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ABSTRACT 
We prove the Parseval's identity for low-dimensional nilpotent Lie groups such as G5,1, G5,2, 
G5,3 and G5,5 respectively which are important for proving Hardy uncertainty principles type 
result. 
Keywords: Fourier transform, Hilbert schmidt norm, Kernel function. 

INTRODUCTION 
Let g be an n-dimensional real nilpotent Lie algebra and let G = exp g be the associated, 
connected and simply connected nilpotent Lie group. Let {x1, ..., xn} be a strong Malcev basis 
of g through the ascending central series of g. In particular, RX1 is contained in the centre of 
g. We introduce a norm function on G by setting for 

x = exp (x1X1 + . . . + xnXn) G, xjR 

 ||x|| =   2
122

1x nx  

The composed map 

 Rn  g  G, (x1, . . ., xn)  








jj

n

1j
ij

n

1j
XxexpXx  

is a diffeomorphism and maps Lebesgue measure on Rn to Haar measure on G. In this manner we 
shall always identify g and sometimes G, as sets with Rn. Thus measurable (integrable) functions 
on G can be viewed as such functions on Rn. 

Let g* denote the vector space dual of g and  *
n

*
1 X,X   the basis of g* which is dual to 

{X1, . . . , Xn). Then  *
n

*
1 X,X   is Jordan-Holder basis for the Coadjoint action of G on g*. We 

shall identify g* with Rn via the map  = (1, . . . n)  
n

`1j
 j

*
jX  and on g* we introduce the 

Euclidean norm relative to the basis  *
n

*
1 X,X  , that is,   



2
12

n
2
1

*
jj

n

1j
X   

For an operator T in a Hilbert space such that T* T is a trace class ||T||HS will denote the Hilbert 
schmidt norm of T. 
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THREAD LIKE NILPOTENT LIE GROUPS 
For n  3, leg gn be the n-dimenstional real nilpotent Lie algebra with basis X1, . . ., Xn and non 
trivial Lie brackets [X1, xn-1] = Xn-2, . . ., [Xn, X2] = X1 

gn is a (n - 1) step nilpotent and is a semidirect product of RXn and the abelian ideal 
1n

`1j




  RXj. Note 

that g3 is the Heisenberg Lie algebra. Let Gn = exp gn. 
For  = 

1n

`1j




 j

*
jX  *

ng , the coadjoint action of Gn is given by 

 Ad* (exp (tXn))  = 
1n

`1j




 Pj (, t) *

jX , 

where, for i  j  n - 1, Pj (, t) is the polynomial in t defined by 

 Pj(, t) =  !k
1

1j

`1k




  (-1)k tk j-k. 

The orbit of  is generic with respect to the basis  *
n

*
1 X,,X   if and only if 1  0, and the jumping 

indices are 2 to n. The cross section 
1

X  for the set of generic orbits is given by 

 
1

X = { = (1, 0, 3, . . ., n-1, 0): 1  R, 1  0} 

For   *
ng , let  denote the ireducible representation of Gn associated with . Then the mapping 

   is bijection of 
1

X and the set of all generic irreducible representations. Plancherel 

measure on nĜ  is supported by these . Denoting by F the Fourier transform on Rn-1, it follows 
that the Hilbert schmidt norm of the operator  
 (), L1L2 (Gn) is given by, 

 |)f(
2R

2

HS
 F(p1(, t), . . ., pn-1 (, t), t - s |2 dsdt 

The following group of lower dimensions such as G5, 1, G5, 2, G5, 3 and G5, 5 etc are found in [8]. 

PARSEVAL IDENTITY FOR G5, 1 
Let G = G5,1 = R5 

(x1, . . ., x5) (y1, . . ., y5) = (x1 + y1 + x3y2 + x5y4, x2 + y2, x3 + y3, x4 + y4, x5 + y5)  

and (x1, . . ., x5)-1 = (-x1 + x2x3 + x4x5, -x2, -x3, -x4, -x5) 

For  y  R5 

1
 ()  (y) = 

5R
 (x1,x2,x3,x4,x5) 

1
 (-x1 + x2x3 + x4x5, -x2, -x3, -x4, -x5)  (y1, y2) 

 = 
5R
 (x) exp [2i (-x1 + x2x3 + x4x5 + x2x1 + x4y2) 1]  (y1 + x3,y2 + x5) dx 

  x3  x3 - y1, x5  x5 - y2 
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 = 
5R
 (x1, x2, x3 - y1, x4, x5 - y2) exp [2i (-x1 + x2 (x3 -y1) 

  + x4((x5 - y2) +x2y1 + x4y2) 1]  (x3, x5)dx 

= 
5R
 (x1, x2, x3 - y1, x4, x5 - y2) exp [2i (-x1 + x2x3 -x2y1 + x4y5 - x4y3 + x2y1 + x4y2) 1]  

 (x3, x5) dx 

 = 
5R
 (x1,x2,x3 - y1,x4, x5 - y2) exp [-2i (x1 - x2x3 - x4y5)1]  (x3,x5)dx 

f
1

K  (y1, y2, x3, x5) = 
5R
 (x1, x2, x3 - y1, x4, x5 - y2) 

  exp [ -2i (x11 - x2x31 - x4x51)] dx1dx2dx4 

 = F124 (1, -x31, x3 - y1, - x51, x5 - y2) 

2

HS
)f(

1
 = 

5R
 | f

1
K (y1, y2, x3, x5)|2 dy1dy2dx3dx5 

 = 
4R
 |F124 (1, - x31, x3 - y1, -x51, x5 - y2|2 dy1dy2dx3dx5 

  x3 5
1

53
1

x1x,x1







  

 = 2
1

1
 4R

 |F124 (1, x3, y1, x5, y2)|2 dy1dy2dx3dx5 

 = 2
1

1
 4R

 |F14(1, u, y1, x5, y2|2 dy1dy2dxdx5 

 = 2
1

1
 4R

 |F1 (1, u, y1, w, y2|2 dy1dy2dudw 

PARSEVAL'S IDENTITY FOR G5,2 

Let G = G5,2 = R5 

(x1, . . ., x5) (y1, . . ., y5) = (x1 + y1 + x5y3, x2 + y2 + x5y4, x3 + y3, x4 + y4, x5 + y5) 

and (x1, . . ., x5)-1 = (-x1 + x3x5, -x2 + x4x5, -x3, -x4, -x5) 

For yR5 

4,1 ,,  () (y) = 
5R
 (x1,x2,x3,x4,x5) 

4,1 ,,   (-x1 + x3x5, -x2 + x4x5, -x3, -x4, -x5)  (y)dx 

=
5R
 (x1,x2,x3,x4,x5)exp [2i (-x1 + x3x5 + x3y)1 + (-x2 + x4x5 + x4y)2 - x44]  (y + x5)dx 
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  x5  x5 - y 

 = 
5R
 (x1,x2,x3,x4,x5 - y) exp [2i (-x1 + x3 (x5 - y) + x3y)1 

  + (-x2 + x4(x5 - y) + x4y)2 - x44]  (x5)dx 

 = 
5R
 (x1,x2,x3,x4,x5 - y)exp [2i[(-x1 - x3y + x3x5 + x3y)1 

  + (-x2 -x4y + x4x5 + x4y)2 - x44]  (x5)dx 

f
,, 421

K  (y, x5) = 
4R
 (x1, x2, x3, x4, x5 - y) exp [-2i(x31 - x3x51 + x22 - 

x4x54+x43)dx1dx2dx3dx4 

  = F1234 (1, 2, - x51, -x52 + 4, x5 - y) 

5

2

5
f

,,
R

2

HS,, dydx)x,y(K)f(
4212421    

 = 
2R
 |F1234(1, 2, -x51, -x52 + 4, x5 - y)|2 dydx5 

   5
1

5 x1x



  

  5

2

5
1

4
1

25
5211234

R
2

1

dydxyx1,x,x,,fF1
2 




















  

   5
1

x1yy


  

 5

2

4
1

25
5211234

R
2

1

dydxy,xx,,fF1
2 
















  

 dudwu,w,w,,fF1
2

4
1

2
21124

R
2

1
2 
















  

PARSEVAL'S IDENTITY FOR G5,3 
Let G = G5,3 = R5 

(x1, . . ., x5) = (y1, . . ., y5) = (x1 + y1 + x4y3 + x5y2 + 
2
1 2

5x y4, x2 + y2 + x5y4, x3 + y3,x4 + y4,x5 + y5) 

(x1, . . ., x5)-1 = (-x1 + x2x5 + x3x4 - 2
54xx

2
1 , - x2 + x4x5, - x3, - x4, - x5) 

For  y  R2 



KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY 
VOL. 5,  NO. 1. JANUARY, 2009, PP. 23- 30 

 27

1
 () (y) = 

5R
 (x) 

1
 






  543542

2
5443521 x,x,x,xxxxx

2
1xxxxx  (y1, y2)dx 

 = 
5R
 (x)exp 






  25421443

2
5443521 y)xxx(yxxxxx

2
1,xxxxxi2  

   
255133

5231
2
24

yxx,yxx

)xy,xy(yx
2
1











 

 = 
5R
 (x1,x2,x3, -y1,x4,x5 - y2)exp [2i(-x1 + x2x5 + (x3 - y1)x4 - 2

1 x4 

  (x5 - y2)2 - (x3 - y1)x4 - x4y1 - (-x2 + x4 (x5 - y2))y2 - 2
1 x4 2

2y ] (x3, x5)dx 

 = 
5R
 (x1,x2,x3 - y1,x4,x5 - y2)exp [2i(-x1 + x2x5 + x3x4 - y1x4 

  
2
1

 x4(x5 - y2)2- x3x4 + x4y1 - x4y1 + x2y2 - x4y2(x5 - y2) - 2
1 x4 2

2y ]1 (x3, x5)dx 

 = 
5R
 (x1,x2,x3 - y1,x4,x5 - y2)exp [2i (-x1 + x2 (x5 + y2) - y1x4 - 2

1 x4 2
5x )1]  (x3, x5)dx 

f
1

K  (y1,y2,x3,x5) = 
5R
 (x1,x2,x3 - y1x4,x5 - y2)exp [(-2i (x11 - x21 (x5+y2) + x4(y1+ 2

5x
2
1 )1] 

dx1dx2dx4 

 = F124 














  251

2
51132511 yx,x

2
1y,yx),yx(,  

2

5311
f

R

2

HS
x,x,y,y(K)f(

141   dy1dy2dx3dx5 

 
4R


2

251
2
51131511124 yx,x

2
1y,yx),yx(,F 















  dy1dy2dx3dx5 

  x3  x3 + y1, x5  x5 + y2 

 = 
4R
 2

51
2

25132511124 |x,))yx(
2
1y(,x),y2x(,fF 






  dy1dy2dx3dx5 

  y1  y1 - 2
1 (x5 + y2)2 

 = 
4R
 |F124(1, - 1(x5 + 2y2), x3, y11,x5)|2 dy1dy2dx3dx5 
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  y2  





 

 52
1

xy
2
11 , y1  1

1

y1


 

 = 2
12

1
 4R

 |F124(1,y2,x3y1,x5)|2dy1dy2dx3dx5 

 = 2
12

1
 4R

 |1(1,u,x3,,x5)|2dyddx3dx5. 

PARSEVAL'S IDENTITY FOR G5,5 
Let G = G5,5 = R5 

(x1, . . ., x5) (y1, . . ., y5) = 

  224

3
53

2
52511 yx,yx

6
1yx

2
1yxyx  

 

 554445334

2
535 yx,yx,yxyx,yx

2
1yx  

(x1, . . ., x5)-1 = 





  54543

2
54532

3
54

2
53521 x,x,xxx,xx

2
1xxx,xx

6
1xx

2
1xxx  

For y  R 

431 ,,  () (y) = 
5R
 (x1,x2,x3,x4,x5) 

431 ,,  

  ,xx

2
1xxx,xx

6
1xx

2
1xxx 2

54532
3
54

2
53521  

 54543 x,x,xxx   (y)dx 

 = 
5R
 (x) exp 















  2

54532
3
54

2
53521 xx

2
1xxxxx

6
1xx

2
1xxxi2  

 44345431
3

4
2

543 x)yxxxx(yx
6
1y)xxx(

2
1y 


  (y+x5)dx  

  x5  x5 - y 

 = 
5R
 (x1,x2,x3,x4,x5 - y)exp  







  yx2yxx

2
1yxxxxi2 5

22
532521  

  










  )yxxxx(

2
1h)yx(x

2
1yxxxx)yx(x

6
1

4543
2

543532
3

54  

  dx)x()x)yxyxxxx(yx
6
1y 5443445431

3
4

2 











  

 = 
5R
 (x1,x2,x3,x4,x5 - y) exp 










  2

5
2

53521 y)yx(2)yx(x
2
1xxxi2  
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 4435431

32
5

2
5

3
54 x)xxx(yy)yx(3y)yx(3)yx(x

6
1  (x5)dx 

 = 
5R
 (x1,x2,x3,x4,x5 - y)exp  



  2
53521 )yyx(x

2
1xxxi2  

   dx)x(x)xxx()yyx(x
6
1

54435431
3

54 

  

 =
5R
 (x1,x2,x3,x4,x5 - y)exp 

dx)x(x)xxx()xx
6
1xx

2
1xxx(i2 54435431

3
54

2
53521 














   

f
,, 431

K  (y,x5) = 
5R
 (x1,x2,x3,x4,x5-y) exp  1

3
54

2
53521 xx

6
1xx

2
1xxxi2 










   

     443543 xxxx  dx1dx2dx3dx4 

 = F1234 





  yx,x,x

6
1,x

2
1,x, 54351

3
531

2
5151  

   5

2

5
f

,,
R

2

HS,, dydxx,yK)f(
4212431    

 = 5

2

54351
3
531

2
51511234

R
dydxyx,xx

6
1,x

2
1,x,fF

2






   

   5
1

5 x1x



  

 = 5

2

5
1

4
1

35
2
1

3
5

3
1

2
5

511234
R1

dydxyx1,xxx
6
1,x

2
1,x,fF1

2 
























 

   5
1

x1yy


  

 = 5

2

4
1

35
2
1

3
5

3
1

2
5

511234
R1

dydxy,xxx
6
1x

2
1,x,fF1

2 



















 

 = dydwy,ww
6
1,w

2
1w,fF1

2

4
1

3
2
1

3

3
1

2

1134
R1

2 
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