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ABSTRACT

Recently M. S Khan, H. K. Pathak and R. George [9] have been introduced the concept of compatible of
type A — 1 and type A — 2 and obtained some common fixed point theorems in fuzzy metric spaces. In this
connection we have proved some common fixed point theorems in fuzzy metric space using
semicompatible mappings.

INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [20]. Deng [2], Erceg [4], Kaleva [13],
Kramosil and Michalek [10] built the fuzzy metric spaces in various ways. George and
Veermani [5] modified the notion of fuzzy metrics spaces introduced by Kramosil and
Michalek [10] in order to get a Hausdorff topology. Grebiec [6] proved the fixed point
theorems for Banach contraction mappings in fuzzy metric spaces and Edelstein [3]
proved it in fuzzy metric space introduced by Kramosil and Michalek [10]. In the
literature the number of authors investigated the fixed point theorems for the mappings
satisfying different types of contractive condition in fuzzy metric spaces.

The notion of semicompability was introduced by the Cho et al. [1] in d-topological
space. They defined as a pair of self mappings P, Q to be semicompatible if the

conditions (i) Px = Qx implies that PQx = QPx (ii) Px_ =X, Qx_ —>x implies that
Pan —Qx as n—oo holds. However, in fuzzy metric spaces (ii) implies (i) taking
X =Y forall n and x =Py =Qy.So, we can use a semicompatible pair of self-maps

in fuzzy metric space by condition (ii) only. Bijendra Singh and S. Jain [18] using the

semicompability proved some common fixed point theorems [18, 16, 17] in fuzzy metric
space, Menger space and D-metric space. Bijendra and S. Jain [18] discussed the relation
of compatible mappings to weak compatible mappings and weak compatible mappings to
semicompatible mappings in fuzzy metric space.

PRELIMINARIES

Definition 2.1 [14] A binary operation *:[0,1]x[0,1] —[0,1] is & continuous t-norms if
* 15 satisfying conditions:

(i) = is an commutative and associative;

(i) = is continuous;

(iii) a*1=a,forall a<[0,1];
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(iv) axb<c*d whenever a<c,b<d and a,b,c,d €[0,1]a, b,c,d 2 [0, 1].

Examples of t-norms are a*b:min{a,b} and a*b=ab.

Definition 2.2 [10] The triplet (X, M *) is a fuzzy metric space if X is an arbitrary set,
+ is a continuous t- norm, M is a fuzzy setin X*x[0,1] satisfying the following
condition(i) M (x,y,0)=0.

(i) M(x,y,1)=1 t>0 ifand only if x=y.

(iil) M(x,y,t) =M (y,x.t).

(iv) M (%, y,t)*M(y,z,5) <M (x,z,t+s), X,y,ze X and t,s>0.

(V) M

(

vi) lim M (x,y,t)=1,forallx,yeX.

(X,Y,-):[ 0,00) —>[0,1] is left continuous.

Definition 2.3 [10] A sequence {x,} in a fuzzy metric space M (x,y,*) is called Cauchy

if lim,_,,, M (X,,,,X,,t)=1 for every t >0 and each p>0.

Definition 2.4 [10] A sequence {x,} in a fuzzy metric space M (x,y,*) is said to be
convergentto xe X iflim_, M(x,,x,t)=1, foreach t>0.

Definition 2.5 [10] A fuzzy metric space M (x,y,*) is said to be complete if every
Cauchy sequence in X converges in X .

Definition 2.6 [11] Two mappings S and T of a fuzzy metric space M (X, y,*) into itself
are said to be weakly commuting if M (STx,TSx,t)>M (Sx,Tx,t), for every xe X .

The notion of weak commutativity is extended to R-weak commutativity by Vasuki [19]
as

Definition 2.7 The mappings S and T of a fuzzy metric space M (x,y,*) into itself are
R -weakly commuting provided there exists some positive real number R such that
M (STx,TSx,t)>M (SX,TX,%), for all xe X . Weak commutativity implies R -weak
commutativity and the converse is true for R = 1.

Definition 2.8 [1] Two self mappings S and T of a fuzzy metric space M (x, y,*) are

called compatible iflim M (STx,,TSx,t)=1 whenever {x,}is a sequence in X such
that lim,_, Sx, =lim__,_ Tx, =X forsome xe X
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Definition 2.9. Let S and T be self maps of an FM-space X. The mappings S and T are
said to  be  compatible of type (A) lim, . M (STx,,TTx,,t)=1

lim,_,, M (TSx,,SSx,,t)=1, whenever {x }is a sequence in X such that
lim,_, Sx,=lim __ Tx, =x forsome xe X

Lemma 2.10 [15] Let M(x,y,*) be a fuzzy metric space. If there exists g (0,1)such
that M (x,y,qt)>M(x,y,t) forall x,ye X and t>0,then x=y.

Definition 2.11 [1] Let S and T be pair of maps of a fuzzy metric space M (x,y,*). The
mappings are said to be semicompatible if lim,_ M (STx,, Tx,t)=1, for all t>0.
whenever {x,} is a sequence in X such that lim , Sx, =lim_ Tx =x for some
xeX.

Definition 2.12 [8] Let S and T be pair of maps of a fuzzy metric space M (x, y,*). The

mappings are said to be weak compatible if they commute at the coincidence points, that
i, Sx=Tx implies that STx =TSx

Clearly if (S,T) is semicompatible and Sx=Tx, then STx=TSx. Therefore
semicompatible implies the weak compatible but converse is not true.

Proposition 2.13 [16] Let M (x,y,*) be a fuzzy metric space. Let S , T be pair of
compatible mappings on it, then they are weak compatible.

The converse of Proposition is not true.

Proposition 2.14 [18] Let S and T be self mapping on fuzzy metric space M (x,y,*). If
T is continuous, then (S,T) is semicompatible if and only if (S,T) is compatible.

M. S. Khan, H. K. Pathak and R. George [9] introduced following concepts

Definition 2.15 [9] Let S and T be self mapping on fuzzy metric space X . The pair of
mappings (S,T) are said to be compatible of type (A-1) if lim,_ M (STx,,TTx,t)=1

whenever {x.} is a sequence in X such that lim_ Sx =lim_ Tx =z for some
zeX.

Definition 2.16 [9] Let S and T be self mapping on fuzzy metric space X . The pair of
mappings  (S,T) are said to be compatible of type (A-2) if
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lim,_,, M (STx, SSx,,t)=1whenever {x } is a sequence in X such that

N—o0

lim,, Sx,=lim _, Tx =z forsome ze X.

Clearly, a pair (S,T) of compatible type of A is compatible of type (A—1) and type
(A-2). Also a pair (S,T) of compatible of type (A-1) then the pair (T,S) is
compatible of type (A-2).

Proposition 2.17 [9] Let S and T be self mappings of a fuzzy metric space.

(i) If T is continuous then the pair of mappings (S,T) is compatible of type (A-1)if an
only if S and T are compatible.

(ii) If s is continuous then the pair of mappings (S,T) is compatible of type (A-2) if
anonlyif S and T are compatible.

Proposition 2.18 Let S and T be self mappings of a fuzzy metric space.
(i) If T is continuous then the pair of mappings (S, T) is compatible of type (A—1) if an

only if S and T are semicompatible.
(i) If s and T is continuous then the pair of mappings (S,T) is compatible of type

(A—2) ifanonlyif s and T are semicompatible.
Proof: (i) Let lim _, Sx,=lim_ _, Tx =z for some ze X and the pair is compatible of
type(A—1). Since T is continuous we have lim__ TTx, =Tz. Therefore it follows that

N—o0

lim, ,, M (STx,,Tz,t)>lim_, M [STXH,TTXH,%j* lim, M (TTxn,Tz,%] . That yield

lim,_,. M (STx,,Tz,t)>1=1=1 and hence the pair (S,T) of mappings is semicompatible
Now  suppose that S and T are  semicompatible.  Then

lim, ., M (STx,, T, t) > lim, ,, M (STXH,Tz,%j* lim___ M (TTxn,Tz,%j —1#1=1,

so the pair of mappings (S,T) is compatible of type (A-1).

(i) Let lim _, Sx =lim _, Tx =z for some ze X and the pair is compatible of type
(A-2). Since S and T are continuous we have
lim _, STx, =Sz, lim _ SSx, =Sz, lim , TSx =Tz Therefore it follows that

M (STx,,Tz,t)>=M (STxn,Tan,%j* M (TSXH,TZ,%j

>M [STXH, San,%j* M (SSXH,TZ,%J* M (TSXH,TZ,%j

=1x1%1=1.
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That yield M(STx,,Tz,t)>1+1*1=1 and hence the pair (S,T) of mappings is

semicompatible.
Now suppose that S and T are semicompatible. Then we have

M (STX,,SSx,,t)>M (STxn,Tz,%]* M (Tz,SSXn,%J
t t t
>M|STx,,Tz,— |*M | Tz,STx,,— [*M| STx_, SSX,,—
2 4 4

=l+1x1=1.
So the pair (S,T) is compatible of type (A-2).

Example 2.19 Let X =[0,1] and let (X,M,x) be a fuzzy metric space

-1
withM (x, y,t) =[W} , forall x,y e X,t>0. Define mapping as follows

X if OSXSl
SX = 1 2
1if x>=

2

Let T be an identity mapping on X and xn:%—l. Then Sx {———}
n

NEY

2’

=223 fsmop= )= (220 L ey gsng =22

n

{San}:{an}:{%—l}e%, Tz :%, so clearly the both pairs (S, T) and (T, S) are

n

compatible of type (A — 1) and compatible of type (A — 2).

{STxn}:{an}:{%—l}e%:T(%j. So (S,T) is semicompatible but
n

{TSx, } ={Sx,} > % #S (%j .So (T,S) is not semicompatible.
Proposition 2.20 Let S and T be self maps of a fuzzy metric space X . If the pair (S, T)

is semicompatible and Sz =Tz for some z in X then z is common fixed point of S and
T.

Proof: Let {x,} be a sequence in X defined by x,=zforn=12,-- and let Sz=Tz.
Then we have lim _, Sx, =Szand lim _, Tx =Tz. Since the pair (S, T) is

semicompatible, we have 1=Ilim M (STx, Tz,t)=M(STx,,Sz,t) implies that
STz=Sz i.e. Tz=z=Sz, hence z is common fixed pointof S and T .

RESULTS
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Lemma 3.1 Let (X,M,*) be a fuzzy metric space with t =t >t for all t <[0,1]

and P, Q, S, T be self maps of X such that

(i) P(X) = T(X) and Q(X) < S(X)

(i)

[1+ p M(Sx, Ty, kt)] *M(Px,Qy, kt) > p{M(PX’ Sx, kt) =M (Qy. Ty, ki) }
+ M (Px, Ty, kt) =M (Qy, Sx, kt)

+M(Sx, Ty, t) *M(Px, Sx, t) *M(Qy, Ty, t)

* M (Px, Ty, t)*M(Qy, Sx, (2 -a)t)

forall x,y e X,p 20 and a<(0,2) and k € (0, 1). Then X contains a Cauchy

sequence.
Proof: The proof is given in [9].

Theorem 3.2 Let (X, M *) be a complete fuzzy metric space with t =t >t for all
t C[O,l]

and let P, Q, Sand T be self mappings of X satisfying (i)and (ii)of Lemma 3.1 and
the following:

(iii) the pairs (P, S) and (Q, T) are semicompatible,

(iv) one of S or T is continuous.

Then P, Q, S and T have a uniqgue common fixed pointin X

Proof: Let X, be a arbitrary point in X . Choose x, € X such that Px, = Tx, and for x
we choose x, € X such that Sx, = Qx;. Continuing in this way we get a sequence y, as
follow

Yon = PXop = TXop @nd Yo = QX0 =SXpp
By Lemma 3.1, y, is a Cauchy sequence in X. Since X is complete, so it should
converges to some point z in X . Therefore the subsequences Px,,, TX,,.., QX,,,, and

Sx,,., also converges to z. Suppose T is continuous, then TTx,,,, — Tz, asn — .

2N+

Since the pair (Q, T) is semicompatible, then lim_,  QTy, = Tz Fora= 1 in (ii),
we put X = X,,, Yy = TX,,,,, then

23



KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY
VOL. 7, No. |, SEPTEMBER, 2011, pp 18-27

[1 FPM(SKy, TTX, . kt)}* M (PX,,.QTxy o k) 2

) M (Px kt) = M(QTx2n+1, LLLSTRT kt) }

X2n+l’ kt)*M(QTx2n+l, SXZn’ kt)

+M(Sx2n, TTx2n, t) *M(PXZn, Sx2n, t) *M(QTx2n+1, TTx2n+1, t)

t) * M(QTx2n+1, SXZn’ t)

2n’ SX2n’
+M (Px2n, TT

*M(Px2n, TTx2n+1,
implies M (z, Tz, kt) >M(z, Tz, t)*1 *1 *M(z, Tz, t) *M(Tz, z, t). This shows

that
Tz = z. Aging from (ii) for = 1, we have

+M(Px2n, Tz, kt)* M (Qz, SXZn’ kt)

M(Px2n, SXZn’ kt)* M (Qz, Tz, kt)
[1 + P MKy, T2 kt)}*M(PxZn, Qz, kt) > p

+M(Sx2n, Tz, t)* M(Px2n, SXZn’ t)* M(Qz, Tz, t)
*M (PXZn’ Tz, t)* M (Qz, Sx " t)

which gives M(z, Qz, kt) >1 =1 +M(Qz, z,t) *1=1*M(Qz, z t)and hence

Qz = z,therefore by (i) there exist u € X such that Qz = Su and by (ii) for « =1,

we have

. M (Pu, Su, kt)* M (Qz, Tz, kt)
[1+ p M(Su, Tz, kt)]* M(Pu,Qz, kt) > p LM(PU, T2, k)* M(Qz, Su kt)}
+M(Su, Tz, t) *M(Pu, Su, t)* M (Qz, Tz, t)

*M (Pu, Tz, t)* M(Qz, Su, t)

which gives M(Pu, z, kt) > 1 *M(Pu, z, kt) = 1*M(Pu, z, t)* 1 and hence
Pu = z.Therefore Pu = Su = z and since the pair (P, S) is semicompatible then we
have

PSu = Su and so Pz = z.Now we claim that Sz = z. From (ii) we have

. M (Pz, Sz, kt) *M(Qz, Tz, kt)
[1+ p M(Sz, Tz, kt)] *M(Pz, Qz, kt) >p +M(Pz, Tz, kt)* M(Qz, Sz, k)

+M(Sz, Tz, t)* M(Pz, Sz, t) *M(Qz, Tz, t)
*M(Pz, Tz, t) *M(Qz, Sz, t)

which gives M(Sz, z, kt) =M (Sz, z, t)* M(z, Sz, t)*1*1*M(z, Sz, t). It gives

Sz = z.Hence z is common fixed point of P, Q, Sand T . If S is continuous then we
get similar result as above. Uniqueness of the fixed point follows form (ii).
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Theorem 3.3 Let (X, M,*) be a complete fuzzy metric space with t+t >t, t e [0, 1]
and let P, Q, S and T be self mappings of X satisfying

() P(X)cT(X)and Q(X) < S(X)

(i)

[1+ p M(SX, Ty, kt)]* M(Px,Qy, kt) 2{

M (Sx, Ty, t)* M(Px, Sx, t) *M(Qy, Ty, t)
M (Px, Ty, t)* M(Qy, Sx, (2 -a)t)

forall x, y e X, p > 0 and o (0, 2) and ke(0, 1),
(iii) the pairs (P, S) and (Q, T) are semicompatible,

(iv) one of S or T is continuous.
Then P, Q, S and T have a unique common fixed pointin X .

Proof: Put p=0 in Theorem 3.1, we get required result.

Theorem 3.4 Let (X,M,*) be a complete fuzzy metric space with t=t >t, t e [0, 1]
and let the pair (P, S) of self semicompatible mappings on X satisfying

(i) P(X)=S(X)

(i)

[+ pM(S Sy, kt)]*M(Px, Py, ki) > p -I:/lw(lF();’x,S);y!dle m%y Séxktzt)}
+ M (Sx, Sy, t)*M(Px, Sx, t)*M(Py, Sy, t)
*M (Px, Sy, t)*M(Py, Sx, (2—a)t)

forall x, y e X, p > 0and « (0, 2) and ke(0, 1),
(iii) P is continuous
Then P and S have a unique common fixed point in X .

Proof: Put S = T and P = Q in Theorem 3.1, we get above result.
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