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ABSTRACT 
In this article, we establish a common fixed point theorem for two pairs of weakly compatible mappings with common limit 

range property in dislocated metric space.  
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INTRODUCTION 

In 1986, S. G. Matthews introduced the concept of dislocated metric space under metric domains in the 

context of domain theory. In 2000, P. Hitzler and A.K. Seda introduced the concept of dislocated 

topology where the initiation of dislocated metric space is appeared. Since then, many authors have 

established fixed point theorems in dislocated metric space. In the literature one can find many 

interesting articles in the field of dislocated metric space(See for examples [6, 7, 8, 9, 11, 12]). The study 

of fixed points of mappings satisfying a general contractive condition of integral type have been a very 

interesting and active field of research activity after the establishment of a theorem by A. Branciari [2]. 

The purpose of this article to establish a common fixed point theorem for weakly compatible mappings 

with common limit range property in dislocated metric space. 

PRELIMINARIES 

We start with the following definitions, lemmas and theorems.  

Definition 1. [4]: Let X  be a non empty set and let XXd : )[0,  be a function satisfying the 

following conditions:   

    1.  ),( yxd  = ),( xyd  

    2.  ),( yxd = ),( xyd  = 0 implies .= yx  

    3.  d(x, y)   d(x, z) + d(z, y) for all x, y, z   X.  

Then d is called dislocated metric (or d-metric) on X and the pair (X, d) is called the dislocated metric 

space (or d-metric space).  
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Definition 2. [4]: A sequence }{ nx  in a d-metric space ),( dX  is called a Cauchy sequence if for given 

 >  0, there corresponds 0n   N such that for all nm,  0n  , we have <),( nm xxd  .  

Definition 3. [4]: A sequence in d-metric space converges with respect to d (or in d) if there exists 

Xx  such that 0),( xxd n  as .n  

Definition 4. [4]: A d-metric space ),( dX  is called complete if every Cauchy sequence in it is 

convergent with respect to .d  

Lemma 1. [4]: Limits in a d-metric space are unique.  

Definition 5: Let A  and S  be two self mappings on a set X . If SxAx =  for some Xx , then x  is 

called coincidence point of A  and S .  

Definition 6. [5]: Let A  and S  be mappings from a metric space ),( dX  into itself. Then, A  and S  

are said to be weakly compatible if they commute at their coincident point; that is, SxAx =  for some 

Xx  implies .= SAxASx  

Definition 7. [13]: Let A  and S  be two self mappings defined on a metric space ),( dX . We say that 

the mappings A  and S  satisfy )( ACLR  property if there exists a sequence Xxn }{  such that  

 AxSxAx n
n

n
n

=lim=lim


 

MAIN RESULTS 

Now we establish a common fixed point theorem for weakly compatible mappings using 

(CLR)-property. 

Theorem 1:  Let (X,d) be a dislocated metric space. Let XXTSBA :,,,  satisfying the following 

conditions  

 )()()()( XTXBandXSXA   (1) 

 )
2

1
[0,,)()(

),(

0

),(

0
  kdttkdtt

yxMByAxd

  (2) 

where,        
 RR:  

is a Lebesgue integrable mapping which is summable, non-negative and such that  

 0>0>)(
0




foreachdtt  (3) 
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 )},(
2

1
),,(

2

1
),,(),,(),,({=),( AxSydByTxdSyBydAxTxdSyTxdmaxyxM  (4) 

    1.  The pairs ),( TA  or ),( SB  satisfy CLR-property  

    2.  The pairs ),( TA  and ),( SB  are weakly compatible  

 Then,   

    the maps A and T have a coincidence point  

    the maps B and S have a coincidence point  

    the maps A, B, S and T have an unique common fixed point.  

Proof: Assume that the pair ),( TA  satisfy )( ACLR  property, so there exists a sequence Xxn }{  such 

that  

 AxTxAx n
n

n
n

=lim=lim


 (5) 

for some Xx . Since )()( XSXA  , so there exists a sequence Xyn }{  such that 

AxSyAx nnnn =lim=lim  . We show that  

 AxBxn
n

=lim


 (6) 

From condition (2) we have,  

 ,)()(
),(

0

),(

0
dttkdtt

n
y

n
xM

n
By

n
Axd

    (7) 

where,  

 ),,(),,(),,({=),( nnnnnnnn SyBydAxTxdSyTxdmaxyxM  

 )},(
2

1
),,(

2

1
nnnn AxSydByTxd  

Taking limit as n  we get, 

 ,)(lim)(lim
),(

0

),(

0
dttkdtt

n
y

n
xM

n

n
By

n
Axd

n

 


  (8) 
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Since,  

 0=),(lim=),(lim=),(lim nn
n

nn
n

nn
n

AxSydAxTxdSyTxd


 

 ),(lim=),(lim=),(=),(lim nn
n

nn
n

nnn
n

SyBydByTxdByAxdByAxd


 

Hence we have,  

 ,)()(
),(

0

),(

0
dttkdtt

n
ByAxd

n
ByAxd

    

which is a contradiction, since )
2

1
[0,k  

Hence,  

 .=lim,0=),(lim AxBythatimpliesByAxd n
n

n
n 

 

Now we have,  

 AxSyByTxAx n
n

n
n

n
n

n
n

=lim=lim=lim=lim


 

Assume )()( XSXA   , then there exits Xv  such that SvAx = . 

We claim that SvBv = . 

Now from condition (2)  

 ,)()(
),(

0

),(

0
dttkdtt

v
n

xMBv
n

Axd

    (9) 

where,  

 ),,(),,(),,({=),( SvBvdAxTxdSvTxdmaxvxM nnnn  

 )},(
2

1
),,(

2

1
nn AxSvdBvTxd  

Since,  

 ),(=),(=),(lim BvSvdBvAxdBvTxd n
n 
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 0=),(lim=),(lim=),(lim n
n

nn
n

n
n

AxSvdAxTxdSvTxd


 

So, taking limit as n  in (9) We conclude that  

 ,)()(
),(

0

),(

0
dttkdtt

BvSvdBvSvd

    (10) 

which is a contradiction. Hence BvSvthatimpliesBvSvd =0=),(  . This proves that v  is the 

coincidence point of of the maps B and S . 

Hence, )(=== SaywAxBvSv  

Since the pair (B, S) is weakly compatible, so  

 SwBwthatimpliesSBvBSv ==  

Since )()( XTXB   there exists a point Xu  such that .= TuBv  We show that  

 wAuTu ==  

From condition (2),  

 ,)()(
),(

0

),(

0
dttkdtt

vuMBvAud

    

where, 

 ),,(),,(),,({=),( SvBvdAuTudSvTudmaxvuM  

 )},(
2

1
),,(

2

1
AuSvdBvTud  

 ),,(),,(),,({= BvBvdAuBvdBvBvdmax  

 )},(
2

1
),,(

2

1
AuBvdBvBvd  

 )},(),,({= AuBvdBvBvdmax  

Hence,  

 ,)()(
)},(),,({

0

),(

0
dttkdtt

AuBvdBvBvdmaxBvAud
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Since,  

 ),(2),( BvAudBvBvd   

So if max ),(=)},(),,({ BvBvdAuBvdBvBvd  or ),( AuBvd  we get the contradiction for both cases 

Therefore BvAuthatimpliesBvAud =0=),( . 

wTuBvAu ===  

This proves that u  is the coincidence point of the maps A  and .T  

Since the pair ),( TA  is weakly compatible so,  

 TwAwthatimpliesTAuATu ==  

We show that wAw = . 

From condition (2),  

 ,)()(=)(
),(

0

),(

0

),(

0
dttkdttdtt

vwMBvAwdwAwd

    

where,  

 ),,(),,(),,({=),( SvBvdAwTwdSvTwdmaxvwM  

 )},(
2

1
),,(

2

1
AwSvdBvTwd  

 ),,(),,(),,({= wwdAwAwdwAwdmax  

 )},(
2

1
),,(

2

1
AwwdwAwd  

 )},(),(),,({= wwdAwAwdwAwdmax  

Since,  

 ),(2),(),(2),( wAwdwwdandwAwdAwAwd   

So if  max ),(=)},(),,(),,({ wAwdwwdAwAwdwAwd  or ),( wAwd  or ),( wwd  we have,  
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 dttkordttdtt
wAwdwAwdwAwd

)(2)()(
),(

0

),(

0

),(

0
    

which give contradictions for all three cases.  

Hence wAwthatimplieswAwd =0=),( . Similarly we obtain wBw = . 

wTwSwBwAw ==== . Hence w  is the common fixed point of four mappings SBA ,,  and .T  

Uniqueness: 

Let )( wz   be other common fixed point of the mappings SBA ,,  and T , then by the condition (2)  

 dttkdttdtt
zwMBzAwdzwd

)()(=)(
),(

0

),(

0

),(

0
    (11) 

where,  

 ),,(),,(),,({=),( SzBzdAwTwdSzTwdmaxzwM  

 )},(
2

1
),,(

2

1
AwSzdBzTwd  

 ),,(),,(),,({= zzdwwdzwdmax  

 )},(
2

1
),,(

2

1
wzdzwd  

 )},(),,(),,({= zzdwwdzwdmax  

Since,  

 ),(2),(),(2),( wzdzzdandzwdwwd   

 So if  max ),(=)},(),,(),,({ zwdzzdwwdzwd  or ),( wwd  or ),( zzd  we have 

 dttkdttkdttdtt
zwdzwMBzAwdzwd

)()()(=)(
),(

0

),(

0

),(

0

),(

0
    

 or,  

 dttkdtt
zwdzwd

)(2)(
),(

0

),(

0
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which give contradictions for all three cases. 

Hence, .=0=),( zwthatimplieszwd  This establishes the uniqueness of the common fixed point.  

Now we have the following corollaries: 

If we put ST =  in theorem (1) we obtain the following corollary. 

Corrollary 1: Let (X,d) be a dislocated metric space. Let XXSBA :,,  satisfying the following 

conditions  

 )()(),( XSXBXA   (12) 

 )
2

1
[0,,)()(

),(

0

),(

0
  kdttkdtt

yxMByAxd

  (13) 

 where,         RR:  

 is a Lebesgue integrable mapping which is summable, non-negative and such that  

 0>0>)(
0




foreachdtt  (14) 

 )},(
2

1
),,(

2

1
),,(),,(),,({=),( AxSydBySxdSyBydAxSxdSySxdmaxyxM  (15) 

    1.  The pairs ),( SA  or ),( SB  satisfy CLR-property  

    2.  The pairs ),( SA  and ),( SB  are weakly compatible  

Then,   

    the maps A and S have a coincidence point  

    the maps B and S have a coincidence point  

    the maps A, B and S have an unique common fixed point.  

If we put AB =  in theorem (1) we obtain the following corollary.  

Corrollary 2: Let (X,d) be a dislocated metric space. Let XXTSA :,,  satisfying the following 

conditions,  
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 )()()()( XTXAandXSXA   (16) 

 )
2

1
[0,,)()(

),(

0

),(

0
  kdttkdtt

yxMAyAxd

  (17) 

where,         RR:  

is a Lebesgue integrable mapping which is summable, non-negative and such that  

 0>0>)(
0




foreachdtt  (18) 

 )},(
2

1
),,(

2

1
),,(),,(),,({=),( AxSydAyTxdSyAydAxTxdSyTxdmaxyxM  (19) 

    1.  The pair ),( TA  and (A, S) satisfy CLR-property  

    2.  The pairs ),( TA  and ),( SA  are weakly compatible  

Then,   

    the maps A and T have a coincidence point  

    the maps A and S have a coincidence point  

    the maps A, S and T have an unique common fixed point.  

If we put ST =  and AB =  in theorem (1) we obtain the following corollary.  

Corrollary 3: Let (X,d) be a dislocated metric space. Let XXSA :,  satisfying the following 

conditions  

 )()( XSXA   (20) 

 )
2

1
[0,,)()(

),(

0

),(

0
  kdttkdtt

yxMAyAxd

  (21) 

 where,        
 RR:  

 is a Lebesgue integrable mapping which is summable, non-negative and such that  

 0>0>)(
0




foreachdtt  (22) 
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 )},(
2

1
),,(

2

1
),,(),,(),,({=),( AxSydAySxdSyAydAxSxdSySxdmaxyxM  (23) 

    1.  The pair ),( SA  satisfy CLR-property  

    2.  The pair ),( SA  is weakly compatible  

Then,  

    the maps A and S have a coincidence point  

    the maps A and S have an unique common fixed point.  

If we put )(== mapIdentityIST  the we get the following corollary.  

Corrollary 4: Let (X,d) be a dislocated metric space. Let XXIBA :,,  satisfying the following 

conditions  

 )()(),( XIXBXA   (24) 

 )
2

1
[0,,)()(

),(

0

),(

0
  kdttkdtt

yxMByAxd

  (25) 

 where,        RR:  

 is a Lebesgue integrable mapping which is summable, non-negative and such that  

 0>0>)(
0




foreachdtt  (26) 

 )},(
2

1
),,(

2

1
),,(),,(),,({=),( AxydByxdyBydAxxdyxdmaxyxM  (27) 

    1.  The pairs ),( IA  or ),( IB  satisfy CLR-property  

    2.  The pairs ),( IA  and ),( IB  are weakly compatible  

Then,  

the maps A, B and I have an unique common fixed point. 
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