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Abstract. A non-perturbative relativistic tight-binding (TB) approximation method applicable to crystalline material immersed in
a magnetic field was developed and tested for crystalline silicon in 2015. To apply this method to any material in a magnetic field,
the electronic structure of the material in absence of the magnetic field must be calculated. In this study, we present the relativistic
TB approximation method for graphene in a zero magnetic field. The Hamiltonian and overlap matrices are constructed considering
the nearest neighboring atomic interactions between the s and p valence orbitals, where the relativistic hopping and overlap integrals
are calculated using the relativistic version of the Slater-Koster table. The method of constructing the Hamiltonian and overlap
matrices and the resulting energy-band structure of graphene in the first Brillouin zone is presented in this paper. The appearance
of a small band-gap at the k-points (also known as the spin-orbit gap) due to the relativistic effect seen at low temperature whose
magnitude is 25 µeV , have also been shown by the theory.
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Introduction

The popularity of graphene research mainly stems from
its unique and fascinating electronic [1, 2] and magnetic
properties [3, 4] and also due to the promise of potential
applications [5, 6] and the emergence of a new paradigm
of relativistic-condensed matter physics [7]. Some of
these physical properties are: its minimum conductance
never falls below the value corresponding to the smallest
quantum unit of conductance even when the charge car-
rier concentrations tend to zero [1], tunable conductivity
in twisted monolayer-bilayer graphene system, insulating
behavior at low temperatures [2], half-integer quantum
Hall effect [4], unconventional magnetic oscillations [8]
and strong orbital diamagnetism [9]. The anomalous elec-
tronic properties of graphene arise from its characteristic
band structure which is due to the effectively massless
charge carriers with relativistic behavior known as Dirac
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fermions at energies near the Fermi level where the con-
ical valence band and conduction band meet at a single
point in momentum space called the Dirac points.

Because of these physical properties of graphene, it
is desirable to investigate a first principle calculation
method that takes into account both the relativistic effect
and magnetic field. There are several studies where the
electronic structure is calculated with a non-relativistic
tight-binding model [10, 11] and a large number of these
studies have been without considering the overlap integral
[3, 11, 12]. There also exists a lot of credible relativis-
tic calculation methods of electronic structures in the
absence of a magnetic field [13–15] that have been suc-
cessfully applied to f -electrons of rare earth compound
Y bGa2 [15] and compound CeRu2 [16], but the electronic
structure calculation method that can deal with magnetic
field and relativistic effects simultaneously is desired for
the study.

In 2015 a Non-perturbative Tight-Binding (TB) method
called the magnetic-field-containing relativistic tight-
binding approximation method (MFRTB method) was
developed incorporating both the relativistic effects and
magnetic field in the same footing and was applied to sili-
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con crystal immersed in magnetic field [17]. The MFRTB
method was developed to alternatively describe the oscil-
latory behavior of the magnetization as a function of the
magnetic field (the de Haas-van Alphen effect) from a
viewpoint of the first-principle calculation. The MFRTB
method was successfully able to calculate the relativistic
energy band structures of silicon in an external magnetic
field [17] that explained the suppression of softening in
the elastic constant of boron-doped silicon in an external
magnetic field and also revisited the dHvA effect in a
first-principle way [18]. This method also presents the
relativistic version of the Slater-Koster table in which the
relativistic hopping integrals are explicitly expressed in
terms of relativistic TB parameters for the interactions
corresponding to 2s and 2p orbitals.

In order to apply the MFRTB method to materials in
magnetic fields, the magnetic hopping integrals must be
expressed in terms of the relativistic hopping integrals
for zero magnetic fields and a magnetic field-dependent
phase factor. So as an initial step, we need to formu-
late a relativistic TB model in zero magnetic field. A key
novelty of this work is the application of the relativistic
TB model to hexagonal lattices in the absence of mag-
netic fields, providing a foundation for future studies in-
volving magnetic fields. This has significant implications
for understanding relativistic effects in 2D materials and
crystalline systems. Hence, a relativistic TB model for
graphene in the absence of a magnetic field is formulated,
starting from the Dirac equation for an electron in a peri-
odic potential. The Dirac Hamiltonian matrix and overlap
matrix of the system are then constructed utilizing the rel-
ativistic Slater-Koster table considering the nearest neigh-
bor interactions between 2s and 2p orbitals. By solving
the general eigenvalue equation for different k-points in
the first Brillouin zone, the relativistic electronic structure
of graphene is obtained.

Hence, in this study we tried to address a critical area
in condensed matter physics, specifically the use of rela-
tivistic effects of the tight-binding (TB) model on hexag-
onal lattices. Our results have shown the appearance of
a band gap of 25 µeV for graphene at the Dirac points
due to the spin-orbit coupling (SOC), which is in excel-
lent agreement with the first principle calculation results
of graphene using the linearized augmented plane-wave
method incorporating the SOC [19].

Relativistic TB theory for graphene lattice in
zero magnetic field

Considering the two atoms of the unit cells of the honey-
comb lattice, we proceed to establish the equations for the
Hamiltonian matrix elements and the overlap matrix ele-
ments of the system. We represent the two atoms of the
unit cell as ‘A’ and ‘B’, as shown in Figure 1.

FIGURE 1: Illustration of a honeycomb lattice and unit
cell of graphene.

For lattice site ‘A’

The Dirac equation for an electron at lattice site ‘A’ is

ĤAΨ
α,~k(~r) = E(~k)Ψ

α,~k(~r) (1)

with the atomic Hamiltonian at site ‘A’ as

ĤA = c~α ·~p+βmc2 +VA(~r−~Rn) (2)

Where c denotes the velocity of light, m denotes the elec-
tron rest mass, ~α = (αx,αy,αz),β stands for the usual
4× 4 matrices [20], VA(~r− ~Rn) represents the Coulomb
potential due to the nucleus of the atom at site ’A’ located
at ~Rn, the subscripts α and~k of the eigenfunction Ψ

α,~k(~r)
represents the band index and crystal momentum respec-
tively.

ExpandingΨ
α,~k(~r) by using the Bloch sum of relativis-

tic atomic orbital φ A
nlJM(~r) of atom at ‘A’ as the basis func-

tion, we have

Ψ
α,~k(~r) = ∑

nlJM
CA

nlJM,~KBA
nlJM(~r) (3)

where CA
nlJM,~K

is the expansion coefficient and BA,~k
nlJM(~r)

denote the Bloch sum which is written as

BA,~k
nlJM(~r) =

1√
N ∑

~Rn

ei~k·~Rn φ
A
nlJM

(
~r−−→Rn

)
. (4)

The n,l,M, and J in Eq. (4) are the principle, angular mo-
mentum, total angular momentum, and magnetic quantum
numbers respectively. Here the relativistic atomic orbital
obeys the following Dirac equation;[

c~α ·~p+βmc2 +VA

(
~r−~Rn

)]
φ A

nlJM

(
~r−−→Rn

)
= εA

nlJφ A
nlJM

(
~r−−→Rn

) (5)

where εA
nlJ denotes the atomic spectrum for zero magnetic

field at site ‘A’, which is independent of M. Multiply-
ing by φ

†A′
n′l′J′M′(~r− ~Rn′) where ~Rn′ 6= ~Rn, A′ 6= A and inte-

grating and denoting the hopping and overlap integrals by
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tA′A
n′l′J′M′,nlJM(~Rn−~Rn′) and sA′A

n′l′J′M′,nlJM(~Rn−~Rn′), respec-
tively, the Hamiltonian and overlap matrix elements are
defined as

HA′
n′l′J′M′,nlJM(~k) = ∑

~Rn

ei~k·−→RntA′A
n′l′J′M′,nlJM

(−→
Rn−

−→
Rn′
)

(6)

and

SA′
n′l′J′M′,nlJM(~k) = ∑

−→
Rn

ei~k·−→RnSA′A
n′l′J′M′,nlJM

(−→
Rn−~Rn′

)
. (7)

So, Eq. (1) becomes

∑
nlJM

HA′A
n′l′J′M′,nlJM(~k)CA

nlJM,~K

= E(~k) ∑
nlJM

SA′A
n′l′J′M′,nlJM(~k)CA

nlJM,~k
(8)

After evaluating the relativistic hopping and overlap inte-
grals when the lattice site is considered to be at the origin
~Rn = 0, di = d j and when the lattice site is considered to
be elsewhere ~Rn 6= 0, di 6= d j and by neglecting the three
center integral, we get the matrix elements of the Hamil-
tonian and overlap Eq. (6) and Eq. (7) as:

HA′A
n′l′J′M′,nlJM(~k)

=
(
ε

A
nlJ +∆ε

A
nlJM

)
δn′l′J′M′,nlJMδi, j

+∑
~Rn

ei~k·~Rn
(

1−δ~Rn,0
δi, j

)
tnew,A′A
n′l′ j′M′,nlJM

(
~Rn

)
,

(9)

with

tnew,A′A
n′l′J′M′,nlJM(~Rn) =

1
2

(
ε

A
nlJ + ε

A′
n′l′J′

)
sA′A

n′l′J′M′,nlJM(~r−~Rn)

+
∫

φ
†A′
n′l′J′M′(~r)

(
VA′(~r)+VA(~r−~Rn)

2

)
φ

A
nlJM(~r−~Rn)d3~r

(10)

where ∆εA
nlJM is the crystal field energy due to the in-

fluence of other lattice sites on site ‘A’ written as

∆ε
A
nlJM =

∫
φ

†A′
n′l′J′M′(~r)

× ∑
~Rm 6=~Rn

∑
A′ 6=A

VA(~r−~Rm)φ
A
nlJM(~r−~Rm)d3~r,

(11)

and

SA′A
n′l′J′M′,nlJM(~k) = δn′l′J′M′,nlJM δi, j

+∑
~Rn

ei~k·~Rn
(

1−δ~Rn,0
δi, j

)
× sA′A

n′l′J′M′,nlJM(~Rn),

(12)

with

sA′A
n′l′J′M′,nlJM(~Rn) =

∫
φ

†A′
n′l′J′M′(~r)φ

A
nlJM(~r−~Rn)d3~r

(13)

For Lattice Site ‘B’

Similarly, for the lattice site B located at ~Rn+ ~di, where ~di
is the position vector from site A to site B, we can formu-
late the Hamiltonian and overlap matrix elements as:

HB′B
n′l′J′M′,nlJM(~k)

=
(
ε

B
nlJ +∆ε

B
nlJM

)
δn′l′J′M′,nlJMδi, j

+∑
~Rn

ei~k·~Rn
(

1−δ~Rn,0
δi, j

)
× tnew,B′B

n′l′ j′M′,nlJM

(
~Rn− ~di + ~d j

)
, (14)

with

tnew,B′B
n′l′J′M′,nlJM

(
~Rn− ~di + ~d j

)
=

1
2

(
ε

B
nlJ + ε

B′
n′l′J′

)
sB′B

n′l′J′M′,nlJM

(
~r−~Rn− ~di + ~d j

)
+
∫

φ
†B′
n′l′J′M′(~r)

(
VB′(~r)+VB(~r−~Rn)

2

)
×φ

B
nlJM

(
~r−~Rn− ~di + ~d j

)
d3~r (15)

where ∆εB
nlJM is the crystal field energy due to the influ-

ence of other lattice sites on site ‘B’ written as

∆ε
B
nlJM =

∫
φ

†B′
n′l′J′M′(~r)

× ∑
~Rm 6=~Rn

∑
B′ 6=B

VB

(
~r−~Rn− ~di + ~d j

)
×φ

B
nlJM

(
~r−~Rn− ~di + ~d j

)
d3~r, (16)

and

SB′B
n′l′J′M′,nlJM

(
~r−~Rn− ~di + ~d j

)
= δn′l′J′M′,nlJM δi, j

+∑
~Rn

ei~k·~Rn
(

1−δ~Rn,0
δi, j

)
× sB′B

n′l′J′M′,nlJM

(
~Rn− ~di + ~d j

)
,

(17)

with

sB′B
n′l′J′M′,nlJM

(
~Rn− ~di + ~d j

)
=
∫

φ
†B′
n′l′J′M′(~r)φ

B
nlJM

(
~Rn− ~di + ~d j

)
d3~r. (18)
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Hamiltonian and Overlap Matrix Elements
of the System

The equations of Hamiltonian matrix elements for sites
‘A’ and ‘B’ differ only in the position of lattice sites, so
formulating a general form of the Hamiltonian and over-
lap matrix elements considering the nearest neighboring
interactions in a hexagonal lattice,

Ĥn′l′J′M′,nlJM(~k) = (εnlJ +∆εnlJM)δn′l′J′M′,nlJMδi j

+
(

1−δ~Rn,0
δi j

)
∑
~Rn

3

∑
i=1

ei~k·(~Rn+~di)

× tnew
n′l′J′M′,nlJM(~Rn− ~di + ~d j)

(19)

and

Ŝn′l′J′M′,nlJM(~k) = (εnlJ +∆εnlJM)δn′l′J′M′,nlJMδi j

+
(

1−δ~Rn,0
δi j

)
∑
~Rn

3

∑
i=1

ei~k·(~Rn+~di)

× snew
n′l′J′M′,nlJM(~Rn− ~di + ~d j)

(20)

Here i = 1,2,3; as only the first nearest neighbors atoms
of the site A or B was considered in a honeycomb lattice
of graphene with di as their position vectors. The super-
scripts ‘A’ and ‘B’ are eliminated because both are carbon
atoms. Then Eq. (8) is rewritten as:

∑
nlJM

[
(εnlJ +∆εnlJM)δn′l′J′M′,nlJM

+∑
~Rn

3

∑
i=1

ei~k·(~Rn+~di)
(

1−δ~Rn,0
δi j

)

× tnew
n′l′J′M′,nlJM(~Rn− ~di + ~d j)

]
Ci

nlJM,~k

= E(~k)

[
δn′l′J′M′,nlJMδi j

+∑
~Rn

3

∑
i=1

ei~k·(~Rn+~di)
(

1−δ~Rn,0
δi j

)

× snew
n′l′J′M′,nlJM(~Rn− ~di + ~d j)

]
Ci

nlJM,~k
(21)

Eq. (21) is the simultaneous equation which is to be
solved to obtain the energy eigenvalues E(~k).

Method

Construction of Hamiltonian and Overlap
Matrix of the system

For our calculations, we have considered the atomic
states of 2s and 2p valance orbitals of carbon atom so
the interactions are among the following 8 atomic states:
(2,0,1/2,1/2),(2,0,1/2,-1/2),(2,1,1/2,1/2),(2,1,3/2,1/2),
(2,1,1/2,-1/2), (2,1,3/2,-1/2), (2,1,3/2,3/2) and (2,1,3/2,-
3/2). For these atomic interactions, we constructed the
Hamiltonian and overlap matrix using Eq. (19) and Eq.
(20). To obtain the numerical values of tnew

n′l′J′M′,nlJM(~Rn−
~di + ~d j) and snew

n′l′J′M′,nlJM(~Rn− ~di + ~d j) we used the rela-
tivistic version of the Slater-Koster table [17] to express
the hopping and overlap integrals in terms of the TB pa-
rameters K(i, j)

d (n′l′J′,nlJ)|M| and S(i, j)d (n′l′J′,nlJ)|M| and
then solved Eq. (10) and Eq. (12). Since the crystal field
energy is very small compared to the atomic spectrum,
we have neglected ∆εnlJM and used the atomic spectrum
εnlJM that is calculated using density functional theory
[21, 22] based on local density approximation [23]. The
numerical values of the term εnlJ +∆εnlJM are listed in
Table I. The numerical values of the TB parameters for
the 8 atomic states of the nearest neighboring atoms of
graphene K(i, j)

d (n′l′J′,nlJ)|M| and S(i, j)d (n′l′J′,nlJ)|M| has
been calculated [23] which are listed in Table II.

Energy States Numerical Values (eV)

ε20 1/2 +∆ε20 1/2 M −8.37

ε21 1/2 +∆ε21 1/2 M 0

ε21 3/2 +∆ε21 3/2 M 8.305×10−3

TABLE I: Numerical values of the sum of electronic
spectra and crystal field energy [23].

To solve Eq. (21) we first constructed a 16×16 Hamil-
tonian and overlap matrices using the values from Table
(1) and Table (2) and using Eq. (19) and Eq. (20) for
the 8 atomic states at sites A,B and A′,B′. The first term
vanishes for the non-diagonal elements (since n′l′J′M′ 6=
nlJM and i 6= j) and the second term vanishes for the di-
agonal elements (since i = j and ~Rn = 0).

Electronic Structure Calculation

Considering an atom to be at the origin, the coordinates

of its three nearest neighbors are
(

a√
3
,0
)

,
(
− a√

3
,

a
2

)
,
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(nlJM) Numerical Values (eV)

K1(20 1
2 , 20 1

2 ) 1
2

−5.727

K1(20 1
2 , 21 1

2 ) 1
2

−3.226

K1(20 1
2 , 21 3

2 ) 1
2

4.587

K1(21 1
2 , 21 1

2 ) 1
2

−1.81×10−2

K1(21 1
2 , 21 3

2 ) 1
2

−4.298

K1(21 3
2 , 21 3

2 ) 1
2

3.01

K1(21 3
2 , 21 3

2 ) 3
2

−3.064

S1(20 1
2 , 20 1

2 ) 1
2

1.012×10−1

S1(20 1
2 , 21 1

2 ) 1
2

9.739×10−2

S1(20 1
2 , 21 3

2 ) 1
2

−1.392×10−1

S1(21 1
2 , 21 1

2 ) 1
2

−7.904×10−2

S1(21 1
2 , 21 3

2 ) 1
2

2.081×10−1

S1(21 3
2 , 21 3

2 ) 1
2

−2.289×10−1

S1(21 3
2 , 21 3

2 ) 3
2

6.802×10−2

TABLE II: Relativistic TB parameters for the hopping
and overlap integrals for nearest neighboring graphene
atoms.

and
(
− a√

3
,−a

2

)
where a = 2.4 Å is the lattice constant.

It can be shown that the position coordinates of the high
symmetry points in the reciprocal lattice, as shown in Fig-
ure 2, are as follows:

Γ = (0, 0)

K =

(
2π

a
√

3
,

2π

3a

)
M =

(
2π

a
√

3
, 0
) (22)

After constructing the Hamiltonian and overlap matrix,
we solved the general eigenvalue Eq. (8) along a closed
contour K−Γ−M−K in the~k space to get the energy
eigenvalues E(~k) and obtained the electronic band struc-
ture.

FIGURE 2: (a) Illustration of real lattice and unit cell of
graphene. (b) Illustration of reciprocal lattice and first
Brillouin zone of graphene.

Result and Discussion

The energy diagram obtained from the calculation along
the closed contour K−Γ−M−K is shown in Fig. (4).
The obtained band gap energy at the K-point was 2.58×
10−5 eV whose value is in close agreement with the value
shown by the first-principle calculations considering spin-
orbit interaction done by the FLAPW method [19]. Our
approach remains valid and applicable for graphene be-
cause the spin-orbit gap value (≈ 25 µeV ) obtained is
in excellent agreement with first-principles calculations,
confirming the adequacy of our relativistic SK parameter-
ization. The absence of significant crystal field splitting
in 2D honeycomb structures justifies its exclusion in our
tight-binding framework. This method provides a com-
putationally efficient yet accurate way to study relativis-
tic effects in 2D materials, making it a practical tool for
future investigations involving external fields or strain ef-
fects.

In graphene, the SOC-induced band gap is too small for
practical observation, but its presence theoretically classi-
fies graphene as a quantum spin Hall insulator in an ide-
alized scenario. Experimentally, modifications via heavy
adatom doping could enhance SOC and enable its spin-
tronic applications [24].

Through this work, we have validated the success of
a novel semi-empirical method relativistic TB method to
calculate the electronic band structure of graphene con-
sidering relativistic effects. The success of the method
is demonstrated by correctly predicting the splitting of
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FIGURE 3: Band structure along the high symmetry
points. (a) Energy bands from K to Γ (b) Energy bands
from Γ to M. (c) Energy bands from M to K.

bands at the Dirac K-point. The magnetic field effects
can also be incorporated into the present model by utiliz-
ing the magnetic Bloch theorem and approximating the
magnetic hopping integrals as the relativistic hopping in-
tegrals multiplied by the magnetic field-dependent phase
factor. In conclusion, this is a coherent relativistic tight-
binding model that can be applied to accurately predict
the relativistic effects for various systems.

Conclusion

In this study, we developed a relativistic tight-binding
(TB) model for hexagonal lattices, starting from the Dirac

FIGURE 4: Enlarged view of the energy bands. The
distinct ππ∗ and σ bonding are successfully replicated.

equation and incorporating relativistic effects through the
Slater-Koster approach. By constructing the Hamiltonian
and overlap matrices and solving the eigenvalue equa-
tion, we obtained the electronic structure of graphene,
demonstrating the impact of SOC. The result showed a
band gap of ≈ 25 µeV , which aligns well with previous
first-principles calculations, confirming the validity of our
approach.

Our method, based on the Dirac equation and Slater-
Koster approach, offers a systematic and computationally
efficient way to study the electronic structure of hexago-
nal lattices while incorporating relativistic effects. Since
it only requires nearest-neighbor interactions and rela-
tivistic parameters, it can be easily extended to other
2D materials. Moreover, compared to first-principles
methods, this TB framework provides an analytical un-
derstanding of SOC effects while significantly reducing
computational cost. Its simplicity makes it a powerful
tool for large-scale simulations and for exploring external
field effects in condensed matter systems. These reflect
the generality and ease of application of our method for
future studies. Incorporation of magnetic field effect will
be the focus of future work.
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