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ABSTRACT 

The purpose of the present paper is to study certain curvature conditions on Kenmotsu manifolds.  It was 

proved that Kenmotsu manifolds satisfying curvature conditions     0.,
~

,0.,  BXCBXR  and 

  0., BXS  are D-conformally flat. It was also proved that Kenmotsu manifolds satisfying the curvature 

conditions   ,0., BXP    0., BXC  and    0,, WZYXBg  are Einstein manifolds with scalar 

curvature  .1 nnr  Finally, we gave an example of 3-dimensional Kenmotsu manifold. 

 

Keywords: Kenmotsu manifold, D-conformal tensor, Einstein manifold,  -Einstein, Ricci tensor. 

 

INTRODUCTION 

Kenmotsu studied a class of almost contact 

Riemannian manifolds (Kenmotsu, 1972). A 

Kenmotsu manifold is normal but not Sasakian. 

Moreover, it is also not compact since .1 ndiv  

Kenmotsu showed that locally a Kenmotsu 

manifold is a warped product NI
f

 of an interval 

I and a Kaehler manifold N with warping function 

  ,
t

setf  where s is a nonzero constant. He also 

proved that if  Kenmotsu manifold satisfies the 

condition   ,0., RYXR then the manifold is of 

negative curvature -1. Later, Kenmotsu manifolds 

have been studied by De and Pathak (2004), Jun et 

al. (2005), De (2008), De et al. (2009). 

In preliminaries we studied some basic relations 

of Kenmotsu manifolds and D-conformal 

curvature tensor. We investigated some results on 

Kenmotsu manifolds satisfying curvature 

conditions such as 

   ,0., BXR    ,0., BXP    ,0.,
~

BXC 

  ,0., BXC    0., BXS  and 

   .0,, WZYXBg    

Finally, we studied an example of 3-dimensional 

Kenmotsu manifold. 

 

PRELIMINARIES 

Let M be  12mnn  -dimensional almost contact 

manifold equipped with an almost contact metric 

structure  g,,,   consisting of a (1, 1) tensor 

field , a contravariant vector field , a 1-form   
and a compatible Riemannian metric g satisfying 

     

 







,0,0

,1,2

X

XXX




 (1) 

       ,,, YXYXgYXg    (2) 

       ,,,,,  XgXYXgYXg   (3) 

for all  MYX ,  (Blair, 1976 & 2002). An 

almost contact metric manifold M is called a 

Kenmotsu manifold if it satisfies 

       ,, XYYXgY
X

   (4) 

  , XX
X

  (5) 

where  denotes the Riemannian connection of g

(Kenmotsu, 1972). 

In an  12  mnn -dimensional Kenmotsu 

manifold the following relations hold: 
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        

 ,,                 

,

YXg

YXYXgY
X








     (6) 

          ,,,, XZYgYZXgZYXR      (7) 

      ,, XYYXYXR        (8) 

      ,,,  YXgXYYXR       (9) 

     ,1, XnXS      (10) 

  ,1   nQ    (11) 

         ,1,, YXnYXSYXS    
(12) 

for any vector fields  ,,, MZYX  where ,R S

and Q  are the Riemannian curvature, the Ricci 

tensor and the Ricci operator respectively 

(Kenmotsu, 1972). 

The D-conformal curvature tensor in an 

 12  mnn -dimensional Riemannian manifold, 

,4n is defined by 

   

 

   

   

     

       

     

     

       

    ],

,

,[
3

],

,[
3

2
]

,

,,

,,

,[
3

1
,

,

XZY

YZXXZYg

YZXg
n

K
XZYg

YZXg
n

K
QXZY

QYZXXZYS

YZXSQXZYg

QYZXgXZYS

YZXS
n

ZYXR

ZYXB


































 

(13) 

where 
 

2

12






n

rn
K  (Chuman, 1983). From (13), 

we also have 

      ,0,,,  ZXBZYBYXB           (14) 

   .0, ZYXB  (15) 

Definition: A Kenmotsu manifold 
n

M is said to be 

 -Einstein if its Ricci tensor S of type (0, 2) is of 

the form 

       ,,, YXbYXagYXS   (16) 

for any vector fields X and ,Y where ba, are 

smooth functions on .M If ,0b then the manifold 

is said to be an Einstein manifold. 

 

RESULTS AND DISCUSSION 

We proved the following theorems: 

Theorem 1. Let M be an n -dimensional Kenmotsu 

manifold satisfying the condition   .0., BXR   

Then the manifold M is D-conformally flat. 

Proof. Let us consider an n -dimensional Kenmotsu 

manifold M which satisfies the condition 

    .0,., ZVUBXR   Then, by definition we 

have 

      

       .,,,,      

,,,,0

ZXRVUBZVXRUB

ZVUXRBZVUBXR









 

    (17) 

Using (9) in (17) we get 

     

       

       

        .0,,,

,,,

,,,

,,,

















VUBZXgXVUBZ

ZUBVXgZXUBV

ZVBUXgZVXBU

ZVUBXgXZVUB

      (18) 

By virtue of (14), (15) and (18) we have 

      

        .,,      

,,,0

XVUBZZXUBV

ZVXBUZVUBXg








        (19) 

Taking inner product on both sides of (19) by  and 

using (1) and (15) we get 

   .0,, ZVUBXg  (20) 

This implies that 

  .0, ZVUB  (21) 

Thus the manifold is D-conformally flat. This 

completes the proof of the theorem. 

Theorem 2. If a Kenmotsu manifold 
n

M satisfies 

the condition   ,0., BXP  then the manifold is 

Einstein and the scalar curvature is  .1 nnr  

Proof. Let M be an n -dimensional Kenmotsu 

manifold. The Weyl projective curvature tensor P

of type (1, 3) on a Riemannian manifold  gM ,  of 

dimension n  is defined by 
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 

      ],,,[
1

1
,

,

YZXSXZYS
n

ZYXR

ZYXP





 (22) 

for any  MZYX ,,  (Yano & Kon, 1984). From 

(22), it follows that 

      .,
1

1
,,  ZYS

n
ZYgZYP


    (23) 

Now, we suppose that the manifold M satisfies the 

condition     .0,., ZVUBXP  Then by definition 

we have 

      

       .,,,,     

,,,,0

ZXPVUBZVXPUB

ZVUXPBZVUBXP








    (24) 

Using (23) in (24) we obtain 

      

       

      

        .0],,,,

,,,,[
1

1

,,,,

,,,,




















VUBZXSZUBVXS

ZVBUXSZVUBXS
n

VUBZXgZUBVXg

ZVBUXgZVUBXg

    

(25) 

Using (14) in (25) we get 

  

   .,,
1

1
      

,,0





ZVUBXS
n

ZVUBXg






 (26) 

Taking inner product on both sides of (26) by   we 

get 

    

  .,,     

,,10

ZVUBXS

ZVUBXgn




       (27) 

This implies that 

     .,1, WXgnWXS   (28) 

Thus the manifold is an Einstein manifold. Now, 

taking an orthonormal frame field and contracting 

over X and W in (28) we have 

 ,1 nnr  (29) 

where r is the scalar curvature. In view of (28) and 

(29), the theorem is proved. 

Theorem 3. If a Kenmotsu manifold 
n

M satisfies 

the condition   ,0.,
~

BXC  then either the scalar 

curvature is  1 nnr  or the manifold is D-

conformally flat. 

Proof. Let M be an n -dimensioal Kenmotsu 

manifold. The concircular curvature tensor C
~

of 

type (1, 3) on a Riemannian manifold  gM ,  of 

dimension n is defined by 

 

 
 

 

  ],    

,[
1

,

,
~

YZXg

XZYg
nn

r
ZYXR

ZYXC




  (30) 

(Yano & Kon, 1984). From (30), we have 

 

 
    ].,[

1
1

,
~





ZYgYZ
nn

r

ZYC




 






  (31) 

We suppose that the manifold M satisfies the 

condition     .0,.,
~

ZVUBXC  Then we have 

      
       .,

~
,,

~
,     

,,
~

,,
~

0

ZXCVUBZVXCUB

ZVUXCBZVUBXC








   (32) 

By virtue of (31) and (32), we obtain 

 
  XZVUB

nn

r
,[

1
1 










  

      

       

       

    .0],,

,,,

,,,

,,,

















VUBZXg

XVUBZZUBVXg

ZXUBVZVBUXg

ZVXBUZVUBXg

  (33) 

By the use of (14) and (15) in (33), (33) reduces to 

 
  

       

    0],

,,

,,[
1

1






 









XVUBZ

ZXUBVZVXBU

ZVUBXg
nn

r







  (34) 

Taking inner product on both sides of (34) by  and 

using (1) and (15), we get 

 
   .0,,

1
1 


 








ZVUBXg

nn

r
  (35) 

This implies that either the scalar curvature is 

 1 nnr  or    .0,, ZVUBXg   



Riddhi Jung Shah 

59 

From    ,0,, ZVUBXg we have 

  .0, ZVUB  (36) 

Hence the manifold is D-conformally flat. This 

completes the proof of the theorem. 

Theorem 4. In an n -dimensional Kenmotsu 

manifold M if the condition   0., BXC   holds, 

then the manifold is an Einstein manifold with 

scalar curvature  .1 nnr  

Proof. Let us consider an n -dimensional Kenmotsu 

manifold .M The Weyl conformal curvature tensor 

C of type (1, 3) on a Riemannian manifold  gM ,  

of dimension n is defined by 

 

     YZXSXZYS
n

ZYXR

ZYXC

,,[
2

1
,

,





 

   

  
    ],,[

21

],,

YZXgXZYg
nn

r

QYZXgQXZYg








 (37) 

(Yano & Kon, 1984). From (37), we have 

 

  
   

    ].,[
2

1

],[
21

1

,

QYZZYS
n

YZZYg
nn

rn

ZYC
















  (38) 

Suppose that M satisfies the condition 

    .0,., ZVUBXC  Then we have 

      

       .,,,,   

,,,,0

ZXCVUBZVXCUB

ZVUXCBZVUBXC








  (39) 

By the use of (38) in (39), we obtain 

  
  

      

       

       

      

      

       

       

    .0],

,,,

,,,

,,,

,,[
2

1
],

,,,

,,,

,,,

,,[
21

1






























QXVUBZ

VUBZXSZQXUBV

ZUBVXSZVQXBU

ZVBUXSQXZVUB

ZVUBXS
n

XVUBZ

VUBZXgZXUBV

ZUBVXgZVXBU

ZVBUXgXZVUB

ZVUBXg
nn

rn



















   (40) 

Using (14) and (15) in (40), we get 

  
  

       

      

       

    .0],

,,

,,[
2

1
],

,,

,,[
21

1






















QXVUBZ

ZQXUBVZVQXBU

ZVUBXS
n

XVUBZ

ZXUBVZVXBU

ZVUBXg
nn

rn











   

  (41) 

Taking inner product on both sides of (41) by  and 

using (1) and (15) we obtain 

  
  

   .0,,
2

1

,,
21

1


















ZVUBXS
n

ZVUBXg
nn

rn

 (42) 

From this equation it follows that 

   .,
1

1
, WXg

n

rn
WXS




  (43) 

Taking an orthonormal frame field and contracting 

over X and W in (43), we get 

 .1 nnr  (44) 

In view of (43) and (44), the theorem is proved. 

Theorem 5. A Kenmotsu manifold 
n

M satisfying 

the condition   0., BXS   is D-conformally flat. 

Proof. Consider an n -dimensional Kenmotsu 

manifold M satisfying the condition 

    .0,., ZVUBXS   (45) 

By definition we have 

   

   

      

      ,,,

,,

,.

,.,

ZXVUBZVXUB

ZVUXBZVUBX

ZVUBX

ZVUBXS

SS

SS

S















    

(46) 

where the endomorphism YX
S

 is defined as 

      .,, YZXSXZYSZYX
S

  (47) 

In view of (45), (46) and (47), we get 

     

       

       

        .,,,,

,,,,

,,,,

,,,,0









VUBZXSXVUBZS

ZUBVXSZXUBVS

ZVBUXSZVXBUS

ZVUBXSXZVUBS









    (48) 

By the use of (10) and (14) in (48), we get 
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        

        ],,

,,[1

XVUBZZXUBV

ZVXBUXZVUBn








 

   .,, ZVUBXS  (49) 

Taking inner product on both sides of (49) by  and 

using (1), (3) and (15), we obtain 

   .0,, ZVUBXS  (50) 

This equation implies that 

  .0, ZVUB  (51) 

Thus the manifold is D-conformally flat. This 

completes the proof of the theorem. 

Theorem 6. If a Kenmotsu manifold 
n

M is  -D-

conformally flat, then the manifold is an Einstein 

manifold with scalar curvature  .1 nnr  

Proof. Let us consider an n -dimensional Kenmotsu 

manifold M which is  -D-conformally flat. Then 

the condition    0, WZYXBg  is satisfied. 

From (13), for  -D-conformally flat it follows that 

      

  

   

   

   

   

   

    .0],,

,,[
3

2

],,

,,

,,

,,[
3

1

,,

















WXgZYg

WYgZXg
n

K

ZYgWXS

WYSZXg

WXgZYS

WYgZXS
n

WZYXRg















          (52) 

Using (2), (7) and (12) in (52), we get 

     

       

         

       }1,[{
3

1

}],}{

,{},{

},[{
3

1

ZXnZXS
n

WXWXgZY

ZYgWYWYg

ZXZXg
n

Kn































         (53) 

       

           

         

           

      .0}],{

}1,{}

,}{1,{

},}{1

,{},{











ZYZYg

WXnWXSZX

ZXgWYnWYS

WXWXgZYn

ZYSWYWYg











 

Let  nie
i

,...,2,1:   be an orthonormal basis of the 

tangent space at any point of the manifold. Putting 

i
eWX   in (53) and taking summation over 

,1, nii  we get 

).()(
3

)2()1(2
               

),(
3

12)2(
),(

2

ZY
n

rnKn

ZYg
n

rnnKn
ZYS












     (54) 

Putting 
 

2

12






n

rn
K  in (54) from (13), we 

obtain 

     .,1, ZYgnZYS   (55) 

Thus the manifold is an Einstein manifold. Now, 

taking an orthonormal frame field and contracting 

over Y and Z in (55), we get 

 .1 nnr  (56) 

By virtue of (55) and (56), the theorem is proved. 

 

EXAMPLE OF A 3-DIMENSIONAL KENMO-

TSU MANIFOLD 

We consider 3-dimensional manifold 

  ,,, 3RzyxM  0z where  zyx ,,  are the 

standard coordinates of .
3

R The vector fields  

,,,
321

z
ze

y
ze

x
ze














  (57) 

are linearly independent at each point of .M Let g

be the Riemannian metric defined by 

      ,0,,,
313221
 eegeegeeg  (58) 

      .1,,,
332211
 eegeegeeg  (59) 

Let  be the 1-form defined by    
3

, eXgX  for 

any  ,MX  the set of vector fields. Let  be (1, 

1) tensor field defined by 

      .0,,
31221
 eeeee   (60) 

Then using the linearity of  and ,g we have 

      ,,1
3

2

3
eXXXe    (61) 

       ,,, YXYXgYXg    (62) 

for any vector fields  ., MYX   Thus for ,
3

e

 g,,,   defines an almost contact metric 
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structure on .M Let  be the Levi-Civita 

connection with respect to the Riemannian metric 

.g Then by the definition of Lie bracket and (57), 

we have 

 

.          

          

          

          

,

2

22

2

233232

e

y
z

yyz
zz

zy
z

y
z

z
z

z
z

y
z

eeeeee














































































 

Similarly, we obtain   0,
21
ee and   .,

131
eee  Thus 

we have 

  ,0,
21
ee   ,,

131
eee    .,

232
eee   (63) 

The Levi-Civita connection of the Riemannian 

metric g is given by 

 

     

        ,,,,,,,

,,,

,2

YXZgXZYgZYXg

YXZgXZYgZYXg

ZYg
X







    (64) 

which is known as Koszul's formula. 

By virtue of (58), (59), (63) and (64), we get 

 

     

        

 .,2

,,,,,,

,,,

,2

11

311113131

311113131

131

eeg

eeegeeegeeeg

eegeeegeeege

eeg
e









 

Similarly, we can calculate 

   
21231

,20,2 eegeeg
e

 and    0,2
331

eeg
e

 

 .,2
31

eeg  

Thus from above calculation we can write 

   ,,2,2
131

XegXeg
e

  

for all  .MX   Hence we have .
131

ee
e



Therefore, proceeding same way we obtain 















,0

,0,,

,,0,

321

13223

31213

333

232

111

eee

eeeee

eeeee

eee

eee

eee

 (65) 

For ,
3

e (65) implies that 

 

 

  ,,0

,,

,,

333333

3322232

3311131

eeegee

eeegeee

eeegeee

e

e

e







 (66) 

thus we have     ,,  XXXgXX  for 

.
3

e Hence the manifold satisfies the condition 

(5). 

Again, using (60) and (65) we obtain 

     

.0                                    

321111111



 eeeee
eeee


 

Similarly, we can easily verify other relations and 

we have 

     
     
     













.0

,,0,

,,,0

332313

13222312

23132111

eee

eeeee

eeeee

eee

eee

eee







     (67) 

From (4), we have     YXgY
X

,   .XY   

Using this relation with (58)-(60), we obtain 

     

    

0              

,,              

,

231312

1131111







eeegeeeg

eeeeegee 

 

for .
3

e  Similarly, we can verify other relations 

and the manifold also satisfies the condition (4). 

From above it follows that the conditions (4) and 

(5) are satisfied by the manifold for 
3

e and 

consequently the manifold under the consideration 

is a 3-dimensional Kenmotsu manifold. 

 

CONCLUSION 

In this paper, we have proved that an )12(  mnn -

dimensional Kenmotsu manifold satisfying 

curvature conditions ,0).,( BXB    0).,(
~

BXC 

and   0., BXS   is D-conformally flat. It also 

proved that Kenmotsu manifold satisfying the 

curvature conditions   ,0., BXP    0., BXC 

and    0,, WZYXBg  is an Einstein manifold 

with scalar curvature  .1 nnr  

The paper will be useful for those who are working 

and studying in the field of structures on 

differentiable manifolds. 
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