A GENERAL THEOREM FOR
BILATERAL GENERATING
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INTRODUCTION

The purpose of this paper is to establish a general theorem for bilateral
generating relations for a class of polynomials satisfying certain kind of Rodnigues'
formula. We may consider this as an extension of the general theorem for bilinear
function extended by Saran [6] which also includes a theorem on bilateral generating

functions for ultraspherical polynomials derived by Chatterjea [4] . We also discuss

some particular cases of this theorem.

The generalized polynomial of our interest will be defined by the following

generalized Rodrigues' formula.

Ja AR = [¢6)]" um) G&) (x*' D+ A)" {g(x)}

Thus set of polynomials reduces to Srivastava-Singhal polynomials
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wiiere D = d/dx and the parameters ap and r are unrestmeted in general,

when

1
A=0¢x = x* um = O = X7 exp( px’)

and g(x) = x* exp(-px’).

We prove the following theorem:

Theorem : If there exists

[ AR = [¢6) ] um)GE) (x*' D+ A)" { gx)}

where g(x), f{x), G(x) [f(x), G(x) _0] are independent of n with A as real

parameters and

F, Akt) = D, an t" [, (x A4k

m={0

then there exists

G) exp(x™) exp { - {(x* -tk $(9) F+ )
[G(x*-1$ (k) ]+

F|x* -tkfﬁ(X)‘%,Ae", ke’ , - y 96 —
p[x"-ktp(x)]*
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% S Ak
Z b0 uirl

where

be(y) = D, (1)" (-r), am u(m y™

m=0

PROOF

To start with, we assume the relations

2.1) FrAKkY = D an t" f (xAk).
m=0

and

(22) T, AR = [¢)] um)Gi) (x*"! D+ A) {g(x)]

We replace t by ty/¢(x) in (2.1) and employ (2.2) in (2.1) to yield

oy )& ) ,
(2-3) F(x: A:kr ¢5(JC) ] o ; ap [¢(x)]m [¢(JC)] ,u(m)

Gx) (x"" D+ A)" {g(x)}

We now multiply both sides of (2.3) by [G(x)]"' and then

k+1 )
operate by ¢ ™ to arrive at
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t(x* 1 D+ A -1 _ Iy )
(2.4) e ) [G(x) ] F[x,A,k, 56

er(xk+rD+A) Z a, ﬂ(m) ym(ka’ D+ A)m {g(x)} tm‘
m=0
Since

k+] _i
er(.r D+A4) ¢(x,A,k;0 — exp(x-A) exp {(x-k_tk) k}

¢( (x'k-tk)‘%, Ae?, ke”, t]

the left member of (2.4) may be obtained in the form

t(x**! D+ 4 - _ HtJ}
2.5) & ) [G(x) ] F(x,A,k, ¢(x))

= exp(x™) exp {-( x*-tk )-%}I,G( x*-tk )31?]

F L(x"‘-tk)'%,Ae"‘,ke“‘; 4 - J
d(x* -tk )k

The nght member of (2.4) may be worked out as follows:

(2.6) &P > a, pum) Y (x*" D+ A)" (g} "
m=0
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>3 (M D+ A) awpm)y"(x* D+ 4)" fg)}t"

2. 2 9n W) ¥ (XX D+ A)™ ()} ™

S Saum) S (v D+ Ar (g6} ¢

(r-m)!

— A J(m) y"
;Zo: meo (F =m)! p(r)
| ¢+ T

D o g u(m) Y '
(ot ] Za ; (r-m)! u(r) /G AK |_¢(x)J

[ A k) [o6c) [Gool' t

We replace t/¢(x) by t and then equate (2.5) and (2.6) to get the desired result

G(x) exp(x™) exp {{ x* -tk ¢(x) }%}

2.7) I
G((x*-1$(h)*)

& 1k p p ty ¢ (x) }
X" -tk P(x , 17k
F([ HOCT et ke e kg

I AK)
pr) r!

r

where b,(y) = Z -1)" (), a., um) y".

m=10

21;,_ (v)
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P ECIAL CADLD
(a) Wesetk=-1, §(x)=1, A= 0, and replace t by -t and y by -y to arnve
at the result
(3.1) GO HE-Lh) i Lz 5% () h.(x)

Gx-9 5 umr!
where h,(x) = f.(x0-1) = u@) Gx) D"{gkx) },

Hkx-tty)=F(x-10-11)

and  bP() = i(—r),,, pum) an y".

Which is the general theorem extended by Saran [6].

(b) We take,
A=0 ¢x) = x*, um = 1/n!

Gx) = x* exp(px’), g() = x* exp (-px’)

I (x0k = Gy(xspk (Srivastava - Singhal Polynomial [8])

With these substitutions, the relation (2.7) becomes
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(3.2) exp[pPxX {(I-(1-tk)% }] (I-th )

X Yy )
(J-tk)ij (1-tk)

Y

= > b,() G, s,pk) 1
r=0

where b,(y) = Z a.( Y
m=0 4

X X
=) | ok

(-t )y (=10 (1-tgx ~ (1-t0)

Thus we have obtained the bilateral generating relation for the Srivastava-

Singhal polynonual Gcf,(x,s,p,k) . Similar result has been deduced earlier by Singhal-
Srivastava [7] and by the authors [2].

a
(c) Wesetp=s =1, a=a +1 and use the relation (Carlitz [3]) Y-
+1
x:k) = k* & (x,1,1,k) where

[ o >-1, k 1s non-zero positive integer ]| in (3.2) to obtain the following

Q
bilateral generating relation for the biorthogonal polynomial Y (x;k)
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(3.3) expfx {(I-(1-t)% }] (1-t)" &
X Y
G|-
(1-t )‘ (1~

= Z b)) ¥, (k) t’
r=0

where b.(y) = Z Am yr,
m=0 ¥

X y X Y
G F 0 k—
{(1 gr (- ”] {(1 g (I ’)]

(d) For k=1 and ?(x;l) = IS?)(X) , (3.3) becomes

(3.4 (1-9° exp(i)z( ) ) S b6,6) L) ¢

1-t) " \i-t’ 1-t —r

'

where, b,()) = Z Am U Y,
m=0 r

x  y x oy
’1((1-0’(1-0) ((1 0% r))

It represents a bilateral generating relation for the Laguerre polynomals
which has been proved earlier by Al-Salam [1], Singhal-Snvastava [7] and
Changdar and Chatterjea [5] by different methods.
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