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Abstract

This paper has deal with certain aspectsin the development of hypergeometric series, which are the most significant
topics of special function. Moreover, making use of the known results, Meijer’s G-functions of hypergeometric type
have al so been generalized by increasing the number of variablesin terms of double Barnes' type of contour integrals.
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1.1 Introduction

Generalized hypergeometric series, both ordinary and
basic have been avery significant tool in the definition
of Meijer's G-functions. In what follows, the usual
hypergeometric notation and definition shall be followed
throughout.

Let[a] =a(a+l) (at+2)...... (atn-1),n= 1,
(@) , =1, then the generalized hypergeometric seriesis
defined by
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where (a) stand for r parameters a,, a, ... , @ and so
for (b). The series 1.2 (1) converges

0] for al finitezif r<s,

(i) forzx1lifr=s+1, and
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(iii) divergesforzz0ifr>s+1
If r = s+ 1, the series converges absolutely on the
circle (0z[0=1 when
R, [ibﬁ - rZar] >0
Also, Ii/vhenr-ls+1 the seriesiscalled

“Sadlschutzian” if R [Zb —Za ] =1and

“Well-poised” if 1+a=b+a=">b +a3- ......
= bs+as+1

If any one of the numerator parametersin (1) is

zeroor a negativeinteger, F_reducestoapolynomial,

but if any b parameter is a negative integer, -N, say,
where N=1,2 ...... (unless any of the parameters is
also a negative integer —M, say, where M= N,

N+1,...... , Or zero), then F_ function is not defined.

In case of the basic or g-hypergeometric series
for any positive integer n, let [a;q<] =(1-a) (1-

ag9)...... (1-ag™d),n=1,
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I
[a0,=1, [ech]N:l:l (1-agq" ), mqre,

A generalized basic or g-hypergeometric series is
defined by
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whereq# 0andr < s+l

The series converges absolutely for all finite z, if
r<sandfor OzO<1if

r=s+1.Whenr =s+1, (2) issaid to be“ Saal schutzain”

b,b,...... b=c‘aa,......a,,
and “Well-poised” if
qkal_ b b bs as+l ]

Whenever thereis no chance of confusion and k=1, we
shall omit it from all symbols.

A Kampg d¢ Ferict hypergeometric function of two
variablesisdefined as:
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where (&, ), stand for the sequence of parameters a,,
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convergence.
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Meijer’s G-functions

C.S. Meijer (1936) provided aninterpolation of symbol
- for p>g+1 which is in complete agreement with
Mac-Robert’s E-function. He defined G-function as a

sum of oFa series and later on replaced this definition

in terms of Mellin-Barnes' type of contour integrals.
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Thelatter definition hasthe advantagesin the sense that
it allows a greater freedom in the relative values of p

and g. The G-function of onevariableisthus defined as
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where an empty product isinterpreted as unity; p, g,
m, n are non-negative integers satisfying0<m=<q, 0
< n < p and the parameters are such that no pole of
Fib; —g)i=1,

ofA[l—czj,-+§),j=l, ....... # . Whenever thereis

. #2, coincides with any pole

no danger of misunderstanding, it shall be written

more briefly as

Gra |

Xy )] or, qu' [x],or smply G (x).
Theintearal (4) converaesif p+q < 2 (m+n) and

1
|argx|< m+n—§(p +gi |

1.2 G-function of onevariable

We shall now establish the following results involving

G-function of one variable.
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The convergence conditions of 1.2 (1) — 1.2 (4)
are satisfied with Meijer’s G-function defined in
1.1 (4).

Proof : Toillustrate the proof of 1.2 (1) — 1.2 (4), we
shall prove 1.2 (1). For this, we replace G-function

definedin 1.1 (4) ontheright sideof it by itsequivalent
Barnes' type of contour integral to obtain.

y | Tr-olly-ollig rofa
- Zaa ¥
S
4 -+s fl6 -2

Tt - 53'1_[1"(5:' -§)H(1 @; + &)
— xtdé,

i1 ra-s+& ﬁ(a -8

J=m+l J=n+l

2;?3

since I'th +r—
Making
summation :

g1 =I"h - )& - &),

use of the following Binomial

(), x" =
© D
we must”have
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Thus, the ensuing result becomes
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Similarly, we can prove 1.2 (2) — 1.2 (4) aso.

1.3 G-Functions of two variables

The function defined by Agarwal (2005) give an
extension of Meijer’s

G-function to two variables and yields, as its
special cases, the Appell’s double hypergeometric
function and Kampg d¢ Ferict hypergeometric function
of higher order, besides all those functions which can
be defined through G-symbol. Thus, the integral
evaluated here includes a number of certain double
seriesfor generalized G-function of two variables.

Following Agarwal (2005), we define G-function of two
variables by
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The function 1.3 (1) holds for [x X 1,[¥ [x 1 and

¢5(§+?;;')=1"[ 1-f{a,)+&+m ] X.+.y.<1 and .Xx. .y.%.<1.

Itisnotablethat al the Appell seriesshall reducetothe
ordinary Gauss series (hypergeometric series) ,F, (a, b;
¢; X) when y=0. Thefirst three series shall aso reduce
to F, (a b; c; x) when b'=0.

p.a.r,sk,l,m,m,n,n,n, are non-negative integers such 1.4 Main Results

that Thefollowing double summation formuladueto Carlitz
0<sn<p0<n<r0sn<k0<sm<s0smc<l, (1967) shall be used:

and for convergence, we have '

p+g+s+r<2(ms+n,+n), = = (@) (@) B) . () ("
p+q+1+k<2(m,+n,+n), (1) NN et e m R

EE ”-}m “‘)n‘rb}m{b}n {C + Cr }m"'rz ’

1
DargX D<T[[m1 +H1+H_§(p+g+5+r)], 1_, E_ﬂl,ﬂ'l_ﬂ,b,b_ﬂ—ﬂl,ﬂ"FEI;
&Oargyk 1t = cte'-—a—a'h-—adb-—a.,cc' |
1
[mz tug ta —5(;:' tg+i+ iﬂ']. We shall now establish the following results

involving G-functions of two variables:
Moreover, weshal mention further extension of theabove

hypergeometric series of two variables. Appell (1926), 1, . . -E:;.::,.::';-
defined four functions F, F,, F, and F, of two variables i f‘lg - Ay I R e o R
analogousto Gauss'sfunction (i.e., series) JF, (ab;c;z) in &) Tee -5
thefollowing form: L
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All the above four double series are absolutely —b

convergentfor . x.<.,.y.<1;
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The convergence conditions of 1.4 (2) and 1.4 (3) hold for 1.3 (1).
Pr oof

We shall make use of Appell function F, defindin 1.3 (A,) and replace G-function of two variables definedin 1.3 (1)
on the left side of the result by its equivalent double Barnes' type of contour integralsto find.

P EIECES (B (@)@ )y A1 = )"

-1 ‘
[[# @n ot DD, B,

MO NN NI NPT
= (1, (1), (&), (e, a

1
(27m)?

ot

JJ“*??"f’lé,n-nﬂmf:hl—ﬂ"l-ﬂ'li’?ff?d??
1=2

=J-1/1-:—1+m+.f|1 _ ﬂ'cl_1+n+ﬂdﬂ.xfl {Hd—1+r+.f|1 _ ﬁ'dl_1+s+ndﬁ
1]

]

*

(Bt @ @ che)mwrcf' )y |
S DnDa @y S D, (0 (2]

interchanging the series term by term due to the absolute convergence and the integral s invol ved.

Te+m+ T +nty) T@+r+HTE@+s+7)
- r(¢+¢l+m+;g+§+??:| 1“(,;f+,;f'+g~+,g+§+;?)

L[ r[-;m:ef +pE,mxtydédn,
1=2

191



Nepal Journal of Science and Technology 9 (2008) 187-193

O @@y @ (), Sy 1 ) .
Zu:l (U (B (B, zm @), ), (2)° J z['ﬂé Tle. mIxtya g,
L))

- -0 = :
since I ( :I l—.(m+ ?3)

Z {b)mm{ﬂ} {alj I:':' + é) (CI+??} Z(é'}ru (-f:l;w Uljj(ﬂ? + é:lrlidl'ﬂ?:lj
7 (D Dy (Bl @ (et L+ M 570, (D, (), (2),(d +d +E + 1),

c+§ £ +?;-‘ .:x‘+§ d +17;
o+e +§+;r;.1 o +if +§+

1
K X @&+ mxty d &,
(272)
which yields the right side of (3) after summing the quadriple series with the help of 1.4 (1) and the proof is thus
complete.

The proof of (2) can also be similarly established

Special Cases

Puttingp=q=0,s=1,r=k,m,=1,y=0andr<s, 1.4 (2) implies that

boa,a

1
Jﬂc—l(l_ﬂ.)n‘ 1,{-{‘21 1(1 ',H:ldl_lF ) ﬂ.l a Fj
_E;'-E:' _EE

1_
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_pfEetmema eSS o ‘1—(c,,)-,1—.::+a',1—.:f+f'
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provided that X [x1,0<m, <s,0<n <r,r+s<2(m+n)
1
and |arg x| < afem +oy 59|, Re(cc dd) >0

Similarly, we can deduce the other cases for G-function of one variable of 1.4 (3) aso.
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