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Abstract

This article provides a comprehensive exploration of sequences and series, fundamental concepts in
mathematics with wide-ranging applications. Starting with an introduction to sequences, including
arithmetic and geometric sequences, the discussion extends to finite sequences and n-tuple
sequences. Arithmetic and geometric series are explored, with formulas for their sums. The article
delves into the properties of sequences and series, discussing convergence, divergence, and absolute
convergence. Various types of sequences, such as bounded and monotonic sequences, are defined,
and the Cauchy Criterion is introduced as a criterion for the existence of the limit of a sequence.
Elementary facts about series, including absolute convergence and the number e as the sum of a
series, are covered. Additionally, the concept of sequences of functions is introduced. The article
concludes by emphasizing the significance of sequences and series in fields like higher mathematics,
art, science, technology, and finance, showcasing their crucial role in decision-making, financial
analysis, and risk assessment across diverse disciplines.
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Introduction:
Sequences are fundamental mathematical structures that represent ordered lists of numbers
and find applications across various fields. Consider the example of the infinite sequence of
positive odd numbers: 1, 3,3 5, 7, 9, denoted by a,,, where the general term is a, = 2n — 1,
This infinite sequence demonstrates the concept of an unending sequence with no
concluding term.

Arithmetic sequences, characterized by a constant common difference, follow the formula
a, = a, + (n— 1)d, showcasing how each term is obtained by adding the constant
difference d to the preceding one. Geometric sequences, involving a constant common ratio,
have a formula for the n — thterm as a, = a, X ™" %, where each term is derived by
multiplying the preceding one by the constant ratio r. These fundamental concepts lay the
groundwork for understanding more complex mathematical structures.

Moving beyond sequences, real series are formed by summing the terms of a sequence,
expressed o=, a,. utilizing the summation symbol. Two significant types of series are
arithmetic series, where terms form an arithmetic sequence with a common difference, and
geometric series, where terms form a geometric sequence with a common ratio. The
formulas for the sum of the first n terms in arithmetic and geometric series provide valuable
insights into the cumulative nature of these mathematical constructs. These series play a
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pivotal role in mathematical analysis, enabling mathematicians to explore patterns, make
predictions, and solve real-world problems in various disciplines.

In an arithmetic series, the sum 5, with common difference d is given by
5. =2[2 a, + (n — 1)d] where a, is the first term, a,, is the last term, and = is the number

of terms. Similarly, for a geometric series, the sum 5,, with first term a4, common ratio r,
?"n— - -
and n terms is given by 5,= a4 X Tii Understanding these formulas provides

mathematicians and scientists with powerful tools to analyze and comprehend sequences
and series, enriching our comprehension of mathematical structures and their practical
implications.

Some Properties of Sequences and Series:

Converge, Diverges, Absolute Converges, Sequence: A sequence {an} in R is said to
converge to a real number a if for every £>0 there exists positive integer N such that | a, -3
< g for all n> N here number a is called a limit of the sequence {a, }and {a,, }is called a

lim
convergent sequence. OR, If an converges to a, then we write, an n — wa, =aora, —+a
aasm —+coorsimplyasa, —+a.

Note that: |an-a| < g foralln> N ifandonly if, a—e < a, < a+ e foralln>N .
Thus, n—s wa, = aif and only if for every €>0 there exists ne N such that ane (a- & a+ )
for all n> N. Thus, an—a if and only if for every €>0 an belongs to the open interval (a- &

a+ ¢) for all n after some finite stage, and this finite stage may vary according as &.
Convergent sequences are those for which li_r}n a,, exists and is finite, while divergent

sequences are those for which this is not the case. When |r|<1, the geometric series precisely
converges; otherwise, it diverges. An absolutely convergent series is one that converges in
its series of absolute values, which is convergent in and of itself.

A sequences {an} is said to be bounded above if there is a number M such that a,<M for all
an is greater than 1. A sequences is said to be bounded below if there is a number M such
that an >M for all sequencesan Is greater than 1. A sequence anis said to be bounded if it is
bounded above and bounded below.

Monotonic Sequences: A sequence {an} is nondecreasing ifa, > an.1 for all n or non
increasing if an< an-1 for all n. A monotonic sequence a sequence that is either on increasing
or decreasing. If an > an-1 for all n, then {an} is increasing, while if a, < an.1 for all n, {an}
isdecreasing.

Bounded Sequences: If {an} is bounded above and does not diverge too oo; then there is a
unique real number & such that; if €0 ; an<@ + ¢ for large n and, an>a - ¢ for infinitely
many n.

If {an} is bounded below and does not diverge to oo; then there is a unique real numbera
such that; if €0 ; an>a - ¢ for large n and, an<a +¢ for infinitely many n.

Sub-series: Assume that by is a strictly growing series of natural numbers and that ani is a
sequence. Then, it is claimed that the composite sequence a,, o &, is a subsequence of an. If
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there exists a natural number N such that, for any natural numbers m and n greater than or
equal to, |am - an| < &, then the sequence is said to be Cauchy.
Elementary Properties or theorem of sequence
e In metric space, a sequence can have a maximum of one limit.
¢ If the collection of terms in a sequence is bounded, then the sequence itself is
bounded.
e In a metric space, a convergent sequence has a limit.
e Give rise to a metric space (X,d) where xnr—x and yn— y. After that, d(xn,Yn)
—d(x,y)
e Every subsequence of a sequence that converges in a metric space converges to the
same limit as the parent sequence.
e A Cauchy sequence in metric space converges if it contains a convergent
subsequence.
e Bolzano-Weierstrass: There is a convergent subsequence for any bounded sequence
in R".
Properties of the Limit of a Sequence
General Properties:
1. A sequence that assumes only one value is termed a constant sequence.
2. If there exists a number A and an index N such that x, = A for all n > N, the sequence
{xn} will be referred to as ultimately constant.
3. A sequence {xn} is considered bounded if there exists a constant M such that x, < M for
alln e N.

Passage to the Limit and Arithmetic Operations:

1. If {xn} and {y.} are two numerical sequences, their sum, product, and quotient (in
accordance with the general definition of sum, product, and quotient of functions) are

represented by the sequences {{Xn}+{yn}}, {{Xn}.{yn}}, {{xn}{yn}}. The quotient is
defined only when yn # 0 for all n € N.

Passage to the Limit and Inequalities:

1. Let {xn} and {yn} be two convergent sequences with 1i_r}n x, =Aand li_I}n v,=B.IfA<
[ 1 =00

B, then there exists an index x € N such that x,, <, forall n> N.

2. Suppose the sequences {xn}, {yn}, and {zn} are such that xn < yn < z, for all n > N. If
there exist the sequences {xn} and {z.}, both converging to the same limit, then the
sequence {yn} also converges to that limit.

Questions Involving the Existence of the Limit of a Sequence:

1. The Cauchy Criteria
2. A Criterion for the Existence of the Limit of a Sequence that is monotonos
3. The Number e

4. Sub-Sequences and Partial Limits of a Sequence
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Elementary Facts about Series:

1. The Sum of a Series and the Cauchy Criterion for Convergence of a Series
2. Absolute Convergence. The Comparison Theorem and its Consequences.
3. The Sum of a Series is the number e.

Sequence of a Function: Given a fixed domain D, R, the set of all functions f: D—R is
represented by F(D, R) = R. A sequence of (actual) functions is any function F: N—F(DR).
Usually, the phrases (fn), where (f,)= F(n), and, an arbitrary natural number, are used to
indicate it. If the numerical sequence (fn(X)) is converging, we say that a number x
belonging to D is a point of convergence of (f,). The domain or set of convergence,
represented by the symbol D¢, is comprised of all such points. The limit of the provided
sequences of functions is the resulting function, say Z:D. — R, represented at any x belong
to D¢ by Z(x)= nll_]:}];lc ful(x).

Examples of Sequences and Series: Arithmetic and geometric sequences, such as
sequences of square or cube numbers, the well-known Fibonacci series based on a recursive
formula, and triangle number sequences constructed on a pattern, adhere to specific rules.
The study of series, such as the Fourier series, harmonic series, and alternating series, is
crucial for analytical functions, calculus, physics, and many other more mathematically
oriented fields. In computer science, engineering, finance, economics, and other fields, it is
also frequently utilized to ascertain different scenarios or standards for designing, analyzing,
creating, or forecasting things.

Uses sequences and Series in Different Field:

In Higher Mathematics: Example, to pay of interest of automobile or home loan, list of
maximum daily temperatures, compound interest and simple interest, chessboard problem
solution, the size of a population in exponential growth, intensity of radioactivity after a
years of a given radioactive material, Tumor growth and in exponential cases etc.

In Art, Science, and Technology: The Fibonacci sequence is one fascinating example.
Fibonacci numbers are used in a variety of fields, including biology, computer science, and
the arts. A Fibonacci spiral can be used to illustrate the sequence's beauty. An square tiling
in which the length of each side corresponds to a Fibonacci number. Fourier series, also
known as Taylor polynomials, are useful in the study of fractals, geometric series that
frequently occur as the perimeter, area, or volume in the case of the Koch snowflake,
solving differential equations, inferring Brownian motion, X-ray diffraction, representing
periodic functions, repeating decimal, computing the area enclosed by a parabola and a
straight line, splitting the area into an infinite number of triangles, and much more.

Financial Sequences and Series: These are also utilized in business, where financial
analysis helps identify the optimal course of action and aids in decision-making.
Financial Ratios: These ratios are used to compute economic metrics that assess how well a
business is performing in relation to industry norms or a competitor. In order to forecast the
short- and long-term performance of the company, they assist in determining liquidity, asset
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turnover, profitability, financial advantage, etc. Retention ratios, debt to capitalization ratios,
and price to pace to sales ratios are a few examples.

Financial Statements: To make business decisions, a company's financial statements, such
as its balance sheet, profit and loss statement, cash flow statement, and others, are examined
either vertically orhorizontally.

Quantitative analysis is used by organizations for many more crucial tasks, including as
pricing, decision-making regarding vestments, risk assessment, and management.

Cauchy Sequences: Cauchy sequences have amazing properties that can be used to
Coderstand the behavior of a system as time progresses. They are heavily used in fields like
ellite design, manufacturing, construction, treatment plants, and so on.

Result and Conclusion:

In exploring sequences and series, this article has provided a comprehensive overview of

fundamental mathematical concepts and their diverse applications. The examination of

arithmetic and geometric sequences and series, along with their respective properties,

contributes to a foundational understanding of these mathematical structures. The

introduction of the Cauchy Criterion offers a valuable tool for assessing the existence of

sequence limits. Additionally, the discussion on elementary facts about series, including

absolute convergence and the derivation of the number e as a series sum, adds depth to the

exploration. The incorporation of sequences of functions expands the scope, emphasizing

their role in mathematical domains. The real-world applications of sequences and series in

higher mathematics, art, science, technology, and finance underscore their ubiquitous

importance. In conclusion, this article not only enhances mathematical comprehension but

also highlights the practical significance of sequences and series across various disciplines,

affirming their essential role in decision-making processes, financial analyses, and risk

assessments.
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