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Abstract

Censored negative exponential distribution is treated as a mixed type distribution having two distinct types of
components. These components give arise to continuous as well as discrete random variables. Moments (mean
and variance) are derived for the doubly censored, right censored, and left censored negative exponential
distributions (NEDs) along with separations of continuous and discrete components and their respective means
and variances. Moments obtained for the censored NEDs are then compared to the corresponding values of the
uncensored NEDs and the changes in the proportions of the moments due to censoring are examined and assessed.
Plots of moments of the censored distributions including a three dimensional scatter plot are presented considering
different hypothetical values at which censoring may occur. These distributions are widely applied in fitting and
modeling failure time data in survival and reliability analyses.
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Introduction

Usually probability distributions are either discrete or
continuous types. Occasionally, a probability
distribution can be a combination of discrete as well
as continuous random variables. Such distributions
are referred as mixed type distributions. A mixed
distribution can be decomposed into two components
with one component leading to discrete random
variable and another leading to continuous random
variable. Alternatively, discrete and continuous
distributions can be combined together to form a mixed
distribution (Shrestha 2011). Mixed distributions have
been used in different areas such as modeling daily
amount of rainfall data (Sushaila et. al. 2011),
insurance claim data in actuarial statistics, etc. In
addition, probability distribution of a censored random
variable can be treated as the probability distribution
of a mixed random variable. Consequently, moments
of a censored random variable can be derived using
the principle of mixed distribution. The paper
specifically deals with censored negative exponential
distribution (NED) as a mixed distribution since the
distribution is widely used in fitting and modeling
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failure time data in survival and reliability analyses
(Hogg & Tanis 2001). Moments, specifically, mean and
variance are derived for doubly and singly censored
negative exponential distributions and are compared
with the corresponding values of the moments of the
distributions without censoring. The true values of
the mean and variance of a random variable like failure
time are the values obtained for uncensored data.
Censoring take place due to some unavoidable
compulsions such as fixation of the study period, etc.
(Leung et al. 1997). Consequently, computations of
mean and variance for censored data are different from
the corresponding computations for uncensored
distribution. The paper has attempted to derive
functional relationships between the parametric values
of uncensored and censored data under the assumption
of NED of failure time data and examines in what
proportions do the values for the moments change
due to censoring. Moreover, failure time data can be
characterized by different types of censoring. In the
paper, censoring only due to the fixation of the study
period (lower and / or upper limits of the failure time) is
considered and no other types of censoring are
assumed to occur during the study period.
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Methodology

The principles of mixed distribution are used to
associate it with censored distribution as follows
(UAH 2012). A mixed type random variable can be
associated with the Bernoulli random variable as an

indicator variable with parameter P suchthat | =1in
case of success and X is distributed as a continuous
random variable X . On the other hand | = 0in case
of failure then X is distributed as a discrete random
variable Xp, 1-P, =P,. Let F(x) be the
distribution function (DF) of the mixed random
variable, Fp(x)is the DF of the corresponding

discrete random variable (X p ) which is the discrete
component of the mixed distribution, and F¢ (x)is the

DF of continuous random variable (X ¢ ) which is the
continuous component of the mixed distribution. Let
De be a nonempty set of discontinuities such

that P(X e D¢ )€ (01). And D¢ is the complement of.

Thus, and. and are positive constants both adding
to unity. Also, and . It follows that

AX<n=RYDRY =AY elpl+ BY eDpRY <o el

so that
2x)- <
PEsAXeD  HI=x)-FlXeD PI<fleD, |
AXeD |
F(x) - PoFalx]
Faly)= 22 22407
Thus, c:l:) 7 )
Also,
P[Xﬂ=I:'=P'X=xL‘E'EDFI=P(X:’rﬁXEDFj
PlXeDg)
__Flx =4
FlxeDy)
L if Te D%
Thus, Py =x)=q PLT=x] if YDy (2
FlxeDy)

Mean and variance of a mixed random variable can be
obtained by adding means and variances from discrete
and continuous distributions, respectively (UIOWA
2004).
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Results and Discussion
Results are presented in different sections as follows.

Doubly censored negative exponential distribution
For a doubly censored NED, a new variable Y is defined
as follows.

& faiXih
r=¢ ifX{.:z 3)
) if X >4

where a , b are nonnegative constants and X is
distributed as negative exponential distribution with
parameter A.

The DF of the new variable is:

0 fypia
Flpl=dl-eVifad p<h @
1 ifpzb

so that H¥=ga)=1-27* and P(Y =b)=e ™.

Consequently, the distribution is a mixed distribution
since Y is discrete at a and b and continuous in the
interval (a, b). Graph of the DF is shown below (Fig. 1)

forp=1, , and . The graph depicts

continuous curve between a and b which is due to
continuous nature of the mixed variable in the range
(a. b). At a, the distribution function jumps from 0 to

=]-27" = 2025and at b the distribution

function jumps from = 1 - o~** =1 2547 to Lwhich

is due to the discrete nature of the variable at a and
ath.

Mean and variance of the distribution are derived as
follows.

Mean
Mean of the mixed negative exponential distribution
can be computed by adding the mean from the discrete
values (a and b) and mean from the interval (a, b) as
follows.

Mean from discrete values is:
ax Pl =aqi+bh=xPY =5k

=gll-g™® |+ b
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Mean from interval is:

=t

A
imanf i rimigerd F ot
ﬁ&eﬂ—ﬁe"’“} o]

Torlpr =alpe " ap

so that the mean of Y is:

B¥)=axP(¥ = a)rbx PT=b)+ |3 [p)dy BY =l bBe® +ae et 42 4 o) (Bl
E
=gl —e™ l+be™ + 2 ." ye~i dy =a:+% leie™ {BeHp|
Also,

A
A .
where 1727747 is evaluated as follows. Let

: :ﬂﬂﬁmﬁ *Ifq%t] *Lkateﬂ' BeR

w=pand ¥ 7€ 5o that Then. '
Iwa}eujmj, I% vy Var'=BYE BV

5 E’a}v ﬂ* b b = +% Ifcﬂ+1e”h—lbz‘i+le”%:
:»jyeﬂ*’awfﬁaﬂ I [t apty=yx— I

=4, &= & —E—a'e"h —e'ﬁ'—%'e%—kﬂh{*’ +a |
L b ; ; .
A =g g be g R Ae] A
£
EFl=all-a™ l+te " + 11 e (et +1) e~V [pa +1)] Thus, variance of the doubly censored negative

exponential distribution is

A i 2 2 1 I
a ) lﬁrﬂ’}-J_lie —e )+3(a-a;e -T[e T

gl 4™ -
Right Censored Negative Exponential Distribution
Thus, mean of the doubly censored NED For right censored distribution, a new variable Y is
defined as follows:

1
ic B3 = — gl + =Ada _ =}
1S (j A ¢ ® ’ ©) X f X ia

¥ =
H L] i i ] (7)
Variance ®

” .
As above, E (Y?) is derived as follows. The CDF of the new variable is:

1,-1 . 0 ifp <0
pie N dp ;
where I is evaluated as follows. Let Bl)=11-e7 i 0<y <t ®
1 fypzd
u = vZand so that _
Y IS aiscrete at b so tnat PIIF= bj=e and
BlF? J=a’ x ¥ =alt [»° fp Jp +57 x HY =5 continuous in the range [0, b). Graph of the CDF is
shown below for 4 =1and} = 2. Mean and variance
=a’ll—e™ hd [ple™ g +ble of the right censored distribution are derived as

followvs.
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Mean

1 _ - .
E':Y):I'ﬂi’fe 2 _¢~*| is the mean of the

doubly censored NED. For a =0, mean is

0 0206 09 12 1518 2124327 2
¥
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D

Fig. 1. Distribution function of doubly censored NED

Variance
Variance of the doubly censored NED is

Va‘[?]-%[e"' - :|+%[a—-?:]e"' —R‘i[e"' — gl g :l

Fora =0, variance is:

2

Zhe® - L
A

- |- E—E'I—Eedb + g

Fat¥)= %
(10)

Left censored negative exponential distribution
For left censored distribution, a new variable Y is
defined as follows:

a fI<a
r= (11)

X if X >a

The CDF of the new variable is:

0 fyrpda
1-e™if ypra

Gly) =

(12)

Y is discrete at a so that F{} =) =1-2~* and

continuous in the range (a, “). Mean and variance of
the left censored distribution are derived as follows.
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Fig. 2. Distribution function of right censored NED
Mean

1 - -
Eir)= Flette # — 2™ | is the mean of the doubly

censored NED. Forb =", mean s

B¥)= %'w’l +e™ | (13)

Variance
Variance of the doubly censored NED is:

F.:JE‘}':I =E'e_’u - '+E[c2 —b:b”’ﬂ' —i'e_g’u g | AR
£ i i
Forb =*, variance is:

!y _ 2|

VQ{I’F%'FM'—%'&% I (14)

Decomposition of the doubly censored negative
exponential distribution

Mixed distribution of doubly censored NED can be
decomposed into discrete and continuous
components assuming the two components as events
of a Bernoulli trial with success corresponded to
continuous random variable and failure corresponded

to discrete random variable. If 5 is the probability
of the mixed random variable being continuous type
and F;, isthe probability of the mixed random variable
being discrete type (Fig. 2) then ~, + &, = 1.
Consequently,
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Fo=HF=a)+ AV =3=1-¢"* +a

so that B, =1-11—¢g™* T A e
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Fig. 3. Mixed random variable corresponded to Bernoulli

trial
oo ]
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Fig. 4. Components of a mixed random variable

Discrete Component

PMF of I, is:
n if ¥eDyg
l_e—ﬂﬂ.
—if y=a
Py =yp)=di-ge + o~ d
e—ﬂ-ﬁ'
| - g2 4 o= if y=b (15)
DF of ¥yis:
1] if pda
1-¢g™%
£ = — _—  _—  ifalypdh
DI:PJ 1 -g™ 4 g~ weY (16)
1 ifpz2h

171

Mean of the discrete component is:

BFpl=nP Yy =y +yAlp =y

1-g7 e
e e L P
1-g ™ +g 1-g * +g
- _ 17
_a|1—£h|+b£% ()
1-e ™ +o7#
Similarly,
BlE = piP¥y =)+ 3P¥, = 5y)
pITh e p TRt n T
_ ﬂgll _ g—ﬂﬂ |+bﬂe—ﬂ-.’-'
- - g2 4 3
Variance of the discrete component is:
Varllp) = E¥3 |- {BTo)
2
@t -e e pe? _ all -2 |+ e
1 _gwm +€—JEI l—e_’m +€—J-§l
(18)

- [.:z - F;I:I2 - 2*

f-g™® 4+ i

Continuous Component
CDF of continuous component, YC is obtained as
follows.

1- —Aa

Gyl =1-2 % : Gyl = aly<h

1-g8 47
Glp)=1,G,p1 =1 525

GIJ; |— Pﬂgﬂlyl

Using Galpl= o ,
o

Po=l-g ™4™ p, g™ _g

we obtain the CDF of YC as follows.

Intheinterval, @z p <&
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Goly) = Gly) - PoGolr)

Fo
-z
1-e™W - ff —g™ 4 212 '1 _:__,15 + g
- e_'m _e—ﬂé
g8 _ g
e—,m _e—,l-!l

Thus, the CDF of the continuous component of the
mixed distribution can be expressed as:

1] ifrpda

Galp)=d2_"2

faiyih
—a (19)

1 fy:b

-
g g

(20)

(21)

Vefl |=By - EY )
-ﬁ]x[ae & +Ji{e [21 +1)-¢ [-!u+1]}]

-[ﬁ{g 21 +1j—e [33 +13ﬂ

CDF of the Discrete Conponent

Fig. 5. CDF of discrete component

CIF of Continuous Component

0.5
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Fig. 6. CDF of continuous component
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Fig. 7. Decomposition of mixed random variable
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Decomposition of the right censored negative
exponential distribution

The mixed distribution of right censored NED can be
decomposed into discrete and continuous components
as follows.

Pr=PF=b)=¢e™ sothat B, =1-¢7".

Discreie Componemt

PMF o Vpis.  F{¥y=p)=iot 1€ Dy (23
1 if p=h
0 ifp<D
DF of Fpiz  Gply)= (2
1 ifyz0
Ilean of the dsorete componert is: F\¥ g/ =b (25
atiance of the discrete componentis: Farln /=0 (26)

Continuous Component
CDF of continuous component, Y is obtained as
follows.

Gly) = 1= Gy [p) =1;

)= Glr) - PoGaly)

Using Gl P

, we obtain the CDF
of as follows.

In the region, y> 0

Galy) = Gly)- PoGolr)

Fa

1= 2™V a1
- -k

-2

=y
=1-

1= e—;l-?'

Thus, the CDF of the continuous component of the
mixed distribution can be expressed as:

0 ifp <0
if0=p<h 027

1 if v b
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PDF of Y is:
-y
o

a3 l1-e”

Ec[}’:' =0V
& &
Ae™V (28)

=1—e'*‘*"’ni‘r<b
Mean of Y is:

A } A _
E(¥o) = [pe.\p)dy = — 5 [pe Py
i l-e ln

_1 b (29)
.1- 1 _E—.J-E'
Also,

B B
2 7 A 7 -
IV = [y7g, (ydy = 5 [y P dy
a - g a

1
2hg AP
All— e

BlgmH

1-¢2

2
2

i —4b

Far (Fc:l = E'}rcg - {E(ch}g

2
R - -
2 1- e—.]-?' - e—.l-!' | A 1- e—l-ﬂ'

A&
1 pig

F e LY

E‘Jgé 243

(30)

It can be verified that combination of the discrete and
continuous components give arise to the mixed
distribution as follows.

BlY] = Fp = E(Yp)+ Fe = B(¥)

=14
e ixp+g -2 1—— be
i l_e—.]l.a

L

l_e-,w,
A

The expression is identical with the mean of the
mixed random variable as given in Equation 9.
Also,

VafY)= Py < Vally |+ By Val Yol PrPolBYy E(}rc}g
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where

@) FpxVar(¥p) =10

o1 B BB, AT
(®) Rty [?E = et A -+ oA

-
_ g i
yie] i laand

%%{mﬂ ‘Eﬂ-}z =11 -24‘{t7[1 - o7

© _ wr _E +€-1|1_€vﬁ1
=" 2 F
Thus,
o a&’l=1_€ R P pe lﬁa’i’f*"l—e”z"
A - l—® A A
'1—e¢+e”z’—e%|_ B bge"z’ll_e,g,l yo
A 1% A
]| o
e e e
i
g8 2™
A Fi

Table 1. Moments of negative exponential distribution

The expression is identical with the variance of the
mixed random variable as given in Equation 10.

Comparative assessment of the moments between
censored and uncensored NEDs

The tables below displays values of the means and
variances of the uncensored and censored NEDs,
proportions of right censored NED means and
variances compared to uncensored NED means and
variances, respectively (for A = 0.2). Tables
demonstrate that as the time of right censoring
increases the proportions of the means and variances
of the right censored NED compared to uncensored
NED also increases and approaches to unity for
censoring times equivalent 40 years and 50 years,
respectively if mean failure time is 5 years for
uncensored NED (Table 2 & 3). The Tables also
indicate that if the time of censoring is around the
mean failure time then the mean and variance obtained
from right censored distribution are much lower than
the actual mean and variance of the uncensored NED.
The values obtained in the tables can be utilized when
estimates are obtained from right censored NED and
we are interested to make assessment on the actual
parameter values for the uncensored NED. The actual
estimates for uncensored NED are likely to the values
obtained by dividing the estimates obtained from right
censored NED by the proportions shown in the Tables
for different times at censoring.

Crstnibution Type Ivlean Wariarice
1
Uncensored 1 —
. 2
1 -aa _ -3 2 e a4 - L o —Ala+d) | -3
Doutly Censored I'a,-?. +e - =T e '+E[c2f—b:le —?'e - +e7 |
Fight Censored 1—I1—.g‘*‘*"l 1_|1_€—m I Ebe‘”
& A
L Uy caa -
Left Censored I'w‘i +e2| ,a_zlze Az _ ,~aa |

Three dimensional scatter plot of mean in doubly
censored NED

A typical three dimensional scatter plot of mean for
different hypothetical values at which censoring can
take place is plotted for an assumed value of mean in
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uncensored distribution. In the plot, a and b values
are assigned in X and Y planes and means are assigned
in the Z plane. The plot shows increasing values of
the mean with increasing values of a and b.
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Table 2. Proportion of right censored NED mean Proportion of right censored NED variance compared
compared to uncensored NED Mean to uncensored NED variance
Time at Censoring | Proporton :'I'm
n 0.0000 02000
050m
5 06321 __Eu.mm
(g o]
10 0.8647 = neim
2 0.0
15 0.9502 =i
20 0.9817 02060
0.10m
25 05933 S
30 0.e075 1] g 1w 5 o X M ¥»F 4 & W 5
35 0.9991 Time at right censoring (in years)
40 0.9a97

Fig. 9. Proportion of right censored NED variance

Table 3. Proportion of right censored NED variance

compared to uncensored NED Variance Mean of doubly censored negative exponential distri-
bution
Time at censoring Proportion
1] 0.0000
5 01289
10 0.440%
15 0 AREE
20 02531
25 09326
30 09702
35 09272
40 0.9946
45 0.997%
a0 09991

Proportion of right censored NED mean compared to

uncensored NED mean

Fig. 10. Mean of doubly censored NED

1.1
Iing

gﬁ: Censored NED is treated as the mixed type probability

= [0 - distribution having two components with one

DA + component leading to a discrete random variable and

SE_%.'EE': another leading to a continuous random variable.

0.0 | Consequently, moments of the censored NED are

gﬁ derived using the principle of mixed distribution. Since

0D . - NED is widely used as a parametric distribution in

o5 w o owoD B D F 0K modeling varied types of data such as failure time data

Time at right censoring (in years) in survival and reliability analysis (Hosmer et. al. 2008),

insurance claim data in actuarial statistics, warranty

Fig. 8. Proportion of right censored NED mean claim data in consumer product sales, etc., it is
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considered in this paper under the situations of
censoring. Moments, specifically, mean and variance
are derived for doubly and singly NEDs and are
compared with the corresponding values of the
moments of the NED without censoring. The values
of the mean and variance of failure time are often
observed along with censoring which leads inaccurate
estimation of the true values of the moments if
estimates applicable for only uncensored data are
used. Thus, in the paper, functional relationships
between the parametric values of uncensored and
censored NEDs of failure time are derived and changes
in proportions of the moments due to censoring are
examined and assessed. For instance, as an illustration,
the functional relationship shows that mean of failure
time for =0.2 is significantly less (proportion = 0.8647)
than the true mean of uncensored NED if time at right
censoring is 10 years and approaches to true mean if
time at right censoring is about 30 years. Consequently,
sample estimate of mean obtained from censored data
is also likely to be less by a similar proportion as found
for its parametric value. Similarly, the functional
relationship shows that variance of failure time for A =
0.2 is significantly less (proportion = 0.8531) than the
true variance of uncensored NED if time at right
censoring is 20 years and approaches to true variance
if time at right censoring is about 50 years.
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Consequently, sample estimate the variance obtained
from censored data is also likely to be less by a similar
proportion as found for its parametric value. Moreover,
failure time data can be characterized by different types
of censoring. In the paper, censoring only due to the
fixation of the study period (lower and upper limits of
the failure time) is considered and no censoring occurs
in between the study period.
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