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ABSTRACT

The present paper emphasises concerns of land subsidence or compression of clay confining beds caused by periodic
withdrawal and injection of water from or into the adjacent aquifers. An analytical solution for a one-dimensional case based
on a sandwich model is found so that analysis of potential risk of aquifer system deformation due to the technology of
Aquifer Storage and Recovery (ASR) can be conducted. A governing equation expressed directly in terms of displacement
is employed to describe the one-dimensional subsidence. For simplicity, saturated aquifer systems are assumed to behave
like poroelastic material. A cyclic loading function with a triangle pattern is assumed at boundaries to simulate effective
stress induced by changes in hydraulic head at boundaries. The both compression and swelling of clay due to the periodic
and linear loads at the boundaries are considered in this model. The two aquifers (one above the confining bed and the other
beneath) can be pumped independently of each other. The results from the analytical solution are applied to estimate and

predict potential risk of land subsidence due to ASR activi

regional development and management of water resources.

INTRODUCTION

Today, Aquifer Storage and Recovery (ASR), a water
management technology, has been widely employed to meet
the demand of water supply or to improve water quality (Pyne
et al. 1995). For example, in the United States, more than
forty ASR systems currently in more than twelve states are
operational or in development. The ASR technology is used
for different applications. For instance, in Florida the ASR
method is used to improve water quality of contaminated
surface water, while in Los Angeles, California, the ASR
method is applied to impede sea water intrusion by injecting
lightly treated sea water into aquifers. In Texas, the ASR
technology is employed to improve water quality and to
remove harmful cancer-causing by-products from
disinfectants by recharging aquifers with treated wastewater.
In contrast, in Nevada aquifers are employed as buffers with
utilisation of the ASR approaches so that groundwater can
meet high demand in the summers (i.e., to recharge surface
water into aquifers in the winters and discharge water from
aquifers in the summers). Such activities, however, cause
fluctuation of the hydraulic head. In turn, change in pore
water pressure is related to change in effective stress on the
soil skeleton of the aquifer through the principle of effective
stress (Terzaghi 1943). Effective stress fluctuations control
the displacement field and cause deformation of the aquifer
system (Helm 1972). Eventually, any accumulated
compression of an aquifer system due to groundwater
withdrawal is reflected at the land surface as land subsidence
(Poland et al. 1975). In the present paper, it is the attempt to
find an analytical solution in the displacement field. On
boundaries, it is considered that the displacement periodically
varies due to the injecting-pumping activity. The governing
equation in terms of displacement (Helm 1987) for a one-
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dimensional problem is introduced with consideration of
specific boundary conditions. At the boundaries, an
assumption of cyclic and linear variations in pore water
pressure is made. Accordingly, the boundary conditions are
related to the strain of the soil skeleton. An alternating change
in effective stress with a triangular pattern that is induced
by the fluctuation of pore water pressure p is assumed to
simulate the situation of regular injecting or pumping water
into or from an aquifer. At the same time the average mean of
the fluctuating pore water pressure is assumed to decrease
or increase linearly with time or to be constant. Thus, the
long-term recharge into the two aquifers can be less than,
more than, or equal to the overall discharge from the aquifers.
Poroelastic material is assumed in this paper for the clay
separator. Thus, the case of the long-term recharge into the
two aquifers can be less than, more than, or equal to the
overall discharge from the aquifers.

ANALYTICAL SOLUTION

A model of two aquifers with two assumed wells for
withdrawal and injection of water is drawn in Fig. 1.

In Fig. 1, the two wells are located in the top aquifer
(sand) and the bottom aquifer (sand). They pump and inject
water from or into each aquifer independently of each other
in pumping-injecting rates Q,andQ,,.

If one assumes:

1) that the hydraulic separator between the two aquifers
is poroelastic,

2) that the fluctuation of pore water pressure within each
aquifer approximately changes as a triangular function,
and that the average mean of water pressure changes
linearly (Fig. 2),
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3) that the effective stress principle holds, and
4) that total stresses within the boundary layers do not
change very much with time,

then a governing equation written in terms of displacement
u (Helm 1987) is applicable for a one-dimensional vertical
case, initial and boundary conditions based on the model
shown in Fig. 1, namely:

& 25 D
u(z0)=0~H<z<H @
% —[at/E, +0o fi(t)/E,] z=H (3a)
@=[a2t/Ezc +0,,/,(1)/E,), z=-H

& (3b)

where ¢ is time, c, is the consolidation coefficient of the clay
layer and is assumed to be a constant in the present paper, z
is the coordinate in the vertical direction, H stands for the
half of the thickness of the clay layer in Fig. 1, and B is a
function of time and space (Helm 1987). The term g, denotes
the amplitude of induced effective stress due to the same
value of pore water pressure that changes triangularly at the
interface between sand and clay layers, E represents the
elastic modulus of the clay layer. The term a is a coefficient
related to the slope of the average mean water pressure that
linearly decreases or increases with time. For the cases of
recharge larger than (a > 0), less than (a < 0) and equal to
(a=0) discharge within an aquifer system can be analysed.
The term f{2) is a triangular function of time shown in Fig. 2
and is introduced because of fluctuation of water pressures
due to pumping-injecting water into or from each of the two
aquifers (Fig. 2). Subscripts / and 2 denote the upper and
lower aquifers respectively, and subscripts s and ¢ stand for
swelling and compression of the clay layer (Fig. 3).

In Fig. 3, g;denotes the initial stress. From Fig. 3, it is
apparent that for the case of a periodic function without a
linear trend, one can use E, except for the first loading (from
location 1 to 3). However, for the case of a periodic function
with a linear trend, one has to use E, for swelling under the
periodic loading and E, for compression along the virgin
line due to the linear loading (see Fig. 3b). For a case of the
decreasing linear trend, the path will be the same as that
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Fig. 1: A diagram for an aquifer system
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Fig. 2: A diagram for function f(t)

shown in Fig. 3a except for the point at 2 will move towards
the left along the slope E,. Thus only E, will need to be
applied to (3) rather than E, and E,. For calculational
convenience, the linear poroelastic material is assumed (i.e.,
using the constant elastic parameters E, or E, instead of the
non-linear elastic parameters C, or C, in this paper).

If one takes Laplace transform (Spiegle 1965) of governing
equation (1), and the initial and boundary conditions (2) and
(3), one has the following expressions in the Laplace
transform space:

2 *
su'(z,5)-u(z0)=c, L&D B o
& s

u(z,0)=0 )
A&’ (H,3) _[%o tanlzl(c,s/Z) = za. L (z=H) (6a)

& C|s E]_r s Elc
' (=H,s) _ 0pe” tanh(c,s/2)  _a,

= \Z = 4 ?
fron z=he begg g i slasilty o1 (00T

where, u" is the Laplace transform of », and s is the Laplace
transform parameter. The lower case ¢,and c, in (6) are related
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Fig. 3a: A periodic function without a linear trend
;
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Fig. 3b: A periodic function with a linear trend
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to the periodic function (Fig. 2). The term c¢,and B are assumed to be constant so (1) can be represented by equation (4).
Keeping initial condition (5) in mind and solving equation (4) for «", with an assumption that B is not a function of z,0ne
finds the solution in Laplace transform space to be:
. ; B
u’ = C, cosh[(—)"* 2]+ C, sinh[(<1)"2 2] + = %)
C, e, s

where upper case C ,and C, are constant coefficients. With help of boundary conditions [i.e., (6a) and (6b)], C,and C, are
found to be:

C,§ 1 C,S
o, tanh(—~ 0,e” tanh(—2~
) a 2 a, S iz S \i72

C = + - + /{2(—)"? sinh[(—)"*H ®)

1 {[ CISZE“ SzEu_ ] [ CZSZEz_' SzEzc ] { (Cv ) [(CV ) ]}

I C, s c,5
C O-Ol (—és al I)Zelo tallh( ; aZ 2 S 172 h S ”2H (9)
= + v ¥+ X 12(— cosh|(—
2 {[ clszE,, SZEM ] [ CZSZEZS SZEZC ]} { (Cv) O [(Cv ) ]}

Substituting equations (8) and (9) into (7) and taking the inverse Laplace transform of each term in (7), the solution can be
written as a function of non-dimensional variables 7 and Z with five parts:

u(Z,7)=u,+ Pl RS u, (10)

The variables Z, 7and o are defined as non-dimensional space Z(=z/H ) and time T'(= tc,/H?) as well as angular frequency
@ [=2m(2n-1)/c;, i = 1,2]. The five components of the solution (w, i = 1...V)are given by the following expressions:

T _ 4 $sin@,l) s (=1)"cos(N,Z)1-e™7) 8 & & (-1)" cos(N, Z)[cos(@,, T - 4,) ™7 cos(d,)]
u, = Q {___ in o n A
el 30 - SR Z: N, z’ ;2‘ J(N3)2+w, s (11a)
& (=D sin(M,Z)(1-e™T) 8 & & (-1)"sin(M, Z)[cos(m, T - ¢,,) ~ ™7 cos(d,)]
u, =Q|{Z( S 2)( s )_—ZZZ 112 '22 : e
M, 7 Ea VO3 +a,
=L _ 4 sin(@,T) (1) cos(N,Z)1-e™7) 8 & & (=1)" cos(N,Z)[cos(w, AT - g,,) -7 cos(@,, T, + ¢,,)]
“m QZ{Z e +,.z=.: N} x’ ;‘.Zan: J(N:)’ +a@, (11¢)
© (_l)n-l Sin(M Z)(l—e_M'zT) 8 & & (—'1)" Sin(M"Z)[COS(szAT—¢22)*3_M':T COS(WZI% +¢22)]
o g in }(11d)
w Qz{g an e Z.:,"Z:l ‘/(M:)z_'_wzjz
Plad @5 b P (et & aitsint To (=eT ) TBH?
4 =0l 2 cos(ND)r~ e e 03 - singpz - Ly : 119

in which AT (=7-T)) is incremental non-dimensional time, 7, represents the initial 7; N and M are parameters, and defined as
functions of n by nzand (2n-1) /2 respectively, coefficients O (i = 1... 4), $i(G=1 2andi= 1, 2)and w. (i = I, 2) are
defined as follows:

Q,=0,,HI2E,, (j=1,2) (12)

0, =(a,/E, -q, /Elc)H3 /e, (13)

Q,=(a,/E, . +a,/E)H’/c, (14)
in which @ and ¢ are given by:

o, =w,H*/c,(i=12) 15)

¢, =tan" (@, / N*)(i=1,2) (16)

$, =tan"' (@, / M*)(i=1,2) a”n
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In the above formulas, one should keep it in mind that ¢ is a function of n.

Based on the solution [i.e., (10) and (11)], it is not difficult to find the strain field by taking the derivative with respect to
normalised space Z, namely:

62 T)=¢ +&,+E, +E,+ & (18)
? 4 /4 /74 v Vv

where & (i = 1... V) are found from (11) to be:

ceg ey sin(N,2)1-e™"), 8 $5 0N, sin(N, 2)[cos(@, T - 4,) - cos(@)] 1q0

n=1 N" 7[2 Jj=1 n=1 .\/(W:)Z-F‘w]jz
o (~1)"" cos( M ,ZX1-e ™7
&gy = QI{"Z=|( : o M"" s : )
= izi < (-D"M , cos( M ,Z)[cos( @,;,T —¢,) - g2MeT cos( ¢, )]} (19b)
7. % J=in=] \/(an)z +w“2
@ __1 n-1 _: NZ e —N,,zT
glll=_Qz{_Z( B ]:/ i
o = (~1)"N,sin(N,Z Y e T L ¢
+izzz( )" N, sin(N,Z)[cos(@ - $2) ze cos(@,, o+¢zz)]} (19¢)
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S A ot —M,,ZT
Lialew3 {E( )™ cosM,Z)(1-e )]
n=| M"
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Accordingly, from the solution (10), the accumulated deformation can be calculated from the difference u(Z, T) - u (Z,, 1),
where Z, can be any element elevation at which no displacement (or no vertical movement) is occurring, say, at non-deformed
bedrock or at a point that serves -H/H a datum.

In order to estimate the impact of pumping-injecting water within aquifers, some simplified cases based the found
solution are discussed in the next section.

DISCUSSION OF THE SOLUTION

From equations (10) and (11), one can see the analytical solution comprises three parts, namely, periodic variation,
exponential reduction and quadratic change with non-dimensional time 7. For convenience of analysis, if one chooses Z =
0 (i.e., z = 0), the solution (10) reduces to:

u(0,T) = u(0,T) + u,,(0,7)+u,(0,7) (20)
e n? (-1)'[cos(@, T - 4,)— ™" cos(#,,)]

_nd 4 &sine,T) £ D)"A-e™") 8 && (D) '[cos(@,,T-4,)-e " cos(d, =
Y Q|{2 2= o, +§ an o ;; ‘ﬁamz_‘_(N:)z i
T 4 &sin@,T) &(1)'(1-e™7) 8 &&(1)"[cos@, AT —¢,) - ™7 cos@,,T, +¢y,)]

S T s — 3 e - (21b)
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s 2
w (O =0, + Az~ -+ T2 e10

If one assumes that pumping and injecting water in the upper and lower aquifers start simultaneously with the same
period, namely @, = @,= wand @7, =0 (i.e., o, =w,= o and wt,= 0), then (20) reduces to:

WD) =@ +0) -+ Sy e ¥yt - 4 Sosinal

n=1 m W
—%i i(—l)"[cos(mT —)—e™7 cosg]/|(N?)? + @)
T J=1  n=1
~Q{T? 14+ Y [())'[T/N* =(-e™7T)/N*1}+ TBH? /c, @)
n=1

where, ¢ is defined in the same form as (1) except for o, = (i=1,2). If a sign convention is applied in (22), namely, that
downward displacement (e.g., u) is assumed to be positive and upward displacement (e.g., uy) is negative. If one assumes
the pumping-injecting activity in both the upper and lower sandy layers has the same period but different phase, say a
phase-lag p, namely, @, = @,= wand al,=z (i.e, o, = w,=w and wt,= 7), then (22) reduces to:

sinwT

e it 4 &
u(O,T)=(Q, +Q2){§-+Z(_1)n(1_e NT)/N2 _n_zz .
n=1 el
-%Z > (=1)"[cos(@T - g)—e ¥ cos g1/ [(N*)? +@?}

T =1 =l

BEIPA /4+i[(—1)"[T/N2 ~(1-e™™T)/N*1}+TBH? /c, @)

It is interesting that (22) shows a case in which a maximum displacement may occur at Z = 0 if the pumping-injecting
activity has the same feature of periodic changes in pore water pressure at both the top and bottom sandy layers. In contrast,
(23) shows a case in which a minimum displacement may take place at Z=0 if the pumping-injecting activity is the same except
that a phase-lag p exists between these two sandy layers. This means that one can reduce the potential displacement at
Z = 0 or in a zone near the centre of the clay layer by controlling the pumping-injecting activities with a proper phase-lag
between the upper and lower sandy areas. In fact, it is true for the entire cross-section of compressible confining bed.
Furthermore if the sum between Q,and Q, is assumed to be negligibly small (i.e., Q, ~-0,), which means that water is
discharged from the aquifer above the confining layer and is recharged into the one below aquifer, (20) can be further
simplified to:

u(O,T)=—Q{T2/4+iI(—I)"[T/N2 ~(-e™T)/ NI+ TBH I, 24)

If one recalls the definition of Q, in (13) and keeps the sign convention in mind, the first term in the relation (24) will
become negligibly small with assumptions of a, ~ -a, and E  ~E_,. Inaddition, (24) will simplify further when B is negligibly
small as assumed by Helm (1987).

In brief, if the amplitude of periodic stress s,and the swelling elastic modulus E_are to be the same at the upper and lower
boundaries of the clay layer (i.e., E,~E, and 0, ~ o,,,or their ratios), then the displacement can possibly reduced to a
minimum value. In other words, the risk of subsidence due to APR activities can be reduced. Moreover, if the overall
discharge and recharge can be controlled so that the mean water pressure either remains stable (a ~ 0) or changes along a
similar but opposite slope (namely, a, ~-a,), then from (24), displacement can reduced (i.e., Q,~0). Well-controlled phase lag
by planning pumping-injecting seasons between the top and bottom aquifers will reduce the risk of land subsidence
dramatically. It is apparent that if the pumping-injecting activity takes place in a single aquifer only (i.e., either the top or the
bottom aquifers, but not both), one may be not able to reduce the risk of subsidence. Finally, it should be pointed out that
though a simplified procedure is demonstrated for a special case of Z = 0, the above conclusions are true for a general case
(i.e,-1<Z<1I)aswell

Based on the solution in (10), the displacement along Z direction for both short and long terms are drawn in Fig. 4a and 4b. Fig.
4a and 4b are drawn with the following parameters: the pumping and injecting period to be 356 day; H= 5 m; o,, = 0,,= 10 KPa;
a, = a,= 1E-4 Kpa/day; E, =100 and 1200 Kpa; E =500 and 5000 Kpa; ¢,=0.001 m*day; and B = /E-7 and 1E-5 m/day. Two
families of curves in Fig. 3a and 3b are illustrated with different periods of time (i.e., 150 —400 day, and 1050 year). For simplicity,
E, = E, 0, = opand @, = @, are assumed (i.e., ¢, = c,). From the above figures, one can concluded that the accumulative
displacement or subsidence in Fig. 4a is dominated by repeated loading during a short period of time, and controlled by linear
loading in a long term.

o
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CONCLUSIONS

In brief, the following conclusions can be drawn. First, a
one-dimensional analytical solution has been found. This
analytical solution is based on a model featured by a two-
aquifer sandwich pattern. Boundary conditions are set
according to the triangular pumping-injecting activity at the
interfaces of two sand and one clay layers. Second, the found
solution in the displacement field is composed of three
components, namely, the components of periodic fluctuation,
exponential reduction, and quadratic variation with time.
Third, displacement due to the ASR activities is dominated
by the repeated loading during a short period of time and
controlled by the linear loading in a long term. Fourth, a
special case, namely Z = 0, has been discussed. Based on
the model in Fig. 1, the following factors may affect the
displacement u at a zone near the centre of the clay layer
(compressible bed):
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1) The phase-lag @7, of the pumping and injecting
activities between the upper and lower aquifers. When the
phase-lag equals p, the potential risk of deformation may be
reduced when compared to a case without a phase-lag (i.e.,
wTO = 0),

2) Similarity of pumping-injecting periods of the upper
and lower aquifers. Identical periods (i.e., @, = @) reduce
the potential displacement of the clay layer when @7, = 0 is
considered.

3) Similarity of parameters Q, (i = 1, 2) related to E, o,
and v at boundaries as well as their ratio. In other words, if
0, ~ Q,,the displacement of the clay layer at Z may lessen
when @7, =0 and @, ~@,are assumed.

4) Negligibly small Q; related to the parameter a/E .
Namely, if (a,/E,, ~-a,/E,;), risk of subsidence can decrease.

The facts listed above are true for a general case (-1 <Z
< 1) as well. Finally, pumping-injecting water in two or more
aquifers (e.g., the sandwich model: s-c-s in Fig. 1 or multiple
sandwich model: s-c-s-c-s) has better chance, when compared
to the case of pumping-injecting in a single aquifer, at
reducing the displacement.

It should be pointed out that in order to allow an analytical
approach [i.e., equations (1), (2) and (3)], some factors are
not taken into account in the present paper. For instance,
effects of stress history (e.g., current stress status related to
over, under and normally consolidated states). These factors,
however, can be considered by using a numerical approach
as was done by Helm (1975).
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