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ABSTRACT

We extend an uncertainty principle due to Cowling and Price to low
dimensional Nilpotent Lie groups G; The uncertainty principle is a
generalization of a classical result due to Hardy.

INTRODUCTION

In the vast literature on uncertainty principles in Harmonic analysis (see
[8]), the central theme is the impossibility of simultaneous smallness of a non

zero function f and its Fourier transformf , where f is defined by

F(y) = [, 1) exp (-2mixy)dx

A large number of results, beginning with classical theorem of Hardy
(Theorem 1 below), show such impossibility when smallness is interpreted as
sharp decay.

In this paper we concern ourselves with results of this kind on Nilpotent
Lie groups. We begin by stating the main result of this genre for thereal line.

Theorem (Hardy): Let f: R — C be measurable and for al x, y

(i) If (x)| < Cexp (-anx?)

(i) If (y)I< Cexp (-bmy?)

Where C, a, b>o0.If ab>1thenf=o0a e If ab=1 then f(x) = Cexp
(-anx?). If ab < 1 then there exists infinitely many linearly independent functions
satisfying (i) and (ii). (See Bagchi, S.C. and et a. 1998, Hardy G.H. 1933,

Cowling, M.G. and et a. (2000). Further see Kumar, A and et al., 2004, Sitaram,
A and et a. (1997).

Theorem (Cowling-Price): If f: R — C be measurable and
(i) llefll"r) < oo
(i) llevf IIL%g) < o°
Where a, b > 0, e(x) = exp (knx?) and min (p, q) < co. If ab> 1 thenf =

o ae. If ab < 1 then there exist infinitely many linearly independent functions
satisfying (i) and (ii).

Theorem (Beurling): for fe LY(R), Ixl [F(¥)] |f (y)] exp (2rixy]) dxdy < oo
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impliesf =0 ae
For the proof of the above theorems see [9, 3, 12].

Barring the case ab = 1 it is clear that the theorem of Cowling and Price
implies the theorem of Hardy. Also the theorem of Beurling implies that of
Cowling and Price for ab > 1.

In this paper our aim is to prove Cowling and Price theorem for
Nilpotent Lie group G, under different conditions. (See the detailsin Ole 1983).

MAIN RESULTS
Theorem 4: Suppose that f extends analytically to RxCxR™ satisfying

[F(Xi, X2 + 2, X3, -.or Xn)| < C X - & (X5 +Re (Xp + iy2)2 + ... + X2)

for some C > o0 and all xe RxCxR™ then the function h(&) = |||
lIrz(f)lls is bounded.

Proof: el [ ()] =/ e IFa ooy (Bt G (619 e Goa(&, ) Sl

IFi, oo na f €t 0 (€ 1), oy Gna (€, 1), 9)
=] o FX0 X, e X2, ) XD (2E X + 27t + .. + 27T (&, 1) Xnt)
dxy ... dXpq]
Xo — Xp + iy
= |IRH_1f(xl, Xo + 1Yo, .oy X1, S) €XP (2mi&1Xy + 27it (X + iy2) + ... + 27idh (€,
t)Xp.1) AX1 ... dXnq]

<J s | (X0 Xa Y2, o X1, ] XD (-27ty) U .. A

<[ nexp (am (XF + X5+ ..+ X2 +S) exp (-2nt) Ay, ..., sy

= exp (an Y 5 -2nty,-ans?) '[R”’l exp-an (X2 + X5+..4 X2, )dXy, ..., BXpy

< Cexp (-ans’) exp (-2 (tya - gyg)

Taking infimum over y,, we have

|fl, ey n-lf (&11 tv q3 (&1 t)1 qn-l (ay t)! Sl
< C exp (-ans?) exp (-mx?/y)

Thus h(€) is bounded.

Theorem: Let fe L*(Gy) N L%(G,), for 1< q < 2, let us suppose that ab >
2 with the estimates

() | T (X1, X2, X3, X4)| SAC exp (-am [|(X1, Xz, X3, Xa)|[
(i) S exp (@omEZIIf (me eI ol 015 < o
thenf=0 ae

Proof: Let h be the function as above, so that
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—a 2 2
Ih(x1, X2)| < C exp (7 7 (|Xall” + [%3])

Let p be such that }6+%=1

e P ORENIN E &I, d; =] . exp (orEl) al I (. I daca .. (1)
We want to apply Holders inquuaI ity for
U Ea) = exp (bm &7) Ea™ IIF (7T e )

and v(&, &) = ™ IIf (7, ,2)I
T Eldendts =/ exp (banE2) el If (T, e )0 deades < oo
IVE EIPdEEs =TT (T, )IP dEucs

=Tl I (e, e P INE (e IPdEade

< IH1LP2 T feal IF (e, e )IP dacis
= 1"
Thus(1) = J . exp (on&2) [h (€29 d, d,

< ([ e expOnE2) [l I (T, e I dELER) ¢ [l 2P [l < oo
Soh=0 ae. Hencef=0 ae
Theorem: For q > 1, letfeL* (G,) N L? (G,) satisfying
() IF (X Xs, Xa)| < C exp (-am [XI)
(i) Jexp(gbr (E7 +E3) [l IIf (T, e, )P dEades < o0
Ifab>2thenf=0 ae
Proof: Let h be as earlier so that
[0 31 < C exp (2 7 (b + )
Lete >oandb' =b-e besuchthat &' > 2
[ exp(bri&?) [ . exp(b'mE?) | (s, Eo)ldEadts
= [ o exp(b'mED) | &, || (e 5) | OEE
<o exp(ban(&? +&2) 1€, [V (eyes) |
exp (-em(&f +E3) al™ IIf (7, eIl dEucles
< [ oo expl-abm(EZ +E3) &, [IIF (me, ¢ )IPdEsdes)”
But [, exp(-pe n(E] +E&3) EullIf (o, IPcescs
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<[P, exp(-pe m(E2 +E2)) feal ceacs
<k [} )
Hence | ., exp(bn&?) [N (&1, &)l dErdes

<kl (] . exp(abr(E2 +E2) el If (7., )IF) dEsdiea < oo
So h=0 aeandthusf=0 ae
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