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ABSTRACT 

Semi-classical binary encounter approximation has been used for the study of ionization cross 

sections of Cu atom at ground state. Projectile, alpha particle, with energy varying from 

threshold to 360 keV/amu are considered for direct double ionizations cross section. Out of the 

two path ways of ionization we have ruled out the indirect process (like excitation-auto 

ionization, Auger effect) of double ionization. We considered direct - ionization of outer shells 

of Cu atom. Vriens accurate expression of cross section for energy transfer E ( E  ) and 

Hertree-Fock velosity distribution function for the target electrons are used. The theoretical 

value of double ionization cross sections at impact energy 300 keV/amu is 216cm1098.0   

which is same as experimental values at that impact energy. Above energy of 300 keV/amu, the 

calculated results underestimates the experimental data and at 360 keV/amu their magnitude are 

              and              respectively. Above impact energy of 75keV/amu, all 

the theoretical results have ratio factor within 2. Out of the total number of theoretical data 75% 

are under valid range of ratio factor 2 and among the valid range 41% have ratio factor below 

1.325 and hence calculated results of double ionization cross section lie in the acceptable range. 

The linear correlation coefficient (R square) and standard deviation (SD) of linear fit are 0.6984 

and 0.7883 respectively. In low energy range the theoretical results are more apart from 

corresponding experimental values and possess relatively more error compared to intermediate 

and higher energy region. Calculated results are in satisfactory agreement with experiment in 

intermediate and high energy range.  

 

Keywords: Binary encounter approximation, Double ionization cross section, Alpha particle, 

Hartree-Fock velocity distribution, Vrien’s expression of accurate cross section ( E ). 

 

1. INTRODUCTION 

Many theoretical and experimental investigations 

have been devoted to gaining a thorough 

knowledge of the electronic dynamics and structure 

of atoms and molecules. A common technique for 

extracting information from such small entities is to 

perturb the system. The perturbation must be strong 

enough to compete with the strong Coulomb 

interactions inside atoms. The use of intense laser 

pulses in strong-field physics and particle impact in 

atomic collision physics are two examples of 

typical procedures. The perturbation must be 

powerful enough to overcome the strong Coulomb 

interactions that exist within atoms. The 

fundamental mechanisms that occur during atom 

ionization are divided into two categories: direct 

ionization processes, in which ionization occurs 

immediately after impact, and indirect ionization 

processes, such as excitation auto-ionization, in 

which ionization occurs after the hit. The energy 

areas that interact with atomic electrons are 

characterized as [1]. 

(i) The low-energy region, where only the outer 

shell is involved in ionization processes. 
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(ii) The intermediate-energy region, where the 

inner shell can also be involved in ionization 

processes. 

(iii) The high-energy region, where very few atoms 

are ionized because the interaction times are 

too brief.  

Collisions between target atoms and heavy particles 

such as H+ and He2+ can result in pure ionization, 

excitation, excitation-auto ionization, electron 

capture, charge transfer, and transfer ionization. 

Continuous data on respective process ionization 

cross sections is critical in a variety of fields of 

study, including fusion reactor modeling, Titan's 

upper atmosphere, comet plasma processes, 

planetary atmospheres, and biological applications 

[2-4]. For both therapeutic and palliative reasons, 

radiotherapy is an effective and frequently used 

treatment for cancer patients. Ionization and 

fragmentation of atoms and molecules have been 

employed in cancer therapy. Some suitable ionizing 

agents cause water molecules in the human body to 

fragment, resulting in the creation of numerous 

reactive radicals that can cause local biological 

damage near the tumor and aid in treatment. The 

damage is caused by the deposition of radiation 

energy into the DNA. Intermediate species such as 

ions, radicals, excited molecules, and free electrons 

are produced by the energy deposition, and these 

species then interact with DNA. A projectile 

particle, such as a proton or helium, deposits a huge 

amount of energy in a volume of a few micrometers 

or even nanometers, causing substantial damage to 

the microscope structure and DNA cell death [5,6]. 

Second, electron collisions in atmospheres 

determine the abundance of some of their minor 

constituents, which can or may play a large role in 

energy transmission. Radiative emissions are 

important for remote sensing and can be caused by 

electron impact excitation. Both scenarios 

necessitate computational modeling, which 

necessitates accurate and comprehensive atomic 

and molecular physics data of cross sections and 

chemical reaction rates. This type of research is 

applied in a variety of physics issues. The 

mechanism of the'sun–weather' correlation, 

modelling of NO production in the upper 

atmosphere [7], calculations of heating rates in the 

atmosphere of Titan, simulation of infrared 

emissions from NO in an aurora [8], modelling of 

the Earth's green nightglow [9], are just a few of the 

physics topics that are currently of interest. Their 

needs precise data of atomic and molecular cross 

sections and chemical reaction rates. This type of 

research is applied in a variety of physics research. 

Finally, in plasma physics, where electrons and ions 

react with one other, and plasma-eaching of 

microchips, the study of collision dynamics and 

exact data of cross sections are used. Plasma-

assisted procedures are used to treat surfaces, 

materials, and some electronics in an indirect 

manner to achieve specific features [10]. Physical 

plasma has become increasingly popular for 

medicinal purposes, and it continues to be a cutting-

edge and developing subject. It can be used to 

provide therapeutic effects in either the human or 

animal body [11, 12] including sterilisation, 

disinfection, and decontamination for medicinal 

uses [13]. For simulating the track structure of 

radiation, cross section data for ion and electron 

scattering in gases is necessary. The accuracy of 

this data is critical for the precise calculation of 

transport parameters and ionization yields in 

detector development, space research, and radiation 

dosimetry applications. These figures are derived 

from observations or theoretical computations. 

When heavy charged particles (H+ or He2+) collide 

with target atoms, they can produce pure single and 

double atoms ionization. Multiple ionization is a 

multi-electron process in which both direct and 

indirect ionization play a role in the final charge 

state. Because of the intricate nature of the four-

body Coulomb potential, where correlation effects 

are the most important, direct double ionization is 

garnering a lot of attention from researchers. 

Pindzola et al. [14, 15] have successfully used a 

time-dependent close coupling technique to 

evaluate systems with more than two electrons. 

Montanan et al. [16] used a quantum mechanical 

model of a continuum distorted wave ekonal 

starting state to explore repeated ionization of Ar 

caused by the impact of an alpha particle 

(CDWEIS). At high energies, the theoretical results 

studied were highly consistent with practical data. 

Despite these achievements, the mathematical 

formulation for the calculation of single and 

multiple ionization cross sections of heavy atoms. 

These findings, however, only apply to systems 

with one or two electrons outside the core, and thus 

are completely useless for more complicated 

systems due to extremely precise calculations. As a 

result, there are no sophisticated estimations of the 

total double ionization cross sections of multiple 

electron atoms by ion impact in the literature. The 

Binary Encounter Approximation (BEA) has been 

successfully used in the past in calculations of 

charged particle impact single and double 

ionization cross sections for several atoms, as well 
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as calculations of single and multiple ionization 

cross sections of heavy atoms under quantal 

approximations. 

In the beginning theoretical studies on application 

of the classical binary encounter approximation 

(BEA) were carried out by Gryzinski [17] through 

series of research papers.  

Gryzinski reasonably considered two processes in a 

double Binary Encounter Model to describe double 

ionization. In the first process, the two electrons 

may be ejected from the system by two successive 

interactions of the incident particle with the target 

electrons. Next, the incident particle may knock out 

only one target electron and the second electron is 

removed by the first ejected electron. The 

corresponding cross sections are denoted by 
ii

scQ

(scattered part) and 
ii

ejQ  (ejected part) respectively. 

The results of double ionization cross sections 

based on the modified model including 

contributions of indirect physical processes were 

found to be in close agreement with the 

experimental data [18, 19]. In these calculations 

Hatree-Fock (HF) and hydrogenic velocity 

distributions were used while considering ejection 

of the first and the second target electron 

respectively. Later on, Jha and Roy [20, 21] used 

HF velocity distribution while considering the 

ejection of both electrons of the target in 

calculations of direct double ionization cross 

sections. In case of heavy charged particle the 

binary encounter calculations of double ionization 

cross sections of atoms are scarce in literature. 

Kumar and Roy [22] pointed out errors and 

obscurities in Gryzinski’s theory for calculations of 

the above mentioned processes and modified the 

mathematical framework suitably incorporating the 

necessary corrections of using the accurate 

expression of E  (cross section for energy 

transfer ΔE) as given by Vriens [23]. They 

calculated proton impact double ionization cross 

sections of noble gases [24, 25] which were found 

to be in satisfactory agreement with the 

experimental observations. Later on, Singh et al 

[26] have used HF velocity distribution function for 

considering the ejection of both the electrons 

respectively in case of H+ and He
2+

 impact double 

ionization of Mg and found satisfactory agreement 

with the experiment. Gryzinski and Kune [27] 

conceived an idea of double binary encounter for 

double ionization. According to Gryzinski and 

Kune the two active target electrons may ejected 

either by two successive encounters with the 

incoming charged particle or the first one ejected 

electron having sufficient energy ejects second 

active target electron. The former and later 

processes of ionization are usually denoted by 
ii

scQ

(called scattered part) and 
ii

ejQ
 
(called ejected part) 

respectively. The total direct double ionization 

cross section (DDICS) for the impact of charged 

particle (ignoring Auger effect) can be given as 

 ii

ej

ii

sc

ii

D QQQ   . Keeping the above mentioned 

facts in view, we have carried out computational 

calculation of alpha particle impact double 

ionization cross section of Cu under modified semi-

classical BEA. This work will enable us to analyze 

direct double ionization cross sections.  

 

2. THEORETICAL DETAILS AND 

METHODS OF CALCULATION 

Thomson first used the binary encounter theory for 

calculating cross section for ionization of atom by 

electrons. According to Thomson (1912) consider a 

situation of collision where the energy transfer in 

Coulomb collision between a particle of mass 1m  

and charge eZ 1  with initial kinetic energy 1E  and a 

particle of mass 2m  and eZ2  with initial kinetic 

energy 02 E  (rest). In the case of binary 

encounter theory it has been assumed that during 

the period of interaction between projectile and an 

orbital electron the other atomic electrons and the 

nucleus play no role. The Thomson’s energy 

transfer )(  ionization cross section for electron–

electron collision is [28] 











11

4 11)(

EUE

Ne

d

dQ





  (1) 

For ionization 1EU    ; where U  is ionization 

potential energy. 

Thomas and William (1927) modified the 

formulation for more general case where   02 E  
(considered symmetrical distribution of velocity of 

target electrons), 2121  and  ZZmm   which is 

relevant to proton and alpha particle –atom 

collision. Energy transfer ionization cross section 

for this case has been given as [28] 











1
3

2

2

12

1

2

2

2

1

4

3

41)(






 E

Em

mZZe

d

dQ
  (2) 

Gryziniski obtained classical relations for Coulomb 

collision of two moving charged particles and 
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applied them for theoretical studies of a varity of 

charge particle- atom collision processes. He 

assumed to have a velocity distribution or a single 

average velocity. The excitation cross section is for 

a transition to a principal quantum number not to 

the individual sublevels. Gryzinski assumed s-s 

transitions only take place during exchange process. 

Gryzinski improved the Thomson’s equation by 

assuming a continuous velocity distribution for the 

atomic electrons leading to the following 

expression of cross section [29] 

)(4

2

2

0 uf
E

E
Na

in

H

i
n 








 

 

 

where, 

 





























 2/1

2/3

)1(7.2ln
2

1
1

2

3
1

)1(

)1(1
)( u

uu

u

u
uf

 

 

Here 0a  is the Bohr’s radious, 
nN  and 

inE  are 

number of electrons and ionization potential of the 
thn  sub shell, H

iE  is the ionization potential of the 

theory requires the incorporation transfer of the 

hydrogen atom and
inE

Eu   , where E is incident 

energy. Further improvement in the theory requires 

the incorporation of the quantum factors such as 

exchange and interference effects. Vrien’s modified 

the Gryzinski’s theory and gave a set of quantum 

mechanical formula in terms of momentum transfer 

as a variable. He incorporated symmetrical 

properties that includes exchange and interference 

effects and finally obtained differential cross 

section for momentum and energy transfer. 

We carry out theoretical calculations of alpha 

particle (He
2+

) impact double ionization cross 

sections of Cu atom using the modified BEA. The 

theoretical approach used in BEA is based on 

independent particle model (IPM). The model is 

based on the hypothesis that the probability of 

ionizations is directly related to the energy 

deposited by the projectile on the target. The energy 

deposited is statistically distributed among all 

atomic electrons and one or more of which 

eventually auto ionize to the final state. Here, an 

accurate expression of E (cross section for energy 

transfer E ) for proton impact given by Vriens [23] 

and quantum mechanical Hartree –Fock velocity 

distribution functions have been used to calculate 

the ionization cross sections of the atom.  

As discussed the total direct double ionization cross 

section for the impact of charged particle (ignoring 

Auger effect) can be given as  

 ii

ej

ii

sc

ii

D QQQ   (1)  

 

where 

                             )()()()(
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In the present calculations, an accurate expressions of differential cross section E (cross section for energy 

transfer E ) under different limits of energy transfer is used [25] and given as 
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All the symbols appeared in above expressions 

have been defined by Gryzinski. In the above 

expressions E , E  represent transfer of energy 

during first and second collision with the two active 

electrons of the target, qE  is the energy of the 

projectile. 

Following McDowell [30], the kinetic energies of 

projectile ( usm 2

1 ) and orbital electron ( ut 2 ) are 

expressed in terms of dimensionless variables s and 

t  defied as 2

0

2

1

2 / vvs   and 2

0

2

2

2 / vvt  , where 1v  

and 2v are the velocities of incident particle and 

target orbiting electron in atomic units respectively 

and 0v is root mean square velocity of orbital 

electrons. The ionization potential energy of bound 

electron u  is defined as 2

0vu  . Atomic electrons 

are taken to have a momentum distribution and can 

be given by Fourier transformation of the Hartree - 

Fock density distribution that includes quantum-

mechanical velocity distribution for the bound 

electrons. 

The expressions of the scattered part of the direct 

double ionization cross sections (DDICS) for 

positive and negative values of  ss 4/1  are 

given as  
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Where iu  and iiu  stand for first and second 

ionization potentials of target atom and s is 

dimensionless variable defined as ratio of energy 

associated to alpha particle after first collision to 

second ionization potential (IP) and defined as  

 

ii

q

u

EE
s

7344

2


 . The integral appearing in ii

scQ  and ii

ejQ  

have been evaluated numerically. In the above 

equations the functions )(tf  and )(tf   are Hartee-

Fock momentum distributions functions 

corresponding to the first and the second ejected 

electrons respectively. The Hartree-Fock 

momentum distribution functions can be 

constructed from analytical Hartree-Fock radial 

function, normalization constant and corresponding 

spherical harmonics as discussed below [equations 

(9 – 13)]. The Hartree-Fock momentum distribution 

function )(tf  has been defined as,  

 )(4)( 2/12 tuuttf nl   (9) 

where   )(
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1 1
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 x
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 drerr rik

nlmnlm

.

2

1
)(

)2(

1
)( 



  is the Fourier 

transform of the one electron orbital. 

The complete wave function is given by 

  )()()(  lmnlnlnlm YrRNr   (11) 

 

where nlN  and )(rRnl are the normalization 

constant and analytical Hartree-Fock radial 

function, respectively. The empirical relations for 

nlN  & )(rRnl  are 

       2!2 2

1

2

1



n

nl nN   (12) 

 

and  

  1 rn

nl erR   (13) 

  

Here zeta ( ) is orbital exponent of basis function. 

The spherical harmonic )(lmY  have different 

forms depending upon the value of orbital and 

magnetic quantum numbers l
 
and m  respectively. 

It is well known that velocity of orbital electrons 

increases with the decrease in shell number and 

hence velocity of inner shell electrons have 

relativistic in nature. The above expressions both 
ii

scQ  and ii

ejQ  found to be dependent on square of the 

charge of incoming particle (
2Z ).Variens observed 

that the two double binary encounter process are 

linked quantum mechanically as first and second 

order approximations and the cross sections scales 

as 
4Z  .In the case of proton impact ( 1Z ) as 

discussed by Singh et al. [26] and others presence 

of 
4Z  does not alter the result of cross section 

compared to the presence of 
2Z . However in the 

case of alpha particle impact ( 2Z ), scaling of 
4Z  gives much dominant contribution and produce 

adverse effect to the results. The adverse results 

suggest that both the scattered and ejected part of 

double ionization cross sections processes in the 

first and second Born approximation does not 

seems to be applicable. Therefor here we only 

consider 
2Z  dependence of double ionization of 

Cu by alpha particle impact. For computations we 

used the expression 
3/1

en

R
r   for mean distance  

( r ), where R is radius of particular shell of the 

target atom. The factor
24

)1(

r

nn ee





 
has been suitably 

modified to include the mode of ionization in which 

the electrons are ejected from different shells. Here 

en  is number of electrons in the shell under 

consideration, Z  is the charge on the projectile (for 

proton and electron Z = 1 and 2 for alpha particle); 

)1( ee nn has been replaced by 21 ee nn   where 1en  

and 2en  stand for number of electrons in the shells 

under consideration. The values of iu  and iiu  stand 

for first and second ionization potentials and 

necessary quantum mechanical values of orbital 

energy and radial distance of maximum probability 

from Clementi and Roetti [31] and Desclanx [32] 

respectively. 

Finally, total direct double ionization cross section 

of Cu is, 

 (14)  

Where )3,4( dsQii

D  and )3,4( psQii

D stand for the 

direct double ionization cross section (DDICS) 

corresponding to ejection of one electron from 4s 

orbital and the other either from the 3p orbitals or 

3d orbital respectively.  

 

3. RESULTS AND DISCUSSION 

The calculated results of DICS along with 

experimental observations [33] have been shown 

in Table 1 and Fig.1. In Fig.1 curves of (4s, 3d) 

and (4s, 3p) stand for the contribution of direct 

double ionization cross sections to the total 

theoretical double ionization cross sections for 

the corresponding impact energy. The terms 

Total and Expt. represent total theoretical and 

total experimental DICS in the Table 

1respectively. Major contributions to DICS of Cu 

have been recorded from the pair of orbitals (4s, 

3d). The contributions from orbitals (4s, 3p) to 

DICS are found insignificant in different impact 

energies. 

In the lower energy range of 54 keV to 75 

keV/amu, the theoretical results overestimate the 

experimental data and the ratio factor is greater 

than 2. Our results come closer to experimental data 

of total double ionization cross sections with the 

increase of impact energy. The theoretical value of 

DICS at impact energy 300 keV/amu is 
216cm1098.0   which is same as experimental 

values at that impact energy. Energy above of 300 

keV/amu, the calculated results underestimates the 

                                                                                                    )3,4()3,4( psQdsQQ ii

D

ii

D

ii

D 
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experimental data and at 360 keV/amu their 

magnitude are               and     
         respectively. Here contribution of (4s, 

3p) has negligible contribution. It is because of the 

low energy state of electron in 3p. Electrons in 4s 

and 3d orbitals are in high energy states and yield 

major contribution to the cross sections of double 

ionization. Energy above 75keV/amu, all the 

theoretical results have ratio factor within 2. Out of 

the total number of theoretical data 75% are under 

valid range of ratio factor 2 and among the valid 

range 41% have ratio factor below 1.325 and hence 

calculated results of DICS lie in the acceptable 

range. 

  

Table 1: Double ionization cross sections of Cu atom by He
2+ 

particle in the unit of   10
-16 

cm
2
. 

E(KeV/amu) Contribution of Total Expt.[33] 

 (4s,3d) (4s,3p)   

 54 3.04 0.04 3.08 1.10 ± 0.40 

 62 2.91 0.04 2.95 0.90 ± 0.30 

 75 2.70 0.04 2.74 1.30 ± 0.20 

 88 2.51 0.04 2.55 1.30 ± 0.20 

 105 2.29 0.04 2.33 1.20 ± 0.20 

 125 2.06 0.04 2.10 1.20 ± 0.10 

 150 1.81 0.03 1.84 1.00 ± 0.10 

 180 1.56 0.03 1.59 1.20 ± 0.10 

 213 1.34 0.03 1.37 1,04 ± 0.09 

 250 1.14 0.03 1.17 0.95 ± 0.07 

 300 0.96 0.02 0.98 0.98 ± 0.07 

 360 0.75 0.02 0.77 1.00 ± 0.08 

 

 

Fig. 1: He
2+

 impact DICS of Cu atom of in the given 

energy range. Here  and  represents 

contribution to the cross section of ionization from pair 

of orbitals (4s, 3d) and (4s, 3p) and  and  

represents Experimental and total theoretical values of 

DICS of Cu. 

 
Fig. 2: Linear fit for theoretical results with experimental 

data. Error bars represent errors associated with 

theoretical values with respect to experimental data of 

DICS of Cu. 

 

The variation of error associated with theoretical 

results with the corresponding experimental values 

has been shown in Fig. 2. The magnitude of error 
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bar increases with the increase of cross section of 

ionization. This revels that, in general, theoretical 

results possess more errors in threshold energy 

range where cross sections of ionization have 

higher values. The linear correlation coefficient (R 

square) and standard deviation (SD) of linear fit are 

0.6984 and 0.7883 respectively. This shows that 

about 70 % of theoretical results of DICS are in 

close agreement to the experimental data of DICS 

and smaller value of standard deviation certifies 

that the theoretical results have less uncertainty. In 

low energy range the theoretical results are more 

apart from corresponding experimental values and 

possess relatively more error compared to 

intermediate and higher energy region.  

 

4. CONCLUSION 

The computational calculations of double ionization 

cross sections of Cu by He
2+

 under semi-classical 

model of binary encounter approximation are in 

satisfactory agreement with the available 

experimental data. The results are explained by 

taking into account of contribution of two pair of 

orbitals (4s, 4p) and (4s, 3d). Here one electron is 

ejected from 4s and next electron is either from 3d 

or 3p for double ionization. Normal Cu atom [1s
2
 

2s
2
 2p6 3s

2
] 3p6 3d

10
 4s

1 
. Here for double 

ionization of Cu, 4s
1
 loses an electron first during 

the interaction with projectile ion and next one 

electron is from 3d
10

 resulting the atom to state [1s
2
 

2s
2
 2p6 3s

2
] 3p6 3d

9
 4s

0 
. This is not an auto 

ionization state and no further ionization happen. 

Possibility of double ionization is only by direct 

double ionization by alpha particle. Electrons of 3p 

are at low energy state compared to 4s and 3d 

states. So ionization of electron from 3p has less 

chance and hence values of DICS for (4s, 3p) have 

very small values for given impact energies. Out of 

the total number of theoretical data 75% are under 

valid range of ratio factor 2 and among the valid 

range 41% have ratio factor below 1.325 and hence 

calculated results of DICS lie in the acceptable 

range. The model fails to account the physical 

insight of double ionization around threshold 

energy range. The energy imparted to the target 

atom spreads among orbital electron producing 

number of affects in threshold energy region and is 

of quantum nature which has not been included in 

our present semi classical mathematical formulation 

of binary encounter. The results can be improved 

by using density function theory (DFT). However, 

in general, majority of the calculated results are in 

satisfactory agreement with experiment. 
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