 62, 63, 64, 65, 66, 66,
68, 69, 70, 70, 72, 72, 74, 15, 6, 77, 78, 78, 80, 81, 82, 82, 84, 85, 86, 87, 88, 88, 90, 91, 92, 93, 94, 95, 96, 96, 98, 99, 100}

Inj5}= DeleteDuplicates[Out[4]]

ows {1, 2, 4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28, 30, 32, 33, 34, 35, 36, 38, 39, 40, 42, 44, 45, 46, 48, 49, 50, 51, 52, 54,
55, 56, 57, 58, 60, 62, 63, 64, 65, 66, 68, 69, 70, 72, 74, 75, 76, 77, 78, 80, 81, 82, 84, 85, 86, 87, 88, 90, 91, 92, 93, 94, 95, 96, 98, 99, 100}

6= Table[n, {n, 1, 100}]

oue {1, 2, 3, 4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 15, 76, 77, 78, 19, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100}

[3}= Complement [Out[6], Out[5]]

8= {3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97}

[5= Union[Out[8], {2}]

ousk {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97}
Fig. 1: Set of prime numbers from 1 to 100 formed using f(n) with the help of Mathematica

3.2 Realization of Density of Prime Numbers in a Given Interval

__o@)
Let T be the table of numbers generated by f(n) = pyramY

f(n), we get ‘n’ i.e. if we plot nvs f(n) graph using only composite numbers and pass line
through all the points, then we will get a straight line passing through origin. But for prime
numbers ‘n’ in f(n), we get ‘n-1" and if we plot all n vs f(n) graph using all the natural
numbers then due to presence of prime numbers, there will be no straight line passing through

For all composite numbers ‘n’ in
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p((nh

origin as numbers generated by prime numbers in f(n) = I will break the straight line

and form a zigzag line.

So we can derive a conclusion that if there are many zigzags in the graph of certain interval of
natural numbers, then the interval is densely packed with prime numbers, if there are not many
zigzags in the graph of certain interval of natural numbers, then the interval is not densely packed
with prime numbers and if the line is straight in the graph of certain interval of natural numbers,
then the interval does not contain any prime numbers. Hence, by observing the graph, we can
realize the density of prime numbers in given interval. Few examples of n vs f(n) graph plotted
using the help of Mathematica are shown below:

a. Interval which is densely packed with Prime Numbers

Table[EulerPhi[n!] /EulerPhi[(n-1)!], {n, 1, 20}]

{1,1,2,4,4,6,6,8,9,10, 10, 12, 12, 14, 15, 16, 16, 18, 18, 20}

ListLinePlot([{1, 1, 2, 4, 4, 6, 6, 8, 9, 10, 10, 12, 12, 14, 15, 16, 16, 18, 18, 20}]

20F

Fig. 2: Line plot of the function f(n) ranging from 1 to 20

b. Interval which is not densely packed with Prime Numbers

- Table[EulerPhi[n!] /EulerPhi[(n-1)!], {n, 4431, 4450}]

{4431, 4432, 4433, 4434, 4435, 4436, 4437, 4438,
4439, 4440, 4440, 4442, 4443, 4444, 4445, 4446, 4446, 4448, 4449, 4450}

ListLinePlot[{4431, 4432, 4433, 4434, 4435, 4436, 4437, 4438,
4439, 4440, 4440, 4442, 4443, 4444, 4445, 4446, 4446, 4448, 4449, 4450}

2450

saas|
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Fig. 3: Line plot of the function f(n) ranging from 4431 to 4450
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¢. Interval with no Prime Numbers

In[3]:= Table[EulerPhi[n!] /EulerPhi[(n-1)!], {n, 9981, 10000}]

{9981, 9982, 9983, 9984, 9985, 9986, 9987, 9988, 9989, 9990,
9991, 9992, 9993, 9994, 9995, 9996, 9997, 9998, 9999, 10000}

ListLinePlot[{9981, 9982, 9983, 9984, 9985, 9986, 9987, 9988, 9989, 9990,
9991, 9992, 9993, 9994, 9995, 9996, 9997, 9998, 9999, 10000}]

10000

Fig. 4: Line plot of the function f(n) ranging from 9981 to 10000

4. Conclusion

The main result of this article is f(n) = {

n—1, if nisprime
n, otherwise

151

Hence, this result can be exploited to construct an algorithm to generate the set of prime numbers
and to observe the density of prime numbers in any given interval of natural numbers.
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