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ABSTRACT 
In this paper we prove a unique common coupled fixed point theorem for two pairs of w -compatible mappings satisfying two 

contractive conditions in partial G -metric spaces. We also furnish an example to support our main theorem.  
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INTRODUCTION  
Dhage [5] introduced the concept of D metric spaces to generalize the ordinary metric spaces and 

proved several results, for example, refer [5, 6, 7]. Unfortunately almost all results are invalid (see [19, 20, 

21, 13, 15]). To modify D metric space, Mustafa and Sims [13] introduced the concept of G metric 

spaces and obtained some results in their papers. Later several authors, for instance, [4, 10, 2, 3, 22, 24, 25, 

26, 9, 14, 16, 17, 18], proved some fixed, common fixed and coupled fixed point theorems in G metric 

spaces. 

Recently Salimi and Vetro [23] defined partial G metric spaces using the concept of partial metric 

spaces introduced by Mathews [12]. 

Kaewcharoen [10] proved a unique common fixed point theorem for four self mappings on a G  

complete metric spaces. The intent of this paper is to extend the theorem of kaewcharoen [10] in partial 

G metric spaces. We illustrated our theorem with an example. 

First we state the following known definitions, lemmas and propositions. 

Definition 1.1 [5]:  Let X  be a non-empty set. A D metric on X  is a function )[0,: 3 XD  

ORIGINAL RESEARCH ARTICLE       OPEN ACCESS  

 

mailto:kprrao2004@yahoo.com


 

Rao et. al., Vol. 12, No. II, December, 2016, pp 7-28. 

8 
 

that satisfies the following conditions for each Xazyx ,,, ,   

    1.  0=),,( zyxD  if and only if zyx == ,  

    2.  }),,{(=),,( zyxpDzyxD  where p  is a permutation function,  

    3.  ),,(),,(),,(),,( zyaDzaxDayxDzyxD  .  

Then the pair ),( DX  is called a D -metric space.  

Definition 1.2 [13] : Let X  be a non-empty set and let )0,:  [XXXG  be a function satisfying 

the following properties : 

)( 1G : 0=),,( zyxG  if zyx == , 

)( 2G : ),,(<0 yxxG  for all Xyx ,  with yx  , 

)( 3G : ),,(),,( zyxGyxxG   for all Xzyx ,,  with zy  , 

)( 4G : ...=),,(=),,(=),,( xzyGyzxGzyxG , symmetry in all three variables, 

)( 5G : ),,(),,(),,( zyaGaaxGzyxG   for all Xazyx ,,, . 

Then the function G  is called a generalized metric or a G -metric on X  and the pair ),( GX  is called a 

G -metric space.  

Definition 1.3 [12]:  A partial metric on a non-empty set X  is a function )[0,:  XXp  such that 

for all Xzyx ,, , 

)( 1p  ),(=),(=),(= yypyxpxxpyx  , 

)( 2p  ),(),(),,(),( yxpyypyxpxxp  , 

)( 3p  ),(=),( xypyxp , 

)( 4p  ).,(),(),(),( zzpyzpzxpyxp   

The pair ),( pX  is called a spacemetricpartial    (PMS).  

Definition 1.4 [23]:  Let X  be a non-empty set and let )[0,:  XXXP  be called a partial G

-metric if the following conditions are satisfied:   
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(P1)  If zyx ==  then ),,(=),,(=),,(=),,( zzzPyyyPxxxPzyxP ,  

(P2) ),,(3),,(),,(),,( zyxPzzzPyyyPxxxP  for all Xzyx ,,, ,  

(P3) ),,(<),,(
3

2
),,(

3

1
yyxPyyyPxxxP   for all Xyx ,  with yx  ,  

(P4) ),,(
3

1
),,(),,(

3

1
),,( zzzPzyxPxxxPyxxP   for all points Xzyx ,,  with  

           zy  ,  

(P5) =),,(=),,(=),,( xzyPyzxPzyxP (symmetry in three variables),  

(P6) ),,(),,(),,(),,( aaaPzyaPaaxPzyxP   for any Xazyx ,,, .  

Then the pair ),( PX  is called a partial G -metric space (in brief PGMS).  

Example 1.1 [23]:  Let )[0,= X  and define }),{max},{max},{max(
3

1
=),,( zxzyyxzyxP   for 

all points Xzyx ,, . Then  PX ,  is a PGMS.  

The following Proposition gives some properties of a partial G -metric. 

Proposition 1.1 [23]:  Let ),( PX  be a PGMS. Then for Xazyx ,,, , the following properties hold:   

    1.  If ),,(=),,(=),,(=),,( zzzPyyyPxxxPzyxP , then zyx ==   

    2.  If 0=),,( zyxP  then zyx == ;  

    3.  If yx  , then 0>),,( yyxP   

    4.  ),,(),,(),,(),,( xxxPzxxPyxxPzyxP   for any Xazyx ,,, .  

    5.  ),,(),,(2),,( xxxPyxxPyyxP  ;  

    6.  ),,(2),,(),,(),,(),,( aaaPaazPaayPaaxPzyxP   ;  

    7.  ),,(
3

1
),,(

3

2
),,(),,(),,( zzzPaaaPzyaPzaxPzyxP   with zy  ;  
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    8.  ),,(
3

1
),,(

3

2
),,(),,(),,( yyyPaaaPyyaPayxPyyxP   with yx  ;  

Definition 1.5 [23]:  Let ),( PX  be a PGMS. Then   

    1.  A sequence }{ nx  is GP  -convergent to Xx  if and only if  

 ).,,(lim=),,(lim=),,( nn
n

n
n

xxxPxxxPxxxP


 

    2.  A sequence }{ nx  is GP 0 -Cauchy if and only if  

 0.=),,(lim
,

mmn
nm

xxxP


 

    3.  A partial G -metric space ),( PX  is said to be GP 0 -complete if and only if every 

GP 0 -Cauchy sequence in X  GP  -converges to a point Xx  such that 0=),,( xxxP . 

Example 1.2 [23]: Let [0,1]=X  and )[0,: 3 XP  be defined by 

},{max},{max},{max=),,( zxzyyxzyxP   for all points Xzyx ,, . Then ),( PX  is a  GP0

complete partial G metric space.  

Lemma 1.1 [23]:  Let  PX ,  be a partial G -metric space and }{ nx  be a sequence in X . Assume that 

}{ nx  GP  -converges to Xx  and 0=),,( xxxP . Then ),,(=),,(lim yyxPyyxP n
n 

 for all Xy .  

Similarly we can have the following Lemma.  

Lemma 1.2:  Let ),( PX  be a partial G -metric space and }{ nx  be a sequence in X . Assume that }{ nx  

GP  -converges to Xx  and 0=),,( xxxP . Then ),,(=),,(lim yxxPyxxP nn
n 

 for all Xy .  

Bhskar and Lakshmikantham [8] developed some coupled fixed point theorems for a mapping satisfying 

mixed monotone property in partially ordered metric spaces. Later Lakshmikantham and Ciric [11] 

extended the notion of mixed monotone property to mixed g-monotone property and generalized the 

results of [8]. Abbas et al. [1] introduced w compatible mappings and proved some common coupled 

fixed point theorems in cone metric spaces. 

Definition 1.6 [8]:  An element XXyx ),(  is called a coupled fixed point of a mapping 

XXXF :  if ),(= yxFx  and ),(= xyFy .  

Definition 1.7 [11]:  An element XXyx ),(  is called 
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)(i  a coupled  coincident  point of mappings XXXF :  and XXf :  if 

),(= yxFfx  and ),(= xyFfy . 

)(ii  a common  coupled  fixed  point of mappings XXXF :  and XXf :  if 

),(== yxFfxx  and ),(== xyFfyy .   

Definition 1.8 [1]:  The mappings XXXF :  and XXf :  are called a w  - compatible  pair 

if ),(=)),(( fyfxFyxFf  and ),(=)),(( fxfyFxyFf  whenever ),(= yxFfx  and ),(= xyFfy . 

In 2012 , A.Kaewcharoen [10] proved the following  

Theorem 1.1 (Theorem 2.1, [10]):  Let X  be a G complete metric space. suppose that },{ Sf  and 

},{ Tg  are weakly compatible pairs of self-mappings on X  satisfying  

 


















)),,(),,((
2

1

,),,(),,,(),,,(

max),,(
SxgygyGTyfxfxG

TygygyGSxfxfxGTySxSxG

hgyfxfxG  

 and  

 


















)),,(),,((
2

1

,),,(),,,(),,,(

max),,(
SxSxgyGTyTyfxG

TyTygyGSxSxfxGTyTySxG

hgygyfxG  

 for all Xyx ,  where 









2

1
0,h . Suppose that TXfX   and SXgX  . If one of TX  or SX  is a 

G closed subspace of X , then Sgf ,,  and T  have a unique common fixed point. 

Now we give our main result.  

MAIN RESULT  

Theorem 2.1:  Let ),( PX  be a partial G -metric space. Suppose that XXXgf :,  and 

XXTS :,  be satisfying  

(2.1.1) )()(),()( XSXXgXTXXf  , 

(2.1.2)  },{ Sf  and },{ Tg  are w -compatible pairs, 

(2.1.3)  One of )(XT  or )(XS  is GP 0 -complete subspace of X , 
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(2.1.4)  )),(),,(),,(()( vugyxfyxfPa   

 







































)]),,(),,(()),,(),,(([
2

1

)],),,(),,(()),,(),,(([
2

1

),),,(),,((),),,(),,((

),),,(),,((),),,(),,((

),,,(),,,(

max

SyuvguvgPTvxyfxyfP

SxvugvugPTuyxfyxfP

TvuvguvgPTuvugvugP

SyxyfxyfPSxyxfyxfP

TvSySyPTuSxSxP

k  

              and 

)),(),,(),,(()( vugvugyxfPb   

          







































)],),,((),),,(([
2

1

)],,),,((),),,(([
2

1

),,),,((),,),,((

),,),,((),,),,((

),,,(),,,(

max

SySyuvgPTvTvxyfP

SxSxvugPTuTuyxfP

TvTvuvgPTuTuvugP

SySyxyfPSxSxyxfP

TvTvSyPTuTuSxP

k  

for all Xvuyx ,,, , where )
2

1
[0,k . 

Then Sgf ,,  and T  have a unique common coupled fixed point in XX  .  

Proof: Let  XXyx x),( 00  . From (2.1.1) , we can construct the sequences }{ nx , }{ ny , }{ nz  and }{ nw  

such that 

            ,==),( 21222 nnnn zTxyxf    

            ,==),( 21222 nnnn wTyxyf   

            ,==),( 12221212  nnnn zSxyxg  
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            ...0 , 1 , 2 ,=  ,==),( 12221212 nwSyxyg nnnn   

Now from )(2.1.4)(b , we have 

)),(),,(),,((=),,( 221212121221212 nnnnnnnnn yxfyxgyxgPzzzP    

            















































)],,(),,([
2

1

)],,,(),,([
2

1

),,,(),,,(

),,,(),,,(

),,,(),,,(

max

121212222

121212222

22122212

1212212122

22122212

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

wwwPwwwP

zzzPzzzP

wwwPzzzP

wwwPzzzP

wwwPzzzP

k  

            ,

)],,(2),,([2
2

1

)],,,(2),,([2
2

1

),,,(),2,,(2

),,,(),2,,(2

),,,(),,,(

max

122221212

122221212

2121221212

12221222

22122212















































nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

wwwPwwwP

zzzPzzzP

wwwPzzzP

wwwPzzzP

wwwPzzzP

k   

                          )( 1 . 1 ) (  )( 6 vnP r o p o s i t i oandPfrom  

 












),,(),,,(

),,,(),,,(
max2=

212122212

212122212

nnnnnn

nnnnnn

wwwPwwwP

zzzPzzzP
k  (2.1) 

Similarly we can prove, 

 





































),,(

),,,(

),,,(

),,,(

max2),,(

21212

2212

21212

2212

21212

nnn

nnn

nnn

nnn

nnn

wwwP

wwwP

zzzP

zzzP

kwwwP  (2.2) 

 Thus from (2.1) and (2.2), we have  
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),,(

),,,(

),,,(

),,,(

max2
),,(

),,,(
max

21212

2212

21212

2212

21212

21212

nnn

nnn

nnn

nnn

nnn

nnn

wwwP

wwwP

zzzP

zzzP

k
wwwP

zzzP
 (2.3) 

Now suppose that  

0=)},,(),,,({max 12221222  nnnnnn wwwPzzzP . 

Then we have nn zz 212 =  and nn ww 212 =  from Proposition 1.1(ii)  

From  (2.3),   

 0=)},,(),,,({max 2121221212 nnnnnn wwwPzzzP   (2.4) 

 so that 122 = nn zz  and 122 = nn ww . 

Now from )(2.1.4)(a , we can prove  

 





































),,(

),,,(

),,,(

),,,(

max2),,(

222212

21212

122222

21212

122222

nnn

nnn

nnn

nnn

nnn

wwwP

wwwP

zzzP

zzzP

kzzzP  (2.5) 

 and  

 





































),,(

),,,(

),,,(

),,,(

max2),,(

222212

21212

122222

21212

122222

nnn

nnn

nnn

nnn

nnn

wwwP

wwwP

zzzP

zzzP

kwwwP  (2.6) 

 Thus from (2.5)  and (2.6) , we have  

 














































),,(

),,,(

),,,(

),,,(

max2
),,(

),,,(
max

122222

21212

122222

21212

122222

122222

nnn

nnn

nnn

nnn

nnn

nnn

wwwP

wwwP

zzzP

zzzP

k
wwwP

zzzP
 (2.7) 
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 Using (2.4)  in (2.7),  we get  

0=)},,(),,,({max 122222122222  nnnnnn wwwPzzzP  

so that 1222 =  nn zz  and 1222 =  nn ww . 

Continuing in this way we get === 22122  nnn zzz  and === 22122  nnn www  

Thus }{ nz  and }{ nw  are Cauchy sequences.  

Assume that 0>)},,(),,,({max 1111 nnnnnn wwwPzzzP   for all n . 

Now from (2.3)  and (2.7)  we have  

 


















































),,(

),,,(
max)(2

.

.

.

),,(

),,,(
max)(2

),,(

),,,(
max2

),,(

),,,(
max

110

110

122

1122

1

1

11

11

wwwP

zzzP
k

wwwP

zzzP
k

wwwP

zzzP
k

wwwP

zzzP

n

nnn

nnn

nnn

nnn

nnn

nnn

 

Thus  

 0=),,(lim 11 


nnn
n

zzzP  (2.8) 

 and  

 0=),,(lim 11 


nnn
n

wwwP  (2.9) 

 For Nnm ,  with nm > , we have  

),,(),,(),,(),,( 122111 mmmnnnnnnmmn zzzPzzzPzzzPzzzP     
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),,(

),,,(
max])(2...)(2)[(2

110

11011

wwwP

zzzP
kkk mnn

 

 











),,(

),,,(
max  

21

)(2

110

110

wwwP

zzzP

k

k n

 

 Thus  

   0=,,lim
,

mmn
mn

zzzp


 (2.10) 

 Similarly, we have  

   0=,,lim
,

mmn
mn

wwwp


 (2.11) 

 Thus }{ nz  and }{ nw  are  GP0  Cauchy sequences in X . 

Suppose )(XS  is GP 0  complete. Then the sequences }{=}{ 2212  nn Sxz  and }{=}{ 2212  nn Syw  

GP   converge to points )(, XS  such that 0=),,( p  and 0=),,( P  and Su=  and 

Sv=  for some Xvu , . 

Since }{ nz  and }{ nw  are  GP0  Cauchy and from (2.8)  and (2.9), it follows that }{ 2nz  and 

}{ 2nw  are GP  converge to   and   respectively. 

Using )(2.1.4)(b , we obtain that  

)),(),,(),,((=)),(,,( 121212121212 vufyxgyxgPvufzzP nnnnnn   

                    











































)],,(),),,(([
2

1

)],,,(),),,(([
2

1

),,,(),,,(

),,),,((),,),,((

),,,(),,,(

max

1222

1222

22122212

2222

SvSvwPwwuvfP

SuSuzPzzvufP

wwwPzzzP

SvSvuvfPSuSuvufP

wwSvPzzSuP

k

nnn

nnn

nnnnnn

nnnn

 

havewenLetting      
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)],,(),),,(([
2

1

)],,,(),),,(([
2

1
),,),,((),,),,((0,0,

max)),(,,(









PuvfP

PvufP

uvfPvufP

kvufP

 

                                      

from (2.8), (2.9),  Lemmas (1.1) and (1.2) 

  ),),,((),,),,((max=  uvfPvufPk  (2.12) 

 Using )(2.1.4)(b  to )),(,,( 1212 uvfwwP nn   and then letting n , we get  

 )},),,((),,),,(({max)),(,,(  uvfPvufPkuvfP   (2.13) 

 Thus from (2.12)  and (2.13)  we have 

 ),),,((),,),,((max
)),(,,(

)),,(,,(
max 




uvfPvufPk

uvfP

vufP










 

which in turn yields from Proposition 1.1(ii)  that Suvuf ==),(   and Svuvf ==),(  . Thus ),(   

is a coupled coincidence point of f  and S . Since },{ Sf  is a w -compatible pair, we have 

),(=  fS  and ),(=  fS . 

We next prove that  =S  and  =S . 

Applying )(2.1.4)(b , we obtain that  

)),(),,(),,((=),,( 121212121212  fyxgyxgPSzzP nnnnnn   

                .

)],,(),),,(([
2

1

)],,,(),),,(([
2

1

),,,(),,,(

),,),,((),,),,((

),,,(),,,(

max

1222

1222

22122212

2222





















































SSwPwwfP

SSzPzzfP

wwwPzzzP

SSfPSSfP

wwSPzzSP

k

nnn

nnn

nnnnnn

nnnn

 



 

Rao et. al., Vol. 12, No. II, December, 2016, pp 7-28. 

18 
 

Taking n , we have  
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1
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SSPSP

SSPSP

SSSPSSSP

SPSP

kSP

 

                            from lemma (1.1), (1.2) and (2.8), (2.9)                        
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1
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),,,(),,(

),,,(),,(
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max











SSPSP

SSPSP

SSPSP

SSPSP

SPSP

k  

          













),,(),,(

),,,(),,(
max





SSPSP

SSPSP
k  (2.14) 

 Using )(2.1.4)(b  to ),,( 1212 SwwP nn   and then letting n ,we get  

         













),,(),,(

),,,(),,(
max ),,(






SSPSP

SSPSP
kSP  (2.15) 

 From (2.14)  and (2.15), we have  
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Thus  
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),,,(
max

1),,(

),,,(
max









SSP
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k

k

SP
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 (2.16) 

 

Using )(2.1.4)(a , we have 

)),(),,(),,((=),,( 121212  ffyxgPSSzP nnn   

             .
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Taking n , we have  
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1

),0,0,,,(),,(

),,,(),,(

),,,(),,,(
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),,(),,(

),,,(),,(
max=





SSPSP

SSPSP
k  (2.17) 

 Applying )(2.1.4)(a  to ),,( 12  SSwP n  and then letting n , we get  
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 From (2.17) and (2.18), we have 






















),,(),,(

),,,(),,(
max

),,(

),,,(
max









SSPSP

SSPSP
k

SSP

SSP
 

                          











)},,(),,,({max

)},,(),,,({max





SSPSSP

SPSP
k  

Thus  




















),,(

),,,(
max

1),,(

),,,(
max









SP

SP

k

k

SSP

SSP
  (2.19) 

 From (2.16) and (2.19), we have  
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SP
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k

k

SP

SP
 

so that  =S  and  =S . Thus ),(==  fS  and .),(==  fS Since 

)()( XTXXf  , there exist Xba ,  such that Taf =),(=   and Tbf =),(=  . 

From )(2.1.4)(a  we obtain  

)),(),,(),,((=)),(,,( bagffPbagP   
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 Again using )(2.1.4)(a  to )),(,,( abgP  ,we obtain  
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 From (2.20)  and (2.21),we have 
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k
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so that Tabag ==),(   and Tbabg ==),(  . Since the pair },{ Tg  is weakly compatible, we have 

),(=  gT  and ),(=  gT . Now we prove  =T  and  =T . 

Using )(2.1.4)(a  we obtain 
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 Similarly from (2.1.4)(a), we obtain  
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 Now Using )(2.1.4)(b  as in above, we obtain  
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 From (2.24) and (2.25), we have 
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so that  T=  and  T= . Thus ),(==  gT  and ),(==  gT . Hence ),(   is a 

common coupled fixed point of Sgf ,,  and T . 

Suppose that XX ),( 11   is another common coupled fixed point of Sgf ,,  and T . 
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Suppose that 1   and 1  . 

Applying )(2.1.4)(a , we obtain that  
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                               from (P6)  
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 Again using )(2.1.4)(a , we obtain 
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 From (2.26)  and (2.27), we have  



 

Rao et. al., Vol. 12, No. II, December, 2016, pp 7-28. 

24 
 






















),,(),,(

),,,(),,(
max

),,(

,),,(
max

111

111

1

1









PP

PP
k

P

P
 

                  











)},,(),,,({max

)},,(),,,({max

1111

11





PP

PP
k  

so that  
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 Similarly applying )(2.1.4)(b  to ),,( 11 P  and ),,( 11 P , we obtain that  
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From (2.28) and (2.29), we have  

 




























),,(

),,,(
max

1),,(

),,,(
max

1

12

1

1









P

P

k

k

P

P
 (2.30) 

so that 1=  and 1=  . Thus ),(   is the unique common coupled fixed point of Sgf ,,  and T . 

If we put gf =  and TS =  in Theorem 2.1 , we have the following Corollary.  

Corollary 2.1 Let ),( PX  be a partial G -metric space. Suppose that XXXf :  and XXS :  

be satisfying  

(2.1.1) )()( XTXXf  , 

(2.1.2)  ),( Tf  are weakly compatible pairs, 

(2.1.3)  )(XT  is GP 0 -complete subspace of X , 

(2.1.4)  )),(),,(),,(()( vufyxfyxfPa   
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for all Xvuyx ,,, , where )
2

1
[0,k . 

Then f  and T  have a unique common coupled fixed point in XX  .  

Now we give the following example to illustrate our Theorem 2.1  

Example 2.1 Let ),( PX  be a partial G -metric space, where [0,1]=X  )[0,:  XXXP   be 

defined by 

},{},{},{=),,( zxmaxzymaxyxmaxzyxP  . 

Let XXXgf :,  and XXTS :,  be defined by  

.,  ,
4

=  ,
2

=  ,
32

=),(  ,
16

=),(
222

Xyx
x

Tx
x

Sx
yx

yxg
yx

yxf 
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The conditions (2.1.1) , (2.1.2)  and (2.1.3)  are obvious. 

For all Xyx , , consider 
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One can easily verify )(2.1.4)(b  in the similar lines. 
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Thus all conditions of Theorem (2.1)  are satisfied. Clearly (0,0)  is the unique common coupled fixed 

point of Sgf ,,  and T . 
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