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Abstract: A. Meir and E. Keeler [11] generalized the Banach Contraction Principle [1] with the notion of
weakly uniformly strict contraction which is famous as a (ε− δ) contraction. In this article, we establish a
Meir- Keeler type common fixed point result in dislocated metric space which generalize and extend similar
fixed point results in the literature.
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1 Introduction

The fixed point theory has become a part of non-linear functional analysis since 1960. It serves as an
essential tool to get the solution of the functional relations of various branches of mathematical analysis
and its applications. In 1922, Polish mathematician S. Banach [1] established a fixed point theorem in
metric space. Since then, a number of fixed point theorems have been proved by many authors and various
generalizations of this theorem have been established. In 1986, S.G. Matthews [10] introduced the concept
of dislocated metric space under the name of metric domains in domain theory. In 2000, P. Hitzler and A.
K. Seda [3] introduced the concept of dislocated topology and generalized the famous Banach Contraction
Principle in dislocated metric space. Since then, many authors have established fixed point theorems in
dislocated metric space. In the literature one can find many interesting recent articles in the field of dislo-
cated metric space (See for examples [7]- [17]). The study of dislocated metric plays very important role
in topology, logic programming and in electronics engineering.

The purpose of this article is to establish a Meir- Keeler type common fixed point theorem for two pairs
of weakly compatible mappings in dislocated metric space which improve and extend similar fixed point
results in the literature.

2 Preliminaries

We start with the following definitions, lemmas and theorems.

Definition 1. [3] Let X be a non empty set and let d : X × X → [0,∞) be a function satisfying the
following conditions:

1. d(x, y) = d(y, x)

2. d(x, y)= d(y, x) = 0 implies x = y.

3. d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called dislocated metric (or d-metric) on X and the pair (X, d) is called the dislocated metric
space (or d-metric space).

Definition 2. [3] A sequence {xn} in a d-metric space (X, d) is called a Cauchy sequence if for given ε >
0, there corresponds n0 ∈ N such that for all m,n ≥ n0 , we have d(xm, xn) < ε.

Definition 3. [3] A sequence in d-metric space converges with respect to d (or in d) if there exists x ∈ X
such that d(xn, x)→ 0 as n→∞.

Definition 4. [3] A d-metric space (X, d) is called complete if every Cauchy sequence in it is convergent
with respect to d.

53



A Meir-Keeler Type Common Fixed Point Result in Dislocated Metric Space

Lemma 1. [14] Let (X, d) be a dislocated metric space. Let A,B, S, T : X → X be mappings satisfying
the conditions

A(X) ⊆ T (X) and B(X) ⊆ S(X) (1)

Assume further that given for each ε > 0 there exists δ > 0 such that for all x, y ∈ X

ε ≤M(x, y) < ε+ δ =⇒ d(Ax,By) ≤ ε (2)

and

d(Ax,By) < M(x, y) whenever M(x, y) > 0 (3)

where

M(x, y) = max{d(Sx, Ty), d(Ax, Sx), d(By, Ty),
1

2
d(Sx,By),

1

2
d(Ax, Ty)}

then for each x0 ∈ X, the sequence {yn} in X defined by the rule

y2n = Ax2n = Tx2n+1, y2n+1 = Bx2n+1 = Sx2n+2

is a Cauchy sequence.

Definition 5. [11] A self mapping T of a metric space (X, d) is called a weakly uniformly strict
contraction or simply an (ε − δ) contraction if for each ε > 0 there exists δ > 0 such that for all
x, y ∈ X

ε ≤ d(x, y) < ε+ δ =⇒ d(Tx, Ty) < ε (4)

Theorem 1. [11] Let (X, d) be a complete metric space and T : X → X is weakly uniformly strict
contraction then T has a unique common fixed point, say z and for any x ∈ X, limn→∞ Tnx = z.

Definition 6. [6] Let A and S be mappings from a metric space (X, d) into itself. Then, A and S are said
to be weakly compatible if they commute at their coincident point; that is, Ax = Sx for some x ∈ X implies
ASx = SAx.

There exists a vast literature which generalizes the result of Meir and Keeler. In [9] Maiti and Pal
established a fixed point theorem for a self map T of a metric space satisfying the following condition which
is the generalization of weakly uniformly strict contraction .

For every ε > 0 there exists a δ > 0 such that

ε ≤ max {d(x, y), d(x, Ty), d(y, Ty)} < ε+ δ =⇒ d(Tx, Ty) < ε

Park-Rhoades [18] and Rao- Rao [19] extended this result for two self mapping S and T in a metric space
(X, d) satisfying the condition

ε ≤ max {d(Sx, Sy), d(Sx, Tx), d(Sy, Ty),
1

2
[d(Sx, Ty) + d(Sy, Tx)]} < ε+ δ

=⇒ d(Tx, Ty) < ε

In 1986, Jungck [5] and Pant [12] extended the results for four mappings.

3 Main Results

Now we establish a common fixed point theorem for two pairs of weakly compatible mappings in dislocated
metric space.
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Theorem 2. Let (X, d) be complete dislocated metric space. Let A,B, S, T : X → X. Let the pairs (A, S)
and (B, T) are weakly compatible mappings satisfying the conditions

A(X) ⊆ T (X) and B(X) ⊆ S(X) (5)

One of A(X), B(X), S(X)or T (X) is closed (6)

for each ε > 0, there exists δ > 0 such that (7)

ε < M(x, y) < ε+ δ =⇒ d(Ax,By) ≤ ε

x, y ∈ X,M(x, y) > 0 =⇒ d(Ax,By) < M(x, y) where (8)

M(x, y) = max{d(Sx, Ty), d(Ax, Sx), d(By, Ty),
1

2
d(Sx,By),

1

2
d(Ax, Ty)}

and,

d(Ax,By) ≤ k [
d(Sx, Ty)d(Sx,Ax)

d(Sx,By)
+ d(Sx, Ty) + d(Ax, Sx) (9)

+ d(By, Ty) + d(Sx,By) + d(Ax, Ty) +
d(By, Ty)d(Ax, Ty)

d(Sx,By)
]

for 0 ≤ k < 1
11 . Then A, B, S and T have a unique common fixed point in X.

Proof. let x0 ∈ X , then by (5) we can define a sequence {yn} in X such that

y2n = Ax2n = Tx2n+1 and y2n+1 = Bx2n+1 = Sx2n+2, n ∈ N ∪ {0} (10)

Then by the lemma (1) the sequence {yn} is a Cauchy sequence in X.
Since X is complete, {yn} and its subsequences

{Ax2n} = {Tx2n+1}, {Sx2n} = {Bx2n−1} and {Sx2n+2} = {Bx2n+1}

all converge to a point z ∈ X. Assume that A(X)is closed, Since A(X) ⊆ T (X) then there exists a point
u ∈ X such that z = Tu. By the inequality (9) we have

d(Ax2n, Bu) ≤ k [
d(Sx2n, Tu)d(Sx2n, Ax2n)

d(Sx2n, Bu)
+ d(Sx2n, Tu) + d(Ax2n, Sx2n)

+ d(Bu, Tu) + d(Sx2n, Bu) + d(Ax2n, Tu) +
d(Bu, Tu)d(Ax2n, Tu)

d(Sx2n, Bu)
]

Now taking limit as n→∞, we have

d(z,Bu) ≤ d(Bu, z) + d(z,Bu) ≤ 2kd(z,Bu)

which is a contradiction. Hence, d(z,Bu) = 0 =⇒ z = Bu . Thus we have z = Tu = Bu.
Since the pair (B,T) is weakly compatible, so

BTu = TBu =⇒ Bz = BTu = TBu = Tz

Now we show that z is a fixed point of B. If possible suppose z 6= Bz, now by condition (9) we have

d(Ax2n, Bz) ≤ k [
d(Sx2n, T z)d(Sx2n, Ax2n)

d(Sx2n, Bz)
+ d(Sx2n, T z) + d(Ax2n, Sx2n)

+ d(Bz, Tz) + d(Sx2n, Bz) + d(Ax2n, T z) +
d(Bz, Tz)d(Ax2n, T z)

d(Sx2n, Bz)
]
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Now taking limit as n→∞ we obtain

d(z,Bz) ≤ k [d(z, Tz) + d(Bz, Tz) + d(z,Bz) + d(z, Tz) +
d(Bz, Tz)d(z, Tz)

d(z,Bz)
]

= k [d(z,Bz) + d(Bz,Bz) + d(z,Bz) + d(z,Bz) + d(Bz,Bz)]

= [3d(z,Bz) + 2d(Bz,Bz)]

≤ 7kd(z,Bz)

which is a contradiction. So, d(z,Bz) = 0 =⇒ z = Bz. Hence z = Bz = Tz
Since, B(X) ⊆ S(X) there exists a point v ∈ X such that z = Sv
Now by condition (9) we have,

d(Av,Bz) ≤ k [
d(Sv, Tz)d(Sv,Av)

d(Sv,Bz)
+ d(Sv, Tz) + d(Av, Sv)

+ d(Bz, Tz) + d(Sv,Bz) + d(Av, Tz) +
d(Bz, Tz)d(Av, Tz)

d(Sv,Bz)
]

d(Av, z) ≤ k [
d(z, z)d(z,Av)

d(z, z)
+ d(z, z) + d(Av, z)

+ d(z, z) + d(z, z) + d(Av, z) +
d(z, z)d(Av, z)

d(z, z)
]

= k [4d(z,Av) + 3d(z, z)]

≤ 10k d(z,Av)

which is a contradiction, thus d(Av, z) = 0 =⇒ Av = z. hence Av = Sv = z
Since pair (A, S) is weakly compatible, so

SAv = ASv =⇒ Sz = Az.

Now we claim that z is the fixed point of A. For this by condition (9)we have,

d(Az,Bz) ≤ k [
d(Sz, Tz)d(Sz,Az)

d(Sz,Bz)
+ d(Sz, Tz) + d(Az, Sz)

+ d(Bz, Tz) + d(Sz,Bz) + d(Az, Tz) +
d(Bz, Tz)d(Az, Tz)

d(Sz,Bz)
]

= k [
d(Az, z)d(Az,Az)

d(Az, z)
+ d(Az, z) + d(Az,Az)

+ d(z, z) + d(Az, z) + d(Az, z) +
d(z, z)d(Az, z)

d(Az, z)
]

d(Az, z) ≤ k[2d(Az,Az) + 3d(Az, z) + 2d(z, z)]

≤ k [4d(Az, z) + 3d(Az, z) + 4d(Az, z)]

= 11k d(Az, z)

which is a contradiction. Consequently we have, Az = z = Sz. Hence,

Az = Bz = Sz = Tz = z

This represents that z is the common fixed point of the mappings A,B, S and T .

Uniqueness:
If possible, let z and w are two common fixed points of the mappings A,B, S and T . Now by condition (9)
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we have,

d(Az,Bw) ≤ k [
d(Sz, Tw)d(Sz,Az)

d(Sz,Bw)
+ d(Sz, Tw) + d(Az, Sz)

+ d(Bw, Tw) + d(Sz,Bw) + d(Az, Tw) +
d(Bw, Tw)d(Az, Tw)

d(Sz,Bw)
]

= k [
d(z, w)d(z, z)

d(z, w)
+ d(z, w) + d(z, z)

+ d(w,w) + d(z, w) + d(z, w) +
d(w,w)d(z, w)

d(z, w)
]

∴ d(z, w) ≤ k [2d(z, z) + 3d(z, w) + 2d(w,w)]

≤ k [4d(z, w) + 3d(z, w) + 4d(z, w)]

= 11k d(z, w)

which is a contradiction. Hence, d(z, w) = 0 =⇒ z = w. This completes the proof of the theorem.

Similarly, we can establish the conclusion by supposing B(X) (resp. S(X), T(X)) is closed.

Now with the light of above theorem, one can easily establish the following corollaries:

Corrollary 1. Let (X, d) be complete dislocated metric space. Let A,B, S : X → X. Let the pairs (A, S)
and (B, S) are weakly compatible mappings satisfying the conditions

A(X), B(X) ⊆ S(X)

One of A(X), B(X) or S(X) is closed

for each ε > 0, there exists δ > 0 such that

ε < M(x, y) < ε+ δ =⇒ d(Ax,By) ≤ ε

x, y ∈ X,M(x, y) > 0 =⇒ d(Ax,By) < M(x, y) where

M(x, y) = max{d(Sx, Sy), d(Ax, Sx), d(By, Sy),
1

2
d(Sx,By),

1

2
d(Ax, Sy)}

and

d(Ax,By) ≤ k [
d(Sx, Sy)d(Sx,Ax)

d(Sx,By)
+ d(Sx, Sy) + d(Ax, Sx)

+ d(By, Sy) + d(Sx,By) + d(Ax, Sy) +
d(By, Sy)d(Ax, Sy)

d(Sx,By)
]

for 0 ≤ k < 1
11 . Then A, B and S have a unique common fixed point in X.

Corrollary 2. Let (X, d) be complete dislocated metric space. Let A,S, T : X → X. Let the pairs (A, S)
and (A, T) are weakly compatible mappings satisfying the conditions

A(X) ⊆ T (X) and S(X)

One of A(X), S(X)or T (X) is closed

for each ε > 0, there exists δ > 0 such that

ε < M(x, y) < ε+ δ =⇒ d(Ax,Ay) ≤ ε
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x, y ∈ X,M(x, y) > 0 =⇒ d(Ax,Ay) < M(x, y) where

M(x, y) = max{d(Sx, Ty), d(Ax, Sx), d(Ay, Ty),
1

2
d(Sx,Ay),

1

2
d(Ax, Ty)}

and

d(Ax,Ay) ≤ k [
d(Sx, Ty)d(Sx,Ax)

d(Sx,Ay)
+ d(Sx, Ty) + d(Ax, Sx)

+ d(Ay, Ty) + d(Sx,Ay) + d(Ax, Ty) +
d(Ay, Ty)d(Ax, Ty)

d(Sx,Ay)
]

for 0 ≤ k < 1
11 . Then A, S and T have a unique common fixed point in X.

Corrollary 3. Let (X, d) be complete dislocated metric space. Let A,S : X → X. Let the pair (A, S) is
weakly compatible mappings satisfying the conditions

A(X) ⊆ S(X)

One of A(X) or S(X) is closed

for each ε > 0, there exists δ > 0 such that

ε < M(x, y) < ε+ δ =⇒ d(Ax,Ay) ≤ ε

x, y ∈ X,M(x, y) > 0 =⇒ d(Ax,Ay) < M(x, y) where

M(x, y) = max{d(Sx, Sy), d(Ax, Sx), d(Ay, Sy),
1

2
d(Sx,Ay),

1

2
d(Ax, Sy)}

and

d(Ax,Ay) ≤ k [
d(Sx, Sy)d(Sx,Ax)

d(Sx,Ay)
+ d(Sx, Sy) + d(Ax, Sx)

+ d(Ay, Sy) + d(Sx,Ay) + d(Ax, Sy) +
d(Ay, Sy)d(Ax, Sy)

d(Sx,Ay)
]

for 0 ≤ k < 1
11 . Then A and S have a unique common fixed point in X.

4 Conclusion

Our result generalizes the Meir- Keeler [11] fixed point theorem in dislocated metric space and extends the
results of Pant and Jha [13], Bouhadjera and Djoudi [2], Jha, Pant and Singh [4] and Panthi [14].
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