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ABSTRACT
The purpose of this paper is to introduce the concept of weakly compatible maps in Menger space and
prove a common fixed point theorem in this space.
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INTRODUCTION AND PRELIMINARIES

K. Menger [4] introduced the notion of a probabilistic metric space in 1942 and since then, the
theory of probabilistic metric spaces has developed in many directions, especially, in nonlinear
analysis and applications [1]. The idea of Menger was to use distribution functions instead of
nonnegative real numbers as values of the metric. Schweizer and Sklar [7] studied this concept
and gave some fundamental results on this space. The important development of fixed point
theory in Menger spaces was due to Sehgal and Bharucha-Reid [8].

Jungck [2] introduced the concept of compatible maps. And this condition has further been
weakened by introducing the notion of weakly compatible mappings by Jungck and Rhoades [3].
The concept of weakly compatible mappings is most general as each pair of compatible mappings
is weakly compatible but the reverse is not true. Recently in this line, Singh and Jain [10]
introduced the notion of weakly compatible maps in Menger space to establish a common fixed
point theorem.

In this paper we establish a common fixed point theorem for two pairs of weakly compatible
mappings in Menger space without appeal to continuity. First we recall some definitions and
known results in Menger spaces.

Definition 1.1. A triangular norm T (shortly T -norm) is a binary operation on the unit interval
[0.1] such that for all @ b.¢,d € [0,1] the following conditions are satisfied:

(i) Tl@1)=a;

(i) T@.b) =Tk, a),
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(iii)T(a, b) =T(c,d) whenever @ <¢ and b <d ;
(iv) T(a.T(b,c)) = T(T(@b),0),

Two typical examples of continuous t -norm are T(@, b) = ab and T(a, b) = min {a, b}.

Now t -norms are recursively defined by T* =T and

T™(Xq, won oee y X)) =TT (g, v e X ) Xpg)

forn=2 andx; € [0,1]1f0ra|| ie {1,2,.....,T1+ 1}

Definition 1.2. A mapping F:R = R™ s said to be a distribution function if it is non-decreasing
and left continuous with infimun { F(£):t e R }=0 gpgsuprimun{F():teRl=1

We will denote by A+ the family of all distribution function on [—o0,00] A special
element of D+ (Where D, € A,) js the function €0 defined by

_{0 if t<0;
S"m_{l, if t > 0.
If X is a non-empty set F:X XX =D, s called a probabilistic distance on £ and
F(x,¥) is usually denoted by fy .

Definition 1.3. The ordered pair (X.F) is called a probabilistic metric space (shortly PM-space)
if X is a non-empty set and £ is a probabilistic distance satisfying the following conditions: for

all x,.Z€X andt.s=>0
(i) Fx'y(f)= lex=y ;
(”) Fx,y(l)) =0 :
(iii) Py (0 = Fx (O,
(V) Fez@®@ =1 Frp8)=1=FE,,(t+9)=1

The ordered triple (X, F.T) s called a Menger space if (X.F) is a PM-space, T isat -norm
and the following inequality hold:

(v) B+ 2T (Foz(®.Fopy ()

Definition 1.4. Let (X.F.T) be a Menger space and T be a continuous t -norm.

(i) A sequence X} in X s said to be converge to a point X in X iff for every € = 0 and
4 € (0,1) there exists an integer N such that Fenax(©) > 1 =4 forain=nN

(ii) A sequence fX»} in X is said to be Cauchy if for every € > 0 and 4 € (0,1) | there exists
an integer N such that fenam (€)= 1 = 4 foralmm=N
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(iii) A Menger space in which every Cauchy sequence is convergent is said to be complete.

Definition 1.5 [5]. Self maps 4 and B of a Menger space (X.F.T) are said to be compatible if
Fapsnpax, () = €0 forall t > 0 whenever fXa} is a sequence in ¥ such that A%, Bx,, - X
forsomeX inX asn— o

Definition 1.6 [10]. Self maps 4 and B a Menger space (X.F.T) are said to be weakly
compatible (or coincidentally commuting) if they commute at their coincidence points, that is if
Ax =FBx for some X eX then ABx = BAx .

Proposition 1.7 [10]. If self maps 4 and B of a Menger space (X.F.T) are compatible then
they are weakly compatible.

The following is an example of pair of self maps in a Menger space which are weakly
compatible but not compatible.

Example 1.8. Let (X.@) be a metric space where X = [0,1] and (X, F.T) pe the induced Menger

t
L Fy ()= _ .
space with 7 t+d(x,Y) forall .Y €X andt >0  We define self maps 4 and B as
follows:
. 1 . 1
1-—x, LfOSx{E; X, LfOSx{E;
Alx) = 1 B(x)= 1
1, if—<x<1. 1, if—<=x<1.
fz and fz
1 1 1 1 1 1 1 1
Taking™ ~ 2 n" We get‘ql’l_EJrﬁ,Bx“_E_E.Thus,Al“_}E, Bxn=3
1 1 1
Hence 2 . FurtherABx'” =27n  BAx, =1
. . t 2t
Tllj'gu Fypxy5ax,(0) —Al_.ﬂgn F%Jr?l_rl (3] _H—l_ srrg -1
Now; 2 forallt =0

Hence (4. B) is not compatible.

1 n
Coincidence points of 4 and B are in E ’ 1]. Now for any © [2 ’1]. Ax =Bx =1
and AB(x) = A(1) = 1 = B(1) = BAKX)  Thus (4. B) is weakly compatible

Lemma 1.9 [6, 9]. Let X, F.T) be a Menger space and define Ears: X2 — R* U{0} py
Epe(x,y) =inf{t > 0:F, (6) > 1 — A}

for each 4 € (0,1) and X,¥ € X _ Then we have
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(i) Forany # € (0,1) there exists 4 € (0,1) such that
E,r(x,2) % Epr (GLY) +E s (0, 2) for
any X.Y,Z € X :

(i) The sequence fXnken is convergent with respect to Menger probabilistic metric F if
and only if Exr(XnX) = 0 Also the sequence fXnten is Cauchy sequence with
respect to Menger probabilistic metric £ if and only if it is a Cauchy sequence with
Eir.

Lemma 1.10 [5]. Let (X.F.T) be a Menger space. If there exists a constant & € (0,1) such that
Foy (kD) 2 F, ,(0)
forall X,y €X andt >0 thenx =Y

RESULTS

Theorem 2.1. Let 4.L,M and 5 Dbe self maps on a complete Menger space (X.F.T) and
suppose the following are satisfied:

(i) LX) €S&) M(X) < A,
(ii) S(X) and A(X) are complete subspace of X .

Fane, 12 (), Fsypay (), Foy e (at), F, Ax,My((?‘ - a]t},
Faxsy(1)
forall X,y € X,k €(0,1) a €(0,2) gndt >0 :
(iv) The pairs (L. A) and (M. S) are weakly compatible;

Fixpy(kt) Z min

(iil)

In addition assume that
Epr(x,y) = Inf{t > 0: F (6) > 1— A}
foreach4 € (0,1) and X,V €X
Then A, L,M and S have a unique common fixed point.

Proof. Let Xo, X1, X3 €X pe such that LXp =5X3 = Yo and Mxy = Ax; = Y- Inductively,
we construct sequences Xn} and a} in X such that LX2n =S5X25:1=DY2n and
MIZ‘H+1 == Ax2“+2 == yz“+1 for n= 0,1,2,3,4 aar mas mms sen mem

Putting ¥ = X2y and ¥ = Xans1 fort >0 and@ =1 —q with ¢ € (0.1) in (jii), we get

Fy(ELx) 2n, EMxY ((2n+ 1)) (kt) = min K {] F,( LAxD ;2n, ELx] ;2n) (€), Fy( [SxX ,(2n+ 1), [Mx

F,(£AxY 2n, TMx] j(2n+ 1)) (1 + )0, F( €AxY y2n, SxI ;(2n+1)) ()}
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Franganss RO ZMI{E o O F O 1 B (U D), By, )
2 0 an ) Brananes O Froncsvon® Branyanas (40)
2 min{Fy,,, 1 (O Froyans O By (@0}

Lettingq — 1 , we get

Franganss RO ZMIE o 0 F 0 Froo, )
e A O )

Hence

Franganas RO ZMI{E o O F, s, (O)

Similarly,

Franssransa GO ZMIN{E (OB

Therefore, for all @ we have:

B RO Zmin{E, ., (O.F, . (0]

Consequently,

Py @ 2 min{E, o k10, F, (k710)

By repeated application of above inequality, we get for each J € {123, ... },

Py @ 2min{E, o kT10,F, L (K20,F, (k720

=min {F, . (70,F, . (720}

Yn—-1¥n

Z .z min {E, (KT, (770}

s
and so for each 4 € (0,1) we have
Eps Qns Yne) =inf{t > 0:F, (5) > 1-1)
< inf{t > 0:

Kmin ] (Fy(yy(n— 1), y,n) (kT(-1) O, Fyymyu(n+1) ) K'(=N )} >1-4
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< max{inf{t > 0: F,(v;(n—1),y,n) (kT(—1)t) >1— A}, inff{t > 0:
Fiowmy(n+ 1)) K'(-HD>1-11

<max{k E (LF) (u(n—1),yn)k' E(LF) (iny(n+1))} .
Since, ¥’ Exs(VnVns1) = 0 a5j = @ it follows that:
EprQn Yne1) Tk Ejp(Vn-1,Yn) S k™ E3 r (V. Y1) for every 4 € (0,1)

Now, we show that £/} is a Cauchy sequence. For every & € (0.1)  there exists ¥ € (0.1) such
that, form =1n

E;J,.F(yn'ym) = E].',F(ym—lrym) + E}«',F(,Vm—bym—lj L E}«',F(,Vnryn+1)

m—1

< Ey.r(Vo, 1) Z k'—o

i=n

as M. — ©  Hence by Lemma 1.9, £¥»} is a Cauchy sequence in £ . Since £ is complete then
{¥n} converges to Z €X' That is

n—oo n—o n

Since L(X) €S(X) and M(X) € A(X) then there exist, »W €X such that S(W) =2z and
AW) = z. Now we prove that S =M@) =z and AW) =LW) =z

Put¥ =Xz, Y=V and @ =1 n (iii), then we get

Fpyppe(kt) 2 min:: {F sty Loy ) Fovarw (KO, Fsypx, ) (8, Faxey a00 (8, Faxe, 50 [:f)}
as™ — @  we have

F pa (k) 2 min{F, _ (©), F 01 (0), . - (), Fo gy (0, F. . (O}

then on simplification

Foan (k) 2 Fp 5, (D)

Thus, by Lemma 1.10, Z = MV Therefore, M(¥) =S} =z

Now put X =W ¥V =Xzn41 and @ =1 in (iii), then we get

F kt) = mi Faw.ow (€ F5x2n+1-ﬂ{xzn+1 ®. F5x2n+1xLW ®. FAW:Mx:n+1 ©.
LW:Mx:n+1( )_ Min 'FAW.SJC + (t)
n+1

ast — @ we have
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Frwz(k0) = min{F_ ;,, (©), F, . (€), F. 1, (), F. . (8). F. . (D)}
then on simplification

Fr..(kt)=F,, ()

Thus, by Lemma 1.10, Z = Lw _ Therefore Lw = Aw = z.

Also it is given that the pairs (L.4) and (M.5) are weakly compatible, then LLAW)) = AL(w))
that is Lz = Az and M(S(@)) = S(M(v)) | that is Mz = Sz . Now we prove that Lz = Az =z and
Mz=58z=z

PutX =2 |V =Xzp+1 and @ =1 in (iii), then we get

F, (kf) = mi FAZ,LZ ©, F5x:n+1a-""fxzn+1 ©. 'El:'lc"7°'2n+:|-fﬂz ©. FAz,Mx2n+1 ©.
Lz, MXgn41 - n F, AzZSXgn4 ©
n+1

asm = @ we have

Fyzo(kt) Zmin {F,; 4. (0), F, (0), F; 4z (€), Faz - (OF4- - (O}
then on simplification, we have

Fo (k)= Fy, (D)

Thus, by Lemma 1.10, Z = AZ. Therefore, Z = Lz = Az
Now put* =Xz, , V=2 and @ =1 n (iii), then we get

F (kt) = min {F.qu.r,x;n (€, Fszpgz(0). Foz gy, (0 Far, 2 (t),}
Lxgan.Mz = Fﬂxzn,sz (t)

asm = @ we have

Fy sz (kt) = min {F, (D), Fs 5. (), Fsz 2 (1), Fo 52 (0, Fo 52 (D)}
then on simplification

F, o, (kt)=F, (D)

Thus, by Lemma 1.10, Z = SZ- Therefore, Z = Mz =5z Now, combine all the results it is clear
that Z = Az =Lz =Mz =52 Thatis Z is the common fixed point.

Uniqueness: Let ¥t #2) be another common fixed point of A L.M and S . Taking X =Z |,
Y=u and @ =1 in (iii), then we get

Frz (k) 2 min[ {&]Fy, 12 (8), Founn (), Fourz(6), Fazan (1), Fazsu (f)}
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then on simplification

F, (k)= F, (D)

Thus, by Lemma 1.10, Z =% and so the uniqueness of the common fixed point. |

The following example illustrates Theorem 2.1.

Example 2.2. Let X =[0,30) with the metric d defined by 2(t.3) =[x —¥| and for each
t € [0,1] define
: ift>0
Foy@=qt+x—ylI’ ’
0, if t =0.
for all X.¥ €X | Clearly (X.F.T) is a complete Menger space. Where T is a continuous t -
norm. Define 4 L, M gnd S:X =X py
0, if x=0, 0, ifx=0,
A =1 12, ifo<x<15 S ={ 6  if0<x<15,
x —9, if 15 <x < 30. X — 6, if 15 <x < 30.

X if x=0, {0 if x=0,
L(X)_{g, if 0<x < 30. M(x) = 9, if 0 <x < 30.

Then 4L, M and S satisfy all the conditions of Theorem 2.1 with X € (0.1) and have a unique
common fixed point 0 €X | It may be noted in this example that the mappings L and 4
commute at coincidence point 0 €X' So L and 4 are weakly compatible maps. Similarly, M

and S5 are weakly compatible maps. To see the pairs (L. 4) and (M. 5) are not compatible. Let us

1
consider a sequence fX.} defined as Xn = 15+E, NZ=1 then X, > 15 ags n— @  Then
im Lt —6 lim Ax. — lim F, =1
lim Lx, 6 lim AX, =6 i o LaspaLen () = 57 16 — 12| . Thus the pair (£:4) s not
t
. i = ' = lim F, =——=%1
compatible. Also Mim M, 9 Mm $%, =9 it i Msxnsaeen (O = 7 19 — sl . So the

pair (M., 5) is not compatible. All the mappings involved in this example are discontinuous even

at the common fixed point * =0 f
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