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ABSTRACT 
The present paper deals with approximation of a function belonging to the Lip (α, p) class by product 

summability method. Here product of Euler (E,1) summability method and Nörlund (N, pn) method has 

been taken. A new estimate on degree of approximation of a function f belonging to Lip (α, p) class has 

been determined by (E,1) (N, pn) summability of  a Fourier series. 
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Definition 

 Let f be 2-periodic function in L
1
(-, ). The Fourier series associated with f at a point 

x is given by  
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The L
p
 norm is defined by  
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and the degree of approximation En (f) is given by (Zygmund [12]) 
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in term of n, where  Tn(x) is a trigonometric polynomial of degree n. 

 A function Lipf  if  
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and if,2x0for)p,(Lip)x(f   

   ,tOdx)x(f)tx(f

p
1

p
2

0


















 0 < α ≤ 1, 1p  (McFadden [7]).           (5) 

If p → ∞, Lip (α, p) class coincides with the Lip α class. 

 Let 


0n

nu be an infinite series with sequence of n 
th

 partial sum 
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sequence {pn} of real constant such that  .0pP,0pP 11
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The Nörlund means of the sequence {sn} is given by (Hardy [4]) 
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If  nasst N

n , then the sequence {sn} is summable to s by Nörlund method. 

The Euler means (E,1) is given by (Hardy [4]) 
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If  nassE )1(

n , then the sequence {sn} is summable to s  by Euler method. 

The (E,1) transform of the (N, pn) transform define the (E,1)(N, pn) transform of the 

partial sum {sn}of series
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nu . The (E,1)(N, pn) means defines a sequence }t{ EN
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If  nasst EN

n , then the  sequence {sn} is said to summable by (E,1)(N, pn) 

method to s. 

Particular cases 

Two particular cases of (E,1)(N, pn) means are: 

   (i)    nV1pif1,C1,E n  . 

   (ii)    .0,
1

1n
pif,C1,E n 












  

Notations 

We use the following notations. 
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INTRODUCTION 

The result of Quade [9] has been generalized by several researchers like Chandra [1], 

Khan [5], Mohapatra & Russell [8], Sahney & Rao [10]; but most of their  theorems are 

not satisfied for  α = 1,  p>1. Therefore, this deficiency has provoked to investigate 

degree of   approximation of   functions belonging to Lip (α, p) considering cases 0< α<1 

and α = 1 separately. Some interesting results on Lip (α, p) class have been given by 

Chandra [2], Leindler [6] and Dhakal [3] by Nörlund and matrix method. Here better and 

sharper estimate of )p,(Lipf  than all previously known results in this direction has 

been determined as following:  

 

Theorem. If RR:f  is 2-periodic, Lebesgue integrable on [-, ] and Lip(α, p) class 

function for ,1p,1
p
1   then the degree of approximation of f by (E, 1)(N, pn) means 

of its Fourier series (1) is given by  
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  is (E, 1)(N, pn) means of  Fourier series (1). 

Lemmas 

Following lemmas are needed for the proof of our theorem. 
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Lemma 1. If 
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Proof:  
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Lemma 2.  If (EN)n (t) is given as in lemma 1, then 
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Proof:        
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Proof of the Theorem 

Following Titchmarsh [11], the n
th

 partial sum sn(x) of the Fourier series is given by  
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The (N, pn) transform of the sequence {sn(x)} is given by  
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The (E, 1) transform of  )x(t N

n  is given by  
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    = I1 + I2, say.           (12) 

Applying Hölder’s inequality, lemma 1 and fact that )p,(Lip)t(  , we have  
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where q is the conjugate index of p.  

Using Hölder’s inequality and lemma 2, we have  
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where  is an arbitrary number such that q(1-)-1 > 0. 

Combining the conditions (12) – (14), we have  
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This completes proof of the theorem. 

Corollary 

Following corollary can be derived from the main theorem:  

 The degree of approximation of a function f   Lip  by (E, 1)(N, pn) means is given by 
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  is the (E,1) (N, pn)  means of Fourier series (1). 

REMARKS: An independent proof of corollary can be derived along the same line as the 

theorem. 

 

ACKNOWLEDMENTS 

Author wish to express his gratitude to Dr. Shyam Lal, Professor, Department of 

Mathematics, Banaras Hindu University, Varanasi, India for suggesting this problem and 

for taking pain to see the manuscript of this paper.  

 

REFERENCES 
[1] Chandra P, Approximation by Nörlund operators, Mat. Vestnik, 38(3) (1986) 263. 

 

[2] Chandra P, Trigonometric approximation of functions in L
p
- norm, j. Math. Anal. 

Appl., 275(1)v(2002) 13. 

 

[3] Dhakal B P, Approximation of the conjugate of a function belonging to Lip(α, p) 

class by  matrix  means, The Nepali Mathematical science  Report, Nepal, 

28(1&2) (2008) 49. 



KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY   

VOL. 7, No. I, SEPTEMBER, 2011, pp  1-8 

 

 

 8 

[4] Hardy G H, Divergent Series, Oxford University Press, 1949. 

 

[5] Khan H H, On the degree of approximation of functions belonging to the class 

Lip (, p), Indian J. Pure Appl. Math., 5(2) (1974)132. 

 

[6] Leindler L, Trigonometric approximation in L
p
- norm, J. Math. Anal. Appl., 

302(1), (2005)129. 

 

[7] McFadden L, Absolute Nörlund summability, Duke Math. J., 9 (1942) 168. 

 

[8] Mohapatra R N, & Russell D. C.: Some direct and inverse theorems in 

approximation of functions, J. Austral. Math Soc(Ser. A), 34 (1983) 143. 

 

[9] Quade E S, Trigonometric approximation in the mean, Duke Math. J. 3(3) 

(1937)529. 

 

[10] Sahney B N & Venugopal Rao, V, Error bounds in the approximation of 

functions, Bull. Austral. Math. Soc., 6 (1972) 11. 

 

[11] Titchmarsh, E C, The Theory of functions, Second Edition, Oxford University 

Press, 1939. 

 

[12] Zygmund A, Trigonometric series, Cambridge University Press, 1959.       

 
 


