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Abstract. Dusty plasmas are plasmas that contain charged dust particles, in addition to the usual ions and electrons, and are found
in space, industry, and laboratory experiments. Due to their omnipresence, studying them helps us understand natural phenomena
such as planetary rings, comet tails, and interstellar clouds, as well as improve plasma-based technologies on Earth. In this work,
we investigate the critical Mach number Mcr and small-amplitude solitary wave structures in an unmagnetized dust-acoustic waves
(DAWs) dusty plasma with superthermal kappa-distributed electrons κe and ions κi. Using the Sagdeev pseudopotential approach,
we analyze the effects of superthermal species, the ratio of dust to electron temperature σd, and the concentration of ion density δi.
The results show that the critical Mach number is affected by superthermal species and the ratio of dust to electron temperature.
The amplitude and width of small-amplitude solitary waves are also affected by the Mach number M and the concentration of
the ion density. These findings are relevant for understanding nonlinear wave dynamics in space and astrophysical dusty plasma
environments.
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1. INTRODUCTION

Dusty plasmas are plasmas that contain charged dust
particles, in addition to the usual ions and electrons, and
are found in space, industry, and laboratory experiments.
Due to their omnipresence, studying them helps us under-
stand natural phenomena such as planetary rings, comet
tails, and interstellar clouds [1, 2], as well as improve
plasma-based technologies on Earth [3]. Several studies
have been dedicated to the study of dust particles in differ-
ent fields [4, 5, 6, 7]. Dust particulates are found in both
nature and the man-made system. The presence of dust
particulates leads to the modification of plasma dielectric
properties [8, 9, 10]. The negativity of the dust grains is
caused by the higher thermal velocity of electrons com-
pared to that of ions [11]. The presence of massive and
highly charged dust grains modified the basic properties
of plasma known as dusty plasma, compared to those of
ordinary plasma [12].

Dust Acoustic (DA) waves are one of the basic waves
in plasma that have been studied theoretically [13, 14,
15]. and experimentally [16, 17]. The properties and
behavior of DAWs have been studied through research

that helps to understand dust dynamics in plasma systems.
The two critical factors that directly lead to the appear-
ance of dust acoustic waves (DAWs) are the presence of
massive, charged dust grains, which provide the inertia
needed for the low-frequency wave motion, and the ther-
mal pressure of electrons and ions, which provides the
restoring force that drives the wave. This combination
produces unique dynamics and characteristics of DAWs.
The phase velocity of the DAWs is greater than the ther-
mal velocity of charged dust grains but less than that of
electrons and ions, i.e., vtd << ω/k << vti,vte [13]. The
verification of ions of these types of wave is also experi-
mentally confirmed [16].

Many studies have focused on the linear and nonlinear
theories of dusty plasmas, yet research shows that they
can also generate large-amplitude waves. These waves
highlight the significance of nonlinear effects. Unmag-
netized DAWs using the Sagdeev potential approach for
variable dust charges and two different temperatures have
been studied [18]. They report that the expansion of the
Sagdeev potential led to the existence of both compressive
and rarefactive solitary waves. Sagdeev’s pseudopotential
approach has been used to study nonlinear periodic, soli-
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tary, and double-layer excitations in plasmas. It is found
that positive energy solitons are observed with a subsonic
Mach number [19]. Unmagnetized dusty plasma con-
sisting of kappa-distributed electrons for DAWs has been
studied using Sagdeev’s potential approach for analyzing
concentrations and various sizes of dust grains [20]. The-
oretical analysis in magnetized dusty plasmas using the
Sagdeev pseudopotential method has established that the
amplitude of DAWs has a direct relation with Mach num-
ber [21]. It is found that both compressive and rarefactive
potentials can coexist, and the ion density ratio plays a
crucial role in this coexistence.

We have studied the critical Mach number and small-
amplitude solitary wave structures in an unmagnetized
dusty plasma containing superthermal kappa-distributed
electrons and ions. Employing the Sagdeev pseudopo-
tential method, we explore the influence of superthermal
particles, the ratio of dust to electron temperature, and
ion density concentration. The results provide insight into
nonlinear wave behavior in space and astrophysical dusty
plasma environments. This article is organized into four
sections. The first section includes the introduction, the
second section presents our assumptions and the govern-
ing equations, the third section interprets the results and
discussion, and the fourth section presents the conclusion
of our research work.

2. BASIC EQUATIONS

We consider an unmagnetized dusty plasma consisting
of electrons and ions having kappa distributions and neg-
atively charged dust grains. The propagation of DAWs in
one dimension, having low-frequency waves in a plasma
containing warm dust particles (γ = 3), is governed by
the following continuity, momentum, and poisson’s equa-
tions,

∂nd

∂ t
+

∂

∂x
(ndvd) = 0, (1)

mdnd

(
∂vd

∂ t
+vd

∂vd

∂x

)
=−qdnd

∂φ

∂x
− ∂ pd

∂x
, (2)

and

∂ 2φ

∂x2 =−1
ε 0

(ene − eni −qdnd), (3)

where vd, and md, are the fluid velocity and mass of dust
particles, respectively, ns, is the number density of species
s(= i,e,d), qd = −Zd0e is the stationary charge dust
grains, e is the electronic charge, and φ is the electrostatic
potential. The dust partial pressure is pd = Tdnγ

d/nγ−1
0 .

Here, x and t are the space and time variables. In Eq. 3,

the electron and ion number densities are given by the κ

distributions [22],

ne = ne0

(
1− eφ

Te(κe −3/2)

)−κe+1/2

, (4)

and

ni = ni0

(
1+

eφ

Ti(κi −3/2)

)−κi+1/2

, (5)

where Ts is the temperature of the species s.
Let us introduce the dimensionless quantities as

X = x/λD,Ψ = eφ/Te,Ns = ns/ns0,ud = vd/Cd,

t = t/ωpd,

where λD =
(
ε0Te/Zd0nd0e2

)
is the length of the Debye

dust, Cd = (Zd0Te/md)
1/2 is the acoustic speed of the dust

and ωpd =
(
Z2

d0nd0e2/ε0md
)1/2 is the plasma frequency of

the dust.
Using dimensionless quantities, the normalized form of

Eqs. (1 - 5) yield

∂Nd

∂ t
+

∂

∂X
(Ndud) = 0, (6)
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+ud

∂ud
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, (7)

∂ 2Ψ

∂X2 = Neδe −Niδi +Nd, (8)

Ne =

(
1− Ψ

κe −3/2

)−κe+1/2

, (9)

and

Ni =

(
1+

Ψ

σi (κi −3/2)

)−κi+1/2

, (10)

where σd = Td/Te, δe = ne0/Zd0nd0, and δi = ni0/Zd0nd0.
To study the existence of an arbitrary wave amplitude

of the dust particle from Eqs. (6 - 10). Let us introduce
the stationary frame ξ = X −Vt, V being the velocity
of the waves, and using the boundary conditions ξ → ∞,
ud → u0, Nd → 1, Ψ → 0, and integrate and combine the
equations. (6), and (7), yield

3σdN4
d −N2

d (M
2 +3σd +2Ψ)+M2 = 0, (11)

where M =V −u0, being the Mach number in the rest of
the frame. This equation is in the quadratic form of N2

d
and can be solved as

N2
d =

(M2 +3σd +2Ψ)±
√
(M2 +3σd +2Ψ)2 −12σdM2

6σd
.

(12)
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Assume

Nd =
√

p±√
q. (13)

Squaring Eq. (13) and comparing with Eq. (12), yield

Nd =
[(M+3σd)

2 +2Ψ]1/2 − [(M−3σd)
2 +2Ψ]1/2

2
√

3σd
.

(14)
The negative branch of the dust density has been taken in
Eq. (14) to satisfy the boundary conditions. As a result,
the simple algebraic form of the RHS of Eq. (12) has been
obtained. Using Eqs. (9), (10), and (14) into Eq. (8) yield
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]
.

(15)
Now, multiply Eq. (15) by Ψ′ on both sides and integrate,
yielding the "energy integral"

1
2

(
dΨ

dξ

)2

+V (Ψ) = 0, (16)

where the Sagdeev potential or the pseudopotential V (Ψ)
of the plasma system with "coordinate" Ψ (pseudo posi-
tion) and ξ the "time" given by
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1

6
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To have a solitary wave solution, the pseudopotential
must satisfy the condition,

V (0) = 0 =
∂V (0)

∂Ψ
,

∂ 2V (0)
∂Ψ2 < 0. (18)

Thus, the physical solution of Eq. (16) holds if

δe
κe −1/2
κe −3/2

− δi

σi

κi −1/2
κi −3/2

+
1
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i.e.,
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√√√√3σd +
1
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. (20)

Eq. (20), satisfies the lower limit of the Mach number, M,
and provides the necessary condition for the existence of
SWs. Eq. (20) depicted that the lower limit of M depends
on the concentration of dust temperature, the concentra-
tion of ion density δi, the concentration of electron den-
sity δe, and the superthermal species for electrons κe and
ions κi. Again, the series expansion of V (Ψ) is carried
out about the origin (Ψ = 0), to study the small amplitude
solitary wave structures. We adopt the method followed
by [23] for the investigations of small-amplitude solitons,
and consider
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(23)
The analytical solution of Eq. (21) gives the usual Korteweg-
de Vries (KdV)-type solution

Ψ(ξ ) =−Ψmaxsech2 (ξ/∆w) , (24)

where the maximum amplitude or potential of the soliton
(Ψmax), and the width of the soliton ∆w yield

Ψmax = A/B, (25)

.

∆w =
√
−2/A. (26)

The potential (Ψ) may be positive or negative, depend-
ing on the value of B. If B > 0 (B < 0), Ψ is positive
(negative). In other words, the sign of the potential of the
small-amplitude solitons included in the plasma model is
determined by the sign of the coefficient of Ψ3 in the Tay-
lor expansion of V (Ψ) about Ψ = 0.

3. RESULTS AND DISCUSSION

To perform the numerical calculation, we used parame-
ters relevant to the photoassociation region that separates
HII regions from dense molecular clouds [14, 24]. The
critical Mach number Mcr as a function of the concentra-
tion of ion temperature, σi = Ti/Te for different values
of the concentration of dust temperature σd = Td/Te is
shown in Fig. 1. It is found that as the dust concentration
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increases, the critical Mach number also increases. The
physical reason behind this is that σd has a direct relation
with Mcr as seen in Eq. (20) which causes an increase in
Mcr as an increase in σd. The profiles of the critical Mach
number Mcr as a function of the concentration of ion tem-
perature σi for the different values of the superthermal
species κi and κe are depicted in Figs. 2 (a) and 2 (b),
respectively. On increasing the superthermal species κi
and κe, the critical Mach number is found to decrease
as both have an inverse relation with Mcr seen from Eq.
(20). The qualitative similarity plots for κi and κe are that
the enhanced superthermal ion and electron components
associated with a κ-distribution with low κ have only a
quantitative effect. The values that support solitons have
different critical Mach numbers in the two cases.
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FIGURE 1: Profiles of the critical Mach number Mcr as
a function of the concentration of the ion temperature
(σi = Ti/Te) for different values of concentration of dust
temperature σd = Td/Te with κi = 2, κe = 5, the
concentration of ion density δi = 5.

The critical Mach number Mcr as a function of the con-
centration of ion temperature, σi = Ti/Te for different val-
ues of the concentration of dust temperature σd = Td/Te is
shown in Fig. 1. It is found that as the dust concentration
increases, the critical Mach number also increases. The
physical reason behind this is that σd has a direct relation
with Mcr as seen in Eq. (20) which causes an increase in
Mcr as an increase in σd. The profiles of the critical Mach
number Mcr as a function of the concentration of ion tem-
perature σi for the different values of the superthermal
species κi and κe are depicted in Figs. 2 (a) and 2 (b),
respectively. On increasing the superthermal species κi
and κe, the critical Mach number is found to decrease
as both have an inverse relation with Mcr seen from Eq.
(20). The qualitative similarity plots for κi and κe are that
the enhanced superthermal ion and electron components
associated with a κ-distribution with low κ have only a
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FIGURE 2: Profiles of the critical Mach number Mcr as a
function of the concentration of the ion temperature
(σi = Ti/Te) for different values of superthermal species
for (a) ion and (b) electron, with concentration of dust
temperature σd = 0.03, and the concentration of ion
density δi = 5.

quantitative effect. The values that support solitons have
different critical Mach numbers in the two cases.

Figs. 3, 4, and 5 correspond to Eq. (24) for the study
of small-amplitude solitary wave structures. The normal-
ized perturbed potential as a function of the normalized
distance for different Mach numbers is depicted in Fig.
3. The Mach number (M) is chosen in such a way that
its value should be greater than the critical Mach number
(Mcr). The critical Mach number Mcr corresponding to
σi = 0.15 and σd = 0.03 is found to be 1.36. It is found
that with an increase in Mach number M, the solitary
amplitude decreases, and its width increases. The soli-
tary amplitude decreases from 0.0994 to 0.0991, while
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its width increases from 0.1899 to 0.1903. The normal-
ized perturbed potential as a function of normalized dis-
tance for different values of κi is shown in Fig. 4. From
Eqs. (22), and (23), it is found that on increasing κi, the
nonlinear coefficient A remains the same while the dis-
persion coefficient B decreases, which leads to the incre-
ment of normalized perturbed potential as observed from
Eq. (25). Further, the increment of the normalized per-
turbed potential leads to the increment of the width [Seen
in Fig. 4]. The result obtained indicated that on increas-
ing superthermal indices κi, their amplitude and width in-
crease. The maximum amplitude and width for κi = 4 are
found to be 0.49 and 0.64, respectively, while their min-
imum amplitude and width for κi = 2 are 0.13 and 0.51,
respectively. Profiles of the normalized perturbed poten-
tial as a function of the normalized distance for different
values of ion density concentration, as in the legend, are
depicted in Fig. 5. On increasing the concentration of
ion density δi, the nonlinear coefficient A and the disper-
sion coefficient B both decrease. As a result, the maxi-
mum amplitude decreases and the soliton width increases
[Seen in Eqs. (25) and (26), respectively]. The maximum
amplitude and width corresponding to δi = 1.7 are 0.11
and 0.32, respectively, while the minimum amplitude and
width corresponding to δi = 5 are 0.10 and 0.19, respec-
tively.
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FIGURE 3: Profiles of the normalized wave amplitude Ψ

as a function of the normalized distance ξ for different
values of the Mach number with concentration of ion
temperature σi = 0.15, concentration of dust temperature
σd = 0.03, and concentration of ion density δi = 5.
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FIGURE 4: Profiles of the normalized wave amplitude Ψ

as a function of the normalized distance ξ for different
values of κi, with Mach number M = 1.4, concentration
of the ion temperature σi = 0.15, concentration of dust
temperature σd = 0.03, and concentration of ion density
δi = 5.
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FIGURE 5: Profiles of the normalized wave amplitude Ψ

as a function of the normalized distance ξ for different
values of the concentration of ion density δi,with Mach
number M = 1.4, concentration of the ion temperature
σi = 0.15, and concentration of dust temperature
σd = 0.03.

4. CONCLUSION

We have studied the arbitrary amplitude and small am-
plitude solitary waves in an unmagnetized dusty plasma
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with superthermal κ-distributed electrons and ions using
the Sagdeev pseudopotential approach. It is found that for
arbitrary amplitude, the concentration of dust tempera-
ture, superthermal species for ion and electron, i.e., κi and
κe, affects the critical Mach number Mcr. Further, for the
small amplitude, the Mach number, κi, and the concen-
tration of ion density δi affect both amplitude and width.
However, this model can be extended for future works,
including different physical parameters such as magnetic
fields and dust charge fluctuations for adiabatic and nona-
diabatic dust charge variation systems. These findings
provide valuable insight into nonlinear wave dynamics in
space and astrophysical dusty plasma environments.
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