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Abstract
An uncertainty principle due to Hardy for Fourier transform pairs on R says that if the function f is “very rapidly
decreasing” then the Fourier transform cannot also be “very rapidly decreasing unless f is indentically zero.” In this
paper we study the relevant data for 4G and state and prove an analogue of Hardy theorem for low-dimensional

nilpotent Lie groups 4G .
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Introduction
Uncertainty principles related to decay of function and
its Fourier transform have a long history, starting from
a theorem due to Hardy (see Hardy. 1933 H. Rieter and
J.D. Stegman (2000) ). Hardy’s theorem consists  of
two parts: in the first it characterises the heat kernel
interms of its decay and that of its Fourier transform
and in the second it shows that a non-zero function
and its Fourier transform can have no faster decay.
Several generalisations of the second part of the  Hardy
theorem has appeared since, most notable among them
being the result of Cowling & Price  (1983),  Benedetto
(1975)).The theorem of Cowling & Price says roughly
that it is not possible for a nonzero function and its
Fourier transform both to decay very rapidly. To be
precise, let 2( ) exp( );ae x ax=  then if ||ea f||p < ∞,
||eb ^f||q < ∞, min (p.q.) <  ∞ and 1

4,ab ³  > ¼
then 0.f = The case p = q = ∞ was treated by
Hardy.

Recently considerable attention has been paid to
proving analogue of Hardy’s theorem and i ts

pL version in the setup of non commutative groups
( Astengo et al. (2002), Bagchi & Ray  (1998), Cowling
M.G. et al. (2000), Eguchi, et al. (2000), Folland &

Sitaram, A. (1997), Ole  (1983), &  Sitaram,   Sundari
(1997) generalised the second part of Hardy’s
theorem to connected semi-simple Lie groups with
one congugacy class of Carten subgroups and to
the K-invariant  case for  general connected
semisimple Lie groups. The result was extended to
all semisimple  Lie groups with finite Centre by
Cowling,  et al. (2000) . Kumar &  Bhatta (2004) have
proved the analogue of Cowling and Price theorem
for 3,1 5,1 5,3, ,nG G G G=  or 5,6G and 0.ab >

In this paper our aim is study the
corresponding connected and simply-connected Lie
groups and its Coadjoint orbits, irreducible unitary
representation and related data for 4G  as well as
Parseval identity. Also we prove the analogue of
Hardy’s theorem for low-dimensional nilpotent Lie
groups 4G .

Calculation of relavant data for 4G

g = g4
 =  ÂX1

 + ... + ÂX4

The data computed for 4G have been presented in
eight sections.
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( I ) g = g
4

 =  ℜX
1

 + ... + ℜX
4

      4 3 2 4 2 1[ , ]      [ , ]X X X X X X= =

( I ) 4
4G G R= =

                    
21

1 4 1 4 1 1 4 2 4 3 2 2 4 3 3 3 4 42( , . . . , )( , . . . , ) ( , , , )x x y y x y x y x y x y x y x y x y= + + + + + + +

               
1 21

1 4 1 2 4 3 4 2 3 4 3 42( , . . . , ) ( , , , )x x x x x x x x x x x x- = - + - - + - -

( I I )
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X
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∂

=

( I I I )       1 1 12
1 1 4 4 1 2 4 3 4 1 3 4 3 42 6 2exp ( + . . . + ) ( , , , )a x a x a a a a a a a a a a= + + +

                
1 1 2

1 4 1 2 4 3 4 12 12log ( , . . . , ) ( )x x x x x x x X= - + +

                                 
1

2 3 4 2 3 3 4 42( )x x x X x X x X+ - + +

( I V )          1 4 1 1 4 4Ad ( , . . . , )( , . . . , )x x a X a X+

          21
1 4 2 2 4 4 3 1 2 4 3 3 4 22( ) ( )a x a x a x a X a x a x a X= + - + + + -  3 3 4 4a X a X+ +

          ),...,)(,...,(* 441141 ffxxAd ξξ

         4143223431
2
4243214211 ))(()

2
1()( fxxxxfxxfxf ξξξξξξξξξ −++++−+−+=

( V ) 4411 ... fff ξξ ++=

( a ) 01 ≠ξ

     )()( 21221 XXXf ξξϑ −ℜ+ℜ=
     1 22 ;  2  4d j j= = =
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( b ) :0,0 21 ≠= ξξ

      21)( XXf ℜ+ℜ=ϑ
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      1 22 ;  3,   4d j j= = =

( c ) 021 == ξξ
 1 2 0x x= =

     ϑϑ =)( f

( V I ) 4411 ... fff ξξ ++=

( a ) 01 ≠ξ , 042 ==ξξ

     fπ can be realized on )(2 ℜL  by

    )](),...,([ 41 txxf φπ
        exp=  ξξ φ(t – x4)

( b ) ξ
1
 = 0, ξ2 ≠ 0, ξ3 = ξ4 = 0

πf can be realized on L2 (ℜ) by

      [πf (x1, ..., x4) φ] (t)
    = exp [2πi (x2 – x3t) ξ2] φ (t – x4)

 (c)  ξ
1
 = ξ2 = 0

      πf is the character given by

      πf (x1, ..., x4) = exp [2πi (x3 ξ3 + x4 ξ4)]

( V I I I )      W = {(ξ
1
, ξ3) ∈ ℜ2 : ξ1 ≠ 0}

    θ(0, ..., 0) = ∫w
trπ 

ξ1 f1 + ξ3f3
 (θ) |ξ1| dλ2 (ξ1, ξ3)

Parseval identity for 4G

1 21
1 2 3 4 1 2 4 3 4 2 3 4 3 42( , , , ) ( , , , )x x x x x x x x x x x x x x- = - + - - + - -

For ξ ≠  0
 eq ̂ f (πξ1, ξ3

) = ∫
ℜ

4 f(x) πξ1, ξ3
 (x–1) dx

For φ ∈ L2 (ℜ), we have

(eq ̂ f (πξ1, ξ3
)φ) (y) = ∫ 

ℜ
4 f(x) πξ1, ξ3

 (–x1 + x2x4 - eq 12 x3x4
2, –x2 + x3x4, - x3, - x4) φ(y) dx

= ∫ 
ℜ

4 f(x) exp 2πi (–x1 + x2x4 - eq 12 x3x4
2 – (–x2 + x3x4)y - eq 12 x3y

2) ξ1 – x3ξ3)] φ(y + x4) dx
Applying x

4
 → x4 – y

X = exp (2πi [–x1 + x2(x4 – y) - eq 12 x3(x4 – y)2 – (- x2 + x3) (x4 – y)y - eq 12 x3y
2) ξ1 – x3ξ3)])

= exp (2πi [–x1 + x2x4 – x2y - eq 12 x3x4
2) - eq 12 x3y

2 + x3yx4 + x2y – x3x4y + x3y
2 – eq 12 x3y

2) ξ1 – x3ξ3])
= exp (2πi [(- x1 + x2x4 - eq 12 x3x4

2) ξ1 – x3ξ3])

∴ (eq ̂ f (πξ1, ξ3
)φ) (y) = ∫ 

ℜ
4 f(x1, x2, x3, x4 – y) exp (–2πi) [(x1 – x2x4 + eq 12 x3x4

2) ξ1 + x3ξ3] φ (x4) dx

eq ^f (πξ1, ξ3
) is an integral operator on L2(ℜ) whose Kernel is

Kf
(ξ1, ξ3) (y, x4) = ∫ ∫∫ ∫

ℜ3 ∫ f(x1, x2, x3, x4 – y) exp (- 2πi [(x1 – x2x4 + eq 12 x3x4
2) ξ1 + x3ξ3]) dx1 dx2 dx3

= F1F2F3 f (ξ1, –x4ξ1, eq 12 x4
2 ξ1 + ξ3, x4 – y)

||eq ̂ f(πξ1, ξ3
)||2 = ∫ℜ2 |Kf

(ξ1, ξ3) (y, x4)|
2 dy dx4
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= ∫ℜ2  |F1 F2 F3 f (ξ1, x4ξ1, eq 12 x4
2 ξ1 + ξ3, x4 – y)|2 dydx4

v →x4 - y

= ∫ℜ2  |F1 F2 F3 f (ξ1, - (v + y) ξ1, eq 12 (y + v)2 ξ1 + ξ3, v)|2 dy dv

y → y - v

= ∫ℜ2  |F1 F2 F3 f (ξ1, - yξ1, eq 12 y2 ξ1 + ξ3, v)|2 dy dv

y → eq u1

= |ξ1|
–1 ∫ℜ2  ξeq 12ξξdudv

(A) = |ξ1|
–1 ∫ℜ2  eq F1 F2 F3  f 1‚ w‚ –eq 12 \f(w2,ξ1) + ξ3‚ v)

2

) dwdv

which is a Parseval  identity obtained for 4G

4. Analogue of Hardy theorem:

Theorem 4.1: Let f ∈ L1 (G4) ∩ L2 (G4) and suppose that

(i) |f(x1, x2, x3, x4)| < C exp (– aπ ||(x1, x2, x3, x4)||
2)

(ii) ∫ℜ2  exp (2bπ ξ1
2)|| eq ̂ f(πξ1, ξ3

)||2HS |ξ1| dξ1dξ3 < ∞

then  0 .f a e=  where ab > 1

Proof: Define

      

 
 2 42 2 41 3 1 3 2 4( , )  ( , )( , ) ( , )x x x xh x x f f x x dx dx*= *ò¡ ∫ℜ 2  *

where,   
 2 4

 ( , ) 1 3 1 2 3 4( , )= ( , , , )x xf x x f x x x x

              

 

2 4
 1 3 1 2 3 4 ( , )( , )= ( , , , )x xf x x f x x x x* - -
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            ( ) 

2 21 3 1 2 3 4 1 1 2 3 4 4| ( , ) | ( , , , ) ( , , , )h x x f y x y x f y x x y x x£ - -ò ò¡ ¡
 < ∫ℜ2

                               <   exp (– aπ[||(y1, x2, y3, x4)||
2 + ||(y1 – x1, x2, y3 – x3, x4)||

2)
dx2dx4dy1dy3

<   exp ([2 ||x2||
2 + 2||x4||

2 + ||y1||
2 + ||y1 – x1||

2 + ||y3||
2 + ||y3 – x3||

2])

< C exp  – aπ2 ||2y1 – x1||2 + ||x1||2 + ||2y3 – x3||2 + ||x3||2
< C  exp –aπ2 [||x1||

2 + ||x3||
2]  exp – aπ[||y1||

2 + ||y3||
2] dy1dy3

< constant exp [– aπ2 ||x2||2 + ||x3||2 (using invariance)
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         Now

eq ̂ h (ξ1, ξ3) = ∫ℜ2  |F1, 3 f(ξ1, x2, ξ3, x4)|
2 dx2 dx4

∫ℜ2  exp (2b πξ1
2) |eq ̂ h(ξ1, ξ3)| dξ1 dξ3

= ∫ℜ2 exp (2bπ ξ1
2) ∫ℜ2 |F1, 3 f(ξ1, x2, ξ3, x4)|

2 dx2 dx4 dξ1 dξ3

ξ3 → ξ3 + eq 12 eq x221

= ∫ℜ2 exp (2bπ ξ1
2) ∫ℜ2 F1, 3 f(ξ1, x2, ξ3 + eq 12 eq x221, x4)|2 dx2 dx4 dξ1 dξ3        Using (A)

= ∫ℜ2  exp (2bπ ξ1
2) |ξ1| ||eq ̂ f (πξ1, ξ3

)||2HS dξ1 dξ3 < ∞

Hence h = 0 a.e., since eq a2 2b > 1 provided the following holds

Remark 4.2 Let g ∈ Li ∩ L2 (ℜ) such that |g(x1, x2)| < C exp – aπ (x1
2 + x2

2)

∫ exp π by1
2 |eq ^g (y1, y2) | dy1 dy2 < ∞

           g = 0 a.e., where ab > 1

           Proof: Fix y2 = eq ̂  and define
         gy2

 (x1) = ∫ℜ
g(x1, x2)   

2 1 1 2 2 2 2( ) ( , ) ( )yg x g x x y x dx= ò¡

|gy2
 (x1)| < ∫ℜ

|g(x1, x2) dx2

< C ∫ℜ
exp [aπ(||x1||

2 + ||x2||
2)] dx2

< constant exp (–aπ ||x1||
2)

    Also,  

2 1 1 2ˆ ˆ( ) ( , )yg y g y y=
   ∫ℜ

exp (bπy1
2) |eq ^gy2

 (y1) dy1 = ∫ exp (bπy1
2)| eq ^g(y1, y2)| dy1 < ∞ for almost all y2.

So, 2
0yg =  almost all 2y , by Cowling-Price theorem ⇒  0 .g a eÞ =
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