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Abstract: As a continuation of solving the equations governing the perturbation of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) space-time in Newman-Penrose formalism, the behaviour of the massive Klein-Gordon (KG) field
coupled to the FLRW has been investigated. The Equation of Motion has been written and solved separately for radial
and temporal parts. The former solution has come to be in terms of the Gegenbauer polynomials and spherical
harmonics and the latter being in the WKB approximation. The particle current, energy momentum tensor and potential

have also been obtained.

Keywords: FLRW spacetime; Perturbation; NP formalism; Klein-Gordon field; Jacobi polynomials.

INTRODUCTION

In this work, we investigate the behaviour of the massive
Klein-Gordon (KG)" ? field coupled to the Friedman-
Lemaitre-Robertson-Walker (FLRW) background
geometry. In our previous work?®, we were able to write
down and solve the equations governing the perturbation
of FLRW space-time in Neumann-Penrose formalism*>.
The angular eigen functions turn out to be the spin-

weighted spherical harmonics pY;nof weight p=0,+1,+2,

corresponding to scalar, vectorial and tensorial
perturbations. In the process, we have also been able to
identify these as spherical harmonics formed with the
appropriately weighted Jacobi polynomials
1}’ (P )(cos®) . Similarly, the temporal and radial part
could be written in terms of the appropriate boost-
weighted functions. It was found that the equations
governing the Maxwellian field in FLRW spacetime®
were the same as that for the vectorial perturbation. The
possibility that the spin-1 electromagnetic field could be
the source of the rotational perturbations must be
investigated in detail.

It was also found that the equations governing the scalar
perturbation of the FLRW spacetime, density and pressure
in particular, is the same as the conformally coupled
massless KG field. This has motivated us to investigate
the behaviour of the KG field as well. We had also
worked on the Dirac field® 7, and were under the
impression that particular aspects of KG field would be
duplicated there. But now we find that there are some
specific differences. In particular, it was found that the
mass of the Dirac field directly couples to the expansion
rate of the Universe. In the case of the KG field, we will
put in the coupling by hand. In the next Section, we set up
the problem and solve the equation of motion. In Section
IIT we discuss the energy-momentum of the field. The
final Section contains some further consequences, and
makes some concluding remarks.

Klein Gordon Field

The action integral in this case is given by,

A= [ (aulp MY-MAY YRy tp) \ed*x;

where the coupling constant & can have any arbitrary
value (but is equal to 1/6 for conformal coupling),

6

g=-detgw, and R=—3 (a"+Ka)=8nG(e-3P) is the trace
a

of the Einstein equations in FLRW spacetime, prime

denoting derivative with respect to the conformal time 7.

We may regard,

2
v=[aP+er] ||
as the

ds2:a2

potential. We wuse the metric [8,9]

[dnz—drz—SZ (d®2+sin2®d(p2)] where a is the
scale factor and

) sinr, k=1
S = S‘“ﬁr{ r, K=0 oo 3)
sinhr, k=-1

respectively for the closed, flat and open models.
The Equation Of Motion (EOM), obtained by setting

=0, is,
oY

the variational derivative

[DHD” +M2+E_,R]‘I’=O.As R depends only on 1, the

spatial and time part can be separated as W(n,r) =
T(n) f(r), whence we can write

1 0 (0a 22 ( l)
aT@n( 6n7>+M

where the spatial gradient

RS

LQSZ Q+ 12 ~3sin® == 0,1 _ &
S2 o~ or 25in® 00 0" S2 1’12(9 8(p
and p2 is the separation constant that can be identified
with the co-moving momentum; in this form, the essence
of conformal coupling, £&=1/6 becomes clear. The spatial
part has the solution,
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harmonic!!. In the rest of this work, we take K=1, as
K=0and—1 can be recovered from the analytic
continuation into the complex r—plane, with closed
Universe on the real axis, open on the imaginary, and flat
near the origin. This gives a more complete picture, as the
near Universe must be flat, while the distant over-density
regions evolve as closed and the under-density as open.
2

f(r)is normalized with f [F ()| sinzrsin®drd®d(p:1.
Some modes of the radial solution are displayed in Fig.
(D).

The temporal part, governed by,

cos(Vkr)Y™(6,¢), where

110

is the Gegenbauer polynomial'® and Y is spherical

can be written as a series solution for any a that is an
analytic function of 1. Another, particularly illustrative,
solution can be represented in the WKB approximation!?.
—i (M agdny

We substitute a trial functionaT = %e , with
ag= Y, askSk, replace n—1/d and equate equal powers of
o to end up with the recurrence relations,
2
2

(aeo) =p +Ma +(62§ DK,

ag =i (ln aao)y,
2 ! "
dacgacy+ (azy) +i (agp) =(661) &

TC) (©6)

k —
Zm:o A€k -—mAER=""

* *
The particle current is jH:i |:‘P GH‘I‘— (8“‘1’ )‘I’:| In
particular, with jn=nUn where n is the particle number
density, we find that,

% * 2
na=ia® [T 1-1 1] |f(v)|
is independent of mn due to the constancy of the

*
Wronskian ¥ [aT ,aT] that follows from Eq. (5). We
may integrate Eq. (7) over the spatial volume to find,

1 )1
Na>=2n%na’=id* [T T—-T T |=constant, which

can be set equal to unity without loss of generality; 2n2 is
the volume of the closed Universe. This is just the
statement that the total co-moving particle number
remains constant during the evolution of the Universe.

Energy Momentum

264
The energy momentum tensor 7 = as derived from

o Sng
the action integral (1) is,
THV:DM‘{’*DV‘{J +D,¥*D,¥Y — g, D, ¥ D*

2 5
+ (M " 2§Gw)l}' v
whereDH is the covariant derivative. Substituting from the

EOM in the conservation equationD“Ttl =0 results in the
expression,
[T The] gD P DIP+DY D, P)—2ERM, D | P)>= 0

In a torsion free space, the first term vanishes by
definition, and the second term to vanish requires |¥|? to
be a constant. Or we may take the alternative view that
torsion is generated due to the gravitational interaction of
the scalar field. Deeper investigation of this aspect is
required. The energy-momentum can also be modified as
discussed in Ref. 3.

The trace of the energy-momentum is,

TJJ_

u 87‘CG (P 3P) - <_>

=—2D,[W*DHW] + 2M*W W ... (10)

WhereR\P is contribution to curvature scalar by the ¥

field; the EOM and some results of scalar particle

2 22 2
kinamatics in FLRW space like v2a2=p_2 and © az—Lz
£ 1-v M

have been used to write the last line, where the first term
is a total divergence whose volume integral can be made
to vanish at the boundary and may be neglected.
Integrating Eq. (10) over the three volume and some re-
arrangements give us,

2 3

This can be compared to establish,
2

=2n2na3=iW[aT*,aT]=2a8 laT] =1.

Assuming Bose-Einstein distribution, and summing over
the momenta, we have na’® =

2

7 220 Zite1 Sne 1 7 = 73 D07y
factor of 2 in the last equatlon can be taken to be the
number of degenaracies, representing the particles and
anti-particles. Thus, the number of particles within
p and p+1 is given by,
1 2

L _p

2 as_4°
e -1

Na3

, where the

Ana3:

Using the lowest order of the WKB approximation for ae

given in Eq. (6), we have plotted na3 as a function of Ma.
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Fig 1: Relative particle number distribution as a function of
Ma. It is seen to decrease smoothly from the maximum value
of 0.235 as Ma increases from 0.

The results of the discrete summation over p of the
distribution of Eq. (12) for closed space is very slightly
less than the continuum limit to integration for flat space
only for Ma<1, becoming the same for greater values of
Ma. We stick to the discrete summation, and find the
mean value for the trace of the energy momentum tensor
given by,

Ma?
)=

(p - 3P)a* = (na My 2. (13)

which is plotted in Fig.(2). Its maximum value occurs at
Ma=2.302; at this value, maximum energy generates the
minimum pressure. This must have some effect on
structure formation, as this could be the most preferred
state of matter, and the usual estimates of mass and
pressure may not be correct. This could also account for
some of the “missing matter” in the Universe.
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Fig 2: (g—3P)a4 as a function of Ma. The maximum value of
0.1212 occurs at Ma=2.302

Similarly, we find,

T :azg:naze
m

— (W' a?¥") + V(P VW)

2[ 20 ip2-2s (R a R)} |T|

Again, the first two terms in the last line can be made to

........ (14)

vanish with appropriate boundary condition on
integration, and we may write,
2 2 2, 2,72 ’2
=p~+a"M"+3E —+ —2+2K .......... (15)
a

where we can substitute from Friedman equation for the
terms in the brackets. In the potential written in Eq.(2), if
we use the RlP calculated in Eq. (10), we end up with a

4 2 4
|¥| potential, V = M?|¥| +16rGEM?|Y| , very naturally.
This potential is itself not the one required for symmetry
breaking. If we make the  replacements

M2—>—p2 and E>—A, as is usually done, then the it

becomes the double-welled potential,
2 4
V = 2¥| +16nGApY Y|

required for spontaneous symmetry breaking as well as

for inflation. Letting the field ‘P=elX\|1, it is seen that a

vacuum expectation value of YV, =+V32nGA is
developed.

CONCLUSIONS

We have solved the Klein-Gordon equation in the
background gravitational field of the FLRW space time.
Although the only scalar particle discovered to date is the
Higgs, the KG field is used to model many physical
phenomena like density and pressure perturbations, phase
changes, etc. We find many interesting features of the
solution. In particular, the trace of the energy-momentum
tensor is found to achieve a maximum value when Ma =
2:302. Consequently, at this value, the field configures
itself into a state of maximum energy density at minimum
pressure. So the velocity dispersion in the over density
regions of the Universe may not be what has been
expected hitherto, and this may account for some of the
dark matter.

When we feedback the trace of the energy-momentum of
the KG field as a contribution to the curvature scalar, we
find the potential to be of the |¢|*form that is required for
symmetry breaking. Thus, we end up naturally with a
gravitational analog of Higgs mechanism. These are just
some preliminaryresults, and we expect that further
investigation of the behaviour of the KG field would
reveal more important aspects of our Universe.

Scientific World, Vol 13, No. 13



REFERENCES

1.

Peskin, M. E. and Schroeder, D. V. 1995. An Introduction to
Quantum Field Theory. Westview Press, Colorado.

Redmond, P. J.1965. J. Math. Phys.6: 1163.

Sharma, S. K. and Khanal, U. 2014. Int. J. Mod. Physics. D
23:1450017.

Newman, E. T. and Penrose, R. J. 1962. Math. Phys.3: 566.

Chandrasekhar, S. 1983. The Mathematical Theory of Black Holes.

Clarendon Press, Oxford.
Khanal , U. 2006. Class Quantum. Grav.23: 4353.
Dhungel, P. R. and Khanal, U. 2013. Chinese J. of Phys. 51: 882.

11.

12.

13.

Kolb, E. W. and Turner, M. S. 1990. The Early Universe. Addison-
Wesley, New York.
Weinberg , S. Cosmology 2008 . Oxford Press, Oxford.

. Gradshteyn , I. S. and Ryzhik , I. M. 1980. Table of Integral, Series

and Products. Academic, New York.

Hobson , E. W. 1931. The Theory of Spherical and Ellipsoidal
Harmonics. Chelsea, New York, 1931.

Landau, L. D. and Lifshitz, E. M. 1977. Quantum Mechanics. Non—
relativistic Theory. Pergamon Press, New York, 3rd edition.

Forger, M. and Romer, H. July 2003. Current and Energy
Momentum in Classical Field Theory: A Fresh Look at an Old
Problem. preprint, Universitat Freiburgh THEP 03/10.

Scientific World, Vol 13, No. 13



