Kathmandu University

Journal of Science, Engineering and Technology

Mohinta & Samanta, Vol. 12, No. 11, December, 2016, pp 34-49.

ORIGINAL RESEARCH ARTICLE OPEN ACCESS

FIXED FUZZY POINT THEOREMS IN FUZZY METRIC SPACE

!Mohinta S.”, ?2Samanta T. K.
!Department of Mathematics, Sudhir Memorial Institute, Kolkata-700132, West Bengal, India
2Department of Mathematics, Uluberia College, Uluberia, Howrah, West Bengal, India-711315

“Corresponding author’s e-mail: sumit.mohinta@yahoo.com
Received 28 September, 2015; Revised 17 February, 2016

ABSTRACT

In this paper, we have established some fixed fuzzy point theorems and common fixed fuzzy point theorems for fuzzy
mappings satisfying a contractive type condition other than fuzzy Banach contractive type condition in complete fuzzy metric
spaces.
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INTRODUCTION

In many scientific and engineering applications, concept of fuzzy set plays an important role. In
mathematical programming, problems are expressed as optimizing some goal functions under given
certain constraints. There are some real-life problems having multiple objectives. Fuzzy sets are one of
the possible methods to get feasible solutions that bring us to optimum of all objective functions. The
concept of fuzzy set was introduced initially by Zadeh [10] in 1965. Since then, to use this concept in
topology and analysis many authors have expansively developed the theory of fuzzy sets and its
applications. Helipern first introduced the concept of fuzzy mappings and proved a fixed-point theorem
for fuzzy mappings [3].

Since then, many fixed-point theorems for fuzzy mappings have been obtained by many authors [5, 1].
Kramosil and Michalek [4] introduced the concept of fuzzy metric spaces (briefly, FM-spaces) in 1975,
which opened an avenue for further development of analysis in such spaces. Later on, it is modified that
a few concepts of mathematical analysis have been developed by George and Veeramani [2]. Many
authors have introduced the concept of fixed point theorems in fuzzy metric space in different ways [7,
8].

In this paper, we have established some fixed fuzzy point theorems and common fixed fuzzy point
theorems for fuzzy mappings satisfying a contractive type condition other than fuzzy Banach contractive
type condition in complete fuzzy metric spaces.
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PRELIMINARIES
We quote some definitions and statements of a few theorems which will be needed in the sequel.

Definition 2.1 [9]: A binary operation * : [0,1]x[0,1] — [0,1]is continuous t- norm if * satisfies
the following conditions:

(i) = is commutative and associative;
(ii) = is continuous;
(iii) a*l=a Vae[01];
(iv) a*b<c * d whenevera<c b<dandab,c de[01];

Definition 2.2 [2]: The 3 — tuple ( X, u, *)is called a fuzzy metric space if X is an arbitrary

nonempty set, * is a continuous t- normand g is a fuzzy setin X 2 ( 0, )satisfying conditions:

(1) w(xyt)>0

(ii) u(x y t)=1ifandonlyif x =y;

(i) (% yot)=u(y xt);

(V) w(xy s)*u(y zt)<u(xzs+t);

(v) #(% y,.): (0,0)—>(0,1]iscontinuous; forall x, y, z e Xand t, s > 0.

It is noted that ,u( X, y,t )can be thought of as the degree of nearness between xand y with respect
tot.

Let X be a metric linear space and ( X, u, * ) be a fuzzy metric space. A fuzzy set of X is an element

of 1 X wherel =[0,1]. For A Bel X we denote Ac Bif and only if A(x) < B(x)for
eachx e X . For a e(O,l]the fuzzy point x , of X is the fuzzy set of X given by x a(y)za if
y=xand x ,(y)=0else[1]. The « - level set of A, denote by A , , is defined by

35



Kathmandu University

Journal of Science, Engineering and Technology

Mohinta & Samanta, Vol. 12, No. 11, December, 2016, pp 34-49.

Ag={xeX:A(x)za} ifaec(0,1]

Ag={xeX:A(x)=0}
where B denotes the closure of the (non-fuzzy) set B.

Heilpern [3] called a fuzzy mapping, a mapping from the set of X in to a family W(X) < | X defined
as follows: A e W(X)if and only if A ,is a compact and convex in X for each & €[0,1]and

sup{A( X ) Xxe X } =1. In this context, we have given the following definitions:
Definition 2.3: Let A, BeW (X )anda €[ 0,1]. Define
P,(A B, 1) :sup{,u(a,b,t): aeA,,beBjandt > O}
D,(AB t)=H(A, B, t)
H(A,, B, t)=inf{ inf sup u( x,y,t), inf sup u( X, y,t)
XeBgyeA, xeAgygyeBy,

The function P, is called a « - space. It is easy to see that P, is non-decreasing function ofa. His
the Hausdorff fuzzy metric.

Notation 2.4: Let X be a metric space and« € [0,1] . Consider the following family W, (X)) :

W, (X) = { Acl XA o 18 nonempty, compact and convex}

Definition 2.5: Let X5 be a fuzzy point of X . We will say that X , is a fixed fuzzy point of the fuzzy
mapping F over X if { X o } < F( x)(i.e., the fixed degree of X is the least ).

Definition 2.6: Let ( X, x,* ) be a fuzzy metric space,xe X, re(0,1), t>0,

B(x,r,t)={yeX/u(x,y,t)>1-r}.Then B(x, r,t) is called on open ball centered at x of
radius r with respectto t.
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Definition 2.7: Let ( X, u, * )be a fuzzy metric space andP < X . Pis said to be a closed set in

(X,y, *)if and only if sequence {xn}nin P converges to xeP i.e, iff lim ,u( Xno X, t):l
X — ©

= XeP.

Definition 2.8: Let ( X,u,*)be a fuzzy metric space, xe X, re(01), t>0
S(x rt)={yeX/u(x y t)>1-r} Hence S(x, r,t)issaid to be a closed ball centered at
xof radius rwith respect to t iff. Any sequence {x n} in S( X, r, t )converges to

someyeS(x, r,t).

Definition 2.9: A sequence {x n} in fuzzy metric space is said to converge to x € X if and only if

Xli_r)nooy(xn, y,t)=1.

A sequence {xn}in fuzzy metric space is said to be a Cauchy sequence if and only if

XIi_r)nooy(xn+ P xn,t):l.

A fuzzy metric space ( X, U, * )is said to be complete if and only if every Cauchy sequence in X is
convergent in X .

Lemma 2.10 [6]: Let ( X, u, * )be fuzzy metric space. If x , > x and y , > y in ( X, z, * ) then

y(xn, yn,t)—>y(x, y,t)asn — oo forall t > 0 in U, the set of all real numbers.

Lemma 2.11: Letx e X, AeW( X )and {x}be a fuzzy set with membership function equal a
characteristic function of set{ x } . If x, < A ifandonlyif P, ( x, A,t) =1foreach 2 €[0,1].

Proof: If x, < Athen xe A, foreach @ €[0,1],P,(x,A/t) = sup u(Xx y,t)=1.
yeAy,

Conversely, if P, ( x,A,t) =1,then sup u(x,y,t)=1. It follows that x e A,=A, for
yeAy,
each @ €[0,1]. Thus x, < A.
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Lemma2.12: P, ( x, A t) 2y[x, Y, %j* Pa( y, A %j VX yeX

Proof: P, (x, A t)= sup (X z,t)> sup (,u(x, y,%j*ﬂ[y, Z%jj

ze A, zeA,

t t
= Xl l_ *P 1Al_
“( y 2) “(y 2)

Lemma 2.13: If{ x ¢ } < A, then Pa( X, B, t) >D,(ABt)foreach BeW(X)

Proof: Pa(xo, B,t)z suré ,u(xo, y,t)
Yy € By

> inf sup u(xy,t)>2D,(AB, 1)
xe Ay, zeB,

MAIN RESULTS

Theorem 3.1: Let ( X, 4, * )be a complete fuzzy metric space and F be a continuous fuzzy mapping
from X to W, ( X ) satisfying the following condition:

Dy(F(x), F(y), kt)=min{ u(x y,t),Py(xF(x),t),Py(y.F(y) t),

Po( X F(¥)t).Pg(y. F(x)t)] (1)

forall x,y e X, e (0,1]and ke(o,%j.

Then there exists x € X such that x ,, is a fixed fuzzy point of F .

Proof: Let x e X suppose that there existsxq e( F(x 0)) . Since ( F(xl)) IS a nonempty
(24

a

compact subset of X , then there exists x, e( F (xl) ) and by lemma 2.13
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we get, /1( X1,X2, K t) = Pa( X1, F(xl), kt) > Da( F(xo),F(xl), k t)

By induction we construct a sequence {x n } in X such that x , e( F( Xn_1 ) ) and
a

y(xn,xn+l,kt):Pa(xn, F(xn),kt)zDa(F(xn_l), F(xn),kt)

2min{y(xn_1,xn,t),Pa(xn_l,F(xn_l),t),Pa(xn,F(xn),t),
Pa(xn_l,F(xn),t),Pa(xn,F(xn_l),t)}
Zmin{ Xn_-1, Xp,t y(xn 1 Xn j (xn F( n— 1), J

(xn Xn+1 ] (Xn+1 F ),%j,y(xn_l, Xn’%]*
Pa(xn, F(xn),%j, Pa(xn, F(xn_l),t)}

. t t
Zm'n{ﬂ(xn—l’ Xn't)y ﬂ(xn—ly Xn’zj * 1, #(Xn,xn+1' EJ*L

N |~

I\.)I'-"

t t t
ﬂ(xn—la X”’Ej * ﬂ(xnvxn+1iz] *Pa[xn+1’ F(Xn)’zj’l}
. t t
2m|n{ﬂ(Xn_1,Xn,t),ﬂ Xn_l,Xn,E 1/«1 Xn;Xn+11§ )

t t
ﬂ[xn—lyxn’aj *ﬂ(xn’xn+1yz) * 11}

t t
> Xn_1,Xn, — | * Xpn, X .
ﬂ( n-14%n 2) #( n n+1 4j

which implies that
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t t
,U(Xnixn+1'kt)zﬂ(xn—lyxn’zj *ﬂ(xnlxn+1fzj

2k

> X. X t * X X ;
= H| Xpn -1 n,(2k)n Hl Xn, n+1’(4k)n

>21*x1=1

t t
:>,U(Xn’Xn+1’t)2ﬂ(xn—llxn1—j * ﬂ[xnlxn+1iﬂj

:u(xn,anrl,t):l

We now verify that {xn }is a Cauchy sequence in ( X, z, * ). Lett= lp

”(Xn’xn+p’t)zﬂ(xn’Xn+1,t1)*ﬂ(xn+1,xn+2,t1)*...*
#(Xn4p-1.%nspot1)

= u(Xn, Xnqp.t)=1

= {xp} s Cauchy sequencein (X, 4, *).

Since X is a complete, there exists x e X such thatx, — x in( X, z, * ).

Now by Lemmas 2.12 and 2.13 we have

P (% F(x). kt)zﬂ(x, Xn,%j*paﬁxn, F(X)’%j
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N | —
N
HK_J

Pa(x, F(x), %j Pa(xn_l, F(x), j Pa(x, F(xn_l),

N | —+

Z'L‘(X’Xn’ﬁj* min ,u(xn_l,x,lj, ﬂ(xn—llxn,l]*l,
2 2 4
Pl % FOX) = o xn 1 xn = |l xpox 2] 5Py x F(x) 2],
a > 2 g o 7
t
X, Xn, — | *1
“[ " 4) }

taking limitas n — oo, we have

:>Pa(x,F(x),t)>Pa(x,F(x),ﬁj>--->Pa{x,F(x), t J

=P, (% F(x), t)=1andbylemma2.11, x , < F(x).

This completes the proof.

Example. Let X =[0,1] and z: X xX —[ * where ,U(X,y, t) = tr x|

Let a € [ 0, % )and suppose F : X — | X defined by

Journal of Science, Engineering and Technology

for x, ye X .
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1 x=0 1 x=0
F(0)(x) =1 a XE(O,H F(1)(x) =4 2a Xe(’ﬂ
REEN Pl
andfor ze(0,1).
1 x=0
F(2)(x) = {20 xe [0, 1]
0 XE(%,]}

Then,F(0), = F(z), = F(1); = {0} F(0), = F(z), =F(1), = [0’ ﬂ

and F(0)

@
2

Consequently,

Pi(F(x).F(y) kt)= SUp{kt +l|(;[(_ 7] fOfXEF(X)l,yeF(y)l}and

D1( F(x).F(y). kt) =H(F(x)y, F(y);. kt)

kt

=inf inf sup kt , inf sup
XeF(y)ye F(x)lkt +[Xx=y] xeF(x),ye F(y)lkt + [ x-y]

Then LHS of (1), D1( F(x),F(y), kt) =1 Vx,yeX.
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and for all x, y e X the RHS of (1),
u(x,y, t) <1 P(x,F(x), t)<1 P(y F(y) kt)<1,

Pi(x,F(y).t)<1 Pi(y.F(x),t)<1,

and therefore

min{ u(x, y,t), P1(x, F(x).t), PL( ¥, F(y).t), Pa(x F(y).t).
P(y,F(x).t)} <1

Thus, (1) holds.

kt
kt +|x-y|

Po(F(x),F(y). kt)= sup{

fOI’XGF(X)a,yEF(y)a}
Do (F(x) F(y). kt) =H(F(x),.F(y), kt]

kt . kt
sup T E— inf sup

= inf inf , Kt + lv—vl
{x eF(Y)yye F(X)akt + [ x=y]| xe F(X),y e F( y)wkt + [ x—y| }
Now, LHS of (1), D ( F(x),F(y), kt) =1 ¥V x, ye X and the RHS of (1),
min{ u(% ¥, 1), Py (X F(x), t )Py (¥, F(y) t),Py(xF(y) t)

Pe( V. F(x), 1)} <1

Hence, (1) holds. Again, we see that

P (F(x),F(y), kt) = sup{kt +i|(>t<—y| fOFXEF(X)Ozt,yeF(y)OZC}

N R
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Dy (F(x),F(y), kt)=H {F(x)a, F(y)a’ktJ

@
’ 2 2

= inf inf sup Kt inf sup kt

XGF(Y)ﬁyeF(x)gkt+|X_y| 1XEF(X)EyeF(y)gkt+|X_y|
2 2 2 2

Now, the LHS of (1),
D,(F(x),F(y), kt)=1 Vx, yeX andtheRHS of (1),

@
2

min{ x( X y. t), Pg(x,F(x),t), Pg( Y, F(y).t), Pg(x,F(y),t),
2 2

N

P (y,F(x),t)}<1.

N R

Hence, (1) holds.
Thus (1) holds and hence all the conditions of the Theorem (3.1) are satisfied.

Applying the Theorem (3.1), we can conclude that F has a fixed fuzzy pointin X .

Corollary 3.2: Let ( X, o, * )be a complete fuzzy metric space. Let F be a fuzzy mapping from X in
to W, ( X') satisfying the following condition:

There exists « € (0,1]and k e (0,1)such that

kDo (F(x), F(y) t)=pu(xyt) (1)
forall x,y e X, e (0,1] and ke(o,%j.

Then there exists x € X such that x ,, is a fixed fuzzy point of F .
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Theorem 3.3: Let a € (0,1], k €(0,1) and ( X, x, * )be a complete fuzzy metric space. Let F be a
fuzzy mapping from X into W, ( X ) satisfying the condition (1) when x, y € S( x, r, t ). Moreover,
assume that

kPy( X F(x), t)>(1-r) V xeX.

Then F has fixed fuzzy pointin S( x, r, t).

Proof:  xge(F(x)) xze(F(xl))a,---, xne(F(xn_l))a for all neN. Now
(% F(x). 1) > (1=r) = Pu(nF(x)0)> s (1)

= P (HF(x))> (1= 1)

= (% xa,t) =P (6 F(x), 1) > (1)

Xk t) > (1o 1)

—xpeS(x T t)

Assuming that X1, X2, X3, =+ X _1€S( % . t ). Weshowthat X, € S( x, I, t)

kPa(xl,F(xl),t)z kDa(F(x),F(xl),t)z y(x, xl,t)>(1—r)

(1-1)
k

= Pa(xl,F(xl),t)> >(1-r)

:u(xl,xz,t)>(1—r)

Again,

kPa(xz,F(xz),t)sza(F(xl),F(xz),t)Zy(xl,xz,t)>(l—r)
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= Pa(xz,F(xz),t)> (1;r) > (1-r1)

= ,u( X9 ,X3, t)> (1— r)
Similarly, it can be shown that,

Pa(x3,F(x3),t)>(l—r),--- ,Pa(xn,F(xn),t)>(1—r)

t
Lettq = —. Thus, we see that,
p

y(x,xn,t)

S|~
N

S FTEL PV RO PRSI PR
>(1-r)*(l-r)*x-x(1-r)>(1-r)

= y(x,xn,t)>(1—r) = XpeS(xr,t)

From the lemmas 2.11, 2.12 and 2.13, we can say that the rest of the proof is obvious.
Therefore, x, cF( x).

This completes the proof.

Theorem 3.4: Let ( X, u,* )be a complete fuzzy metric space. Let F and G be continuous fuzzy

mappings from X to Wa( X ) satisfying the following condition:

Dy (F(x), G(y), kt)zmin{ u(x y, t),Py(x F(x), t),Py(y.G(y) t),
Po(%G(y) 1) Pa(y F(x)1))]

forall x,y e X, e (0,1] and ke(o,%).
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Then there exists x € X such that x ,, is a fixed fuzzy point of F, G.

Proof: Let xg e X, Since ( F(x 0)) is nonempty subset of X, then there exists xle( F(x 0)) :
a a

Then there exists X, € X such thatx o e( F( X1 )) also since ( G( xl)) is nonempty subset of
a (24

X, then there exists X o e( G( xl) ) and by lemma 2.13 , we get
a

(X X,k t) =Pa(x1,G(xl), kt) zDa(F(xo),G(xl),kt)

> min{y(xo, X1, t), Pa( X0 F(xo),t),Pa( xl,G(xl), t )

t t
2 X y X y * X ] X y
,u[ 0 *1 2] ,u( 1 2 4j

By induction we construct a sequence {xn} in X such that xne(F(xn_l)) ,
(24

xn+1e(G(xn)) and

a

y(xn, X1+ 1 kt) = Pa(xn,G(xn), kt)zDa(F(xn_l),G(xn),kt)

47



Kathmandu University

Journal of Science, Engineering and Technology

Mohinta & Samanta, Vol. 12, No. 11, December, 2016, pp 34-49.
Zmin{u(xn_l, Xn t), Pa(xn_l,F(xn_l),t),Pa(xn , G(xn )t)
Pa(xn_l, G(xn )t) Pa(xn,F(xn_l),t)}

t t
:>/J<anxn+1’ kt)zﬂ[xn—ly Xn Ej * ,U(Xn » Xn+ 1 Zj
As in the above theorem 3.1, the proof is similar.

{xn}n is Cauchy sequence in ( X, u, * ).

Since X is a complete, there exists x e X such thatx, — x in( X, z, *).

Now by Lemmas 2.12 and 2.13 we have

Pa(x,G(X), kt)z,u(x, xn,%j *Pa[xn,G(X)’%)
o 5t ) <0l i) 6000, &)

kt . t t t
Z’U(X'Xn’?j*mm{‘u(xn_l’x’gj’ ,u(xn_l,xn,zj*l, Pa(X,G(X),Ej,
t t t t
X , Xpn, — | * Xn,X,—| *P X, G(x), = |, X, Xn, — | *1
,U( n-1 An 4] ﬂ( n 8] a( ( ) 4J ,U( n 4] }

taking limit as n — o, we have

4k

:»Pa(x,e<x>,t)zpa(x,e<x>,—t]z---zpa[x,e<x>, : ]

=P, (% G(x), t)=1 andbylemma2.11, x , = G( x ). Similarly, x , = F ( x).

This completes the proof.
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