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ABSTRACT 

The purpose of this paper is to introduce the concept of weakly compatible maps in Menger space and 

prove a common fixed point theorem in this space. 

 

2010 Mathematics Subject Classification: 54H25. 

Keywords: Triangle norm; Menger space; Fixed point theorem; Weakly compatible maps. 

INTRODUCTION AND PRELIMINARIES 

K. Menger [4] introduced the notion of a probabilistic metric space in 1942 and since then, the 

theory of probabilistic metric spaces has developed in many directions, especially, in nonlinear 

analysis and applications [1]. The idea of Menger was to use distribution functions instead of 

nonnegative real numbers as values of the metric. Schweizer and Sklar [7] studied this concept 

and gave some fundamental results on this space. The important development of fixed point 

theory in Menger spaces was due to Sehgal and Bharucha-Reid [8]. 

Jungck [2] introduced the concept of compatible maps. And this condition has further been 

weakened by introducing the notion of weakly compatible mappings by Jungck and Rhoades [3]. 

The concept of weakly compatible mappings is most general as each pair of compatible mappings 

is weakly compatible but the reverse is not true. Recently in this line, Singh and Jain [10] 

introduced the notion of weakly compatible maps in Menger space to establish a common fixed 

point theorem. 

In this paper we establish a common fixed point theorem for two pairs of weakly compatible 

mappings in Menger space without appeal to continuity. First we recall some definitions and 

known results in Menger spaces. 

Definition 1.1. A triangular norm  (shortly -norm) is a binary operation on the unit interval 

 such that for all  the following conditions are satisfied: 

(i) ; 

(ii) ; 
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(iii)  whenever  and ; 

(iv) ; 

 Two typical examples of continuous -norm are  and  

Now -norms are recursively defined by  and 

  

for  and , for all . 

Definition 1.2. A mapping  is said to be a distribution function if it is non-decreasing 

and left continuous with  and .  

We will denote by  the family of all distribution function on . A special 

element of  is the function  defined by 

    

 If  is a non-empty set  is called a probabilistic distance on  and 

 is usually denoted by . 

Definition 1.3. The ordered pair  is called a probabilistic metric space (shortly PM-space) 

if  is a non-empty set and  is a probabilistic distance satisfying the following conditions: for 

all  and , 

(i) ; 

(ii) ; 

(iii) ; 

(iv) , . 

The ordered triple  is called a Menger space if  is a PM-space,  is a -norm 

and the following inequality hold: 

(v) . 

Definition 1.4. Let  be a Menger space and  be a continuous -norm. 

(i) A sequence  in  is said to be converge to a point  in  iff for every  and 

, there exists an integer  such that  for all . 

(ii) A sequence  in  is said to be Cauchy if for every  and , there exists 

an integer  such that  for all . 
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(iii) A Menger space in which every Cauchy sequence is convergent is said to be complete. 

Definition 1.5 [5]. Self maps  and  of a Menger space  are said to be compatible if 

 for all , whenever  is a sequence in  such that  

for some  in  as . 

Definition 1.6 [10]. Self maps  and  a Menger space  are said to be weakly 

compatible (or coincidentally commuting) if they commute at their coincidence points, that is if 

 for some  then . 

Proposition 1.7 [10]. If self maps  and  of a Menger space  are compatible then 

they are weakly compatible. 

The following is an example of pair of self maps in a Menger space which are weakly 

compatible but not compatible.  

Example 1.8. Let  be a metric space where  and  be the induced Menger 

space with  , for all  and . We define self maps  and  as 

follows: 

    and     

Taking  We get , . Thus, ,  . 

Hence  . Further  , . 

Now; , for all . 

Hence  is not compatible. 

 Coincidence points of  and  are in . Now for any .  

and . Thus  is weakly compatible 

Lemma 1.9 [6, 9]. Let  be a Menger space and define  by                                                                                                                                                                                                                                

   

for each  and . Then we have 
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(i) For any  there exists  such that 

                                                               for 

any  ; 

(ii) The sequence  is convergent with respect to Menger probabilistic metric  if 

and only if . Also the sequence  is Cauchy sequence with 

respect to Menger probabilistic metric  if and only if it is a Cauchy sequence with 

. 

Lemma 1.10 [5]. Let  be a Menger space. If there exists a constant  such that                                                                                                                                                                                                                                                                                                     

                                                                                                                  

for all  and  then . 

RESULTS 

Theorem 2.1. Let  and  be self maps on a complete Menger space  and 

suppose the following are satisfied: 

(i) , ; 

(ii)  and  are complete subspace of . 

(iii)  

for all ,  and ; 

(iv) The pairs  and  are weakly compatible; 

In addition assume that 

                                                            

for each  and .                                       

Then  and  have a unique common fixed point. 

Proof. Let ,  be such that  and  Inductively, 

we construct sequences  and  in  such that  and 

 for  . 

Putting  and  for  and  with  in (iii), we get 
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Letting , we get 

   

                          . 

Hence 

. 

Similarly, 

. 

Therefore, for all  we have: 

 

Consequently, 

 

By repeated application of above inequality, we get for each . 

 

                    

                    

and so for each  we have 
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                . 

Since,  as , it follows that: 

  for every . 

Now, we show that  is a Cauchy sequence. For every , there exists  such 

that, for , 

                                                                          

                     

as . Hence by Lemma 1.9,  is a Cauchy sequence in . Since  is complete then 

 converges to . That is 

 

Since  and  then there exist,  such that  and 

 Now we prove that  and . 

Put  ,  and  in (iii), then we get 

 

as , we have 

 

then on simplification 

 

Thus, by Lemma 1.10, . Therefore, . 

Now put ,  and  in (iii), then we get 

 

as , we have 
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then on simplification 

 

Thus, by Lemma 1.10, . Therefore  

Also it is given that the pairs  and  are weakly compatible, then , 

that is  and , that is . Now we prove that  and 

. 

Put ,  and  in (iii), then we get 

 

as , we have 

 

then on simplification, we have 

 

Thus, by Lemma 1.10,  Therefore, . 

Now put  ,  and  in (iii), then we get 

 

as , we have 

 

then on simplification 

 

Thus, by Lemma 1.10,  Therefore, . Now, combine all the results it is clear 

that . That is  is the common fixed point. 

Uniqueness: Let  be another common fixed point of  and . Taking , 

 and  in (iii), then we get 

 



KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY   

VOL. 7, No. I, SEPTEMBER, 2011, pp  9-17 

 
 

16 
 

then on simplification 

  

Thus, by Lemma 1.10, and so the uniqueness of the common fixed point. ⁪ 

The following example illustrates Theorem 2.1. 

Example 2.2. Let  with the metric  defined by  and for each 

 define 

   

for all . Clearly  is a complete Menger space. Where  is a continuous -

norm. Define  and  by 

 

 

                     

Then  and  satisfy all the conditions of Theorem 2.1 with  and have a unique 

common fixed point . It may be noted in this example that the mappings  and  

commute at coincidence point . So  and  are weakly compatible maps. Similarly,  

and  are weakly compatible maps. To see the pairs  and  are not compatible. Let us 

consider a sequence  defined as , , then  as . Then 

,  but . Thus the pair  is not 

compatible. Also ,  but . So the 

pair  is not compatible. All the mappings involved in this example are discontinuous even 

at the common fixed point . ⁪ 
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