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1 Introduction

Throughout the paper a meromorphic function always means meromorphic in the whole complex plane
and we use the standard notations in value distribution theory {[4], [5], [6], [7]} T (r, f), N(r, f), N(r, f),
m(r, f) etc.

We denote by S(r, f) any function satisfying S(r, f) = o(T (r, f)) as r → ∞, which is outside of an
exceptional set E with finite linear measure. A meromorphic function a = a(z)(6≡ 0,∞) is said to be a
small function of f if it satisfies T (r, a) = S(r, f).

For a non-constant meromorphic function f , we define

Θ(∞, f) = 1− lim sup
r→∞

N(r, f)

T (r, f)
.

In [3], Fan et. al. constructed a differential monomial of a non-constant meromorphic function f as

Mj(f) = aj(z)(f(z))n0j (f ′(z))n1j · · · (f (k)(z))nkj ,

where j be a positive integer, n0j , n1j , · · · , nkj be non-negative integers and aj(z) be a small function of f .
Next they defined a differential polynomial in f as

φ(f) =

n∑
j=0

Mj(f). (1)

They also defined

d(Mj) =

k∑
i=0

nij as the degree of Mj(f),

d(φ) = max
0≤j≤n

{(Mj)} as the degree of φ(f) and

d(φ) = min
0≤j≤n

{(Mj)} as the lower degree of φ(f).

With these notations they have proved the following theorems.

Theorem 1.1. Suppose that f is a transcendental meromorphic function with

N(r, f) +N

(
r,

1

f

)
= S(r, f).
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Let φ(f) be of the form (1) of degree d(φ) ≥ 2 and the lower degree d(φ) ≥ 1. Assume that φ(f) does not
reduce to a constant.
(i) If φ(f) is a homogeneous differential polynomial, then we have

Θ(a, φ(f)) = 0,

where a(6≡ 0) is a small function of f .
(ii) If φ(f) is a non-homogeneous differential polynomial, then we have

Θ(a, φ(f)) ≤ 1− d(φ)

d(φ)
,

where a(6≡ 0) is a small function of f .

Theorem 1.2. Suppose that P is a polynomial with deg P ≥ 3 and f is a transcendental meromorphic
function. Let α be a small function of f . If α is a constant, we also require that there exists a constant
A 6= α such that P (z)−A has a zero of multiplicity at least 3. Then, for any 0 < ε < 1, we have

T (r, f) ≤ kN̄
(
r,

1

P (f)− α

)
+ S(r, f),

where if P ′(z) has only one zero, then k = 1
ffldegP−2 , if P ′(z) has two distinct zeroes a and b with P (a) 6=

P (b) and a is non-constant, then k = 1
1−ε ; otherwise k = 1.

In this paper, it therefore seems reasonable to define a differential polynomial formed with two meromorphic
functions and prove the analogues theorems of the above with this differential polynomial.
Let f and g be two non-constant meromorphic functions and j be a positive integer. Let n0j , n1j , · · · , nkj ,
m0j , m1j , · · · , mlj be non-negative integers and let aj(z) be a small function of at least one of f or g. We
call that

Mj(f, g) = aj(z)(f(z))n0j (f ′(z))n1j · · · (f (k)(z))nkj (g(z))m0j (g′(z))m1j · · · (g(l)(z))mlj

is a differential monomial of f and g.

We define dj(f) =
k∑
i=0

nij , dj(g) =
l∑
i=0

mij and d(Mj) = dj(f) + dj(g) (degree of Mj(f, g)). Next, we define

a differential polynomial in f and g as a finite sum of such monomials, i.e.,

φ(f, g) =

p∑
j=0

Mj(f, g). (2)

We can rewrite this as

φ(f, g) =

p∑
j=0

aj(z)(f(z))n0j (f ′(z))n1j · · · (f (k)(z))nkj (g(z))m0j (g′(z))m1j · · · (g(l)(z))mlj

=

p∑
j=0

aj(z)(f(z))n0j+n1j+···+nkj (g(z))m0j+m1j+···+mlj

(
f ′(z)

f(z)

)n1j

· · ·
(
f (k)(z)

f(z)

)nkj (
g′(z)

g(z)

)m1j

· · ·
(
g(l)(z)

g(z)

)mlj

=

p∑
j=0

bj(z)(f(z))n0j+n1j+···+nkj (g(z))m0j+m1j+···+mlj

=

p∑
j=0

bj(z)(f(z))dj(f)(g(z))dj(g), (3)
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where bj(z) = aj(z)

(
f ′(z)

f(z)

)n1j

· · ·
(
f (k)(z)

f(z)

)nkj (
g′(z)

g(z)

)m1j

· · ·
(
g(l)(z)

g(z)

)mlj

. (4)

We also define
d(φ(f, g)) = max

0≤j≤p
d(Mj), the degree of φ(f, g);

d(φ(f, g)) = min
0≤j≤p

d(Mj), the lower degree of φ(f, g);

d(f) = max
0≤j≤p

dj(f), the degree of f in φ(f, g);

d(f) = min
0≤j≤p

dj(f), the lower degree of f in φ(f, g);

d(g) = max
0≤j≤p

dj(g), the degree of g in φ(f, g);

d(g) = min
0≤j≤p

dj(g), the lower degree of g in φ(f, g).



(5)

If d(φ(f, g)) = d(φ(f, g)), then φ(f, g) is called homogeneous and otherwise it is called non-homogeneous.
In particular, if there exists at least one j(= j1, say) such that d(f) = dj1(f) and d(g) = dj1(g), then we
can write

d(φ(f, g)) = d(f) + d(g). (6)

Similarly if there exists at least one j(= j2, say) such that d(f) = dj2(f) and d(g) = dj2(g), then we can
write

d(φ(f, g)) = d(f) + d(g). (7)

To clarify this particular scenario we can consider the following examples.

Example 1. Let, φ(f, g) = b0f
2g3 + b1fg

4 + b2g
5 + b3f

4g. We may write this as

φ(f, g) =
3∑
j=0

bjf
dj(f)gdj(g), where d0(f) = 2, d0(g) = 3, d1(f) = 1, d1(g) = 4, d2(f) = 0, d2(g) = 5,

d3(f) = 4, d3(g) = 1.
Here

d(φ(f, g)) = 5

d(φ(f, g)) = 5

d(f) = max{2, 1, 0, 4} = 4

d(f) = min{2, 1, 0, 4} = 0

d(g) = max{3, 4, 5, 1} = 5

d(g) = min{3, 4, 5, 1} = 1

Here the polynomial is homogeneous, since d(φ(f, g)) = d(φ(f, g)). But we see that d(φ(f, g)) ≤ d(f)+d(g)
and d(φ(f, g)) ≥ d(f) + d(g) i.e., (6) and (7) are not satisfied in this case.

Example 2. Let, φ(f, g) = b0f
4g4 + b1f

5g4 + b2f
4g3. We may write this as

φ(f, g) =
2∑
j=0

bjf
dj(f)gdj(g), where d0(f) = 4, d0(g) = 4, d1(f) = 5, d1(g) = 4, d2(f) = 4, d2(g) = 3.

Here

d(φ(f, g)) = max{8, 9, 7} = 9;

d(φ(f, g)) = min{8, 9, 7} = 7;

d(f) = max{4, 5, 4} = 5;

d(f) = min{4, 5, 4} = 4;

d(g) = max{4, 4, 3} = 4;

d(g) = min{4, 4, 3} = 3.

Also, we can see that j1 = 1, which means both d(f) and d(g) are attained in the second term of the
differential polynomial and j2 = 2, which means both d(f) and d(g) are attained in the third term of
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the differential polynomial. Hence for this differential polynomial, (6) and (7) are satisfied although the
differential polynomial is not homogeneous.

Example 3. Let, φ(f, g) = b0fg
2 + b1f

2g2 + b2g
3 + b3f

2 + b4f
4g. We may write this as

φ(f, g) =
4∑
j=0

bjf
d(fj)gd(gj), where d0(f) = 1, d1(f) = 2, d2(f) = 0, d3(f) = 2, d4(f) = 4, d0(g) = 2,

d1(g) = 2, d2(g) = 3, d3(g) = 0, d4(g) = 1. So,

φ(f, g) = b0fg
2 + b1f

2g2 + b2g
3 + b3f

2 + b4f
4g

= b2g
3 + f(b0g

2) + f2(b1g
2 + b3) + f4(b4g)

= f0
(
b00g

2 + b01g
2 + b02g

3 + b03g
0 + b04g

1
)

+ f1
(
b10g

2 + b11g
2 + b12g

3 + b13g
0 + b14g

1
)

+

f2
(
b20g

2 + b21g
2 + b22g

3 + b23g
0 + b24g

1
)

+ f4
(
b30g

2 + b31g
2 + b32g

3 + b33g
0 + b34g

1
)
,

where (bij)4×5 =

(
0 0 b2 0 0
b0 0 0 0 0
0 b1 0 b3 0
0 0 0 0 b4

)

= fu0

0∑
j=0

c0jg
v0j + fu1

0∑
j=0

c1jg
v1j + fu2

1∑
j=0

c2jg
v2j + fu3

0∑
j=0

c3jg
v3j . (8)

Here u0 = 0, u1 = 1, u2 = 2, u3 = 4. Also we remove all boj’s, b1j’s, b2j’s, b3j’s etc., which are zero
and rename non-zero terms boj’s, b1j’s, b2j’s, b3j’s etc., as coj’s, c1j’s, c2j’s, c3j’s etc., respectively, i.e.,
b02 = b2 = c00, b10 = b0 = c10, b21 = b1 = c20, b23 = b3 = c21, b34 = b4 = c30 and v00 = d2(g) = 3,
v10 = d0(g) = 2, v20 = d1(g) = 0, v21 = d3(g) = 2 v30 = d4(g) = 1.
Here it is quite clear that min{v00, v10, v20, v30} = 0, which is same as the lower degree of g defined in (5)
and max{v00, v10, v21, v30} = 3, which is same as the degree of g defined in (5).

So, from (8) we understand that in general (3) can be written as

φ(f, g) =

q∑
i=0

fui

pi∑
j=0

cijg
vij ,where (9)

q ≤ p, u0, u1, · · · , uq are non-negative integers with d(f) = u0 < u1 < · · · < uq = d(f), and pi ≤ p
(i = 0, 1, · · · , q), cij 6≡ 0, vij ’s are positive integers with vi0 < vi1 < · · · < vipq .
Again we also note that d(g) = min{v00, v10, · · · vq0} = vt (say) and
d(g) = max{v0p0 , v1p1 , · · · vqpq} = vT (say).

In a recent paper [2], Banerjee and Pal introducing the definition of a differential polynomial which involve
two distinct transcendental meromorphic functions, proved some results on value distribution of differential
polynomials.

2 Known Results

In this section we state some results in the form of lemmas, which will be needed in the subsequent section.

Lemma 2.0.1. {[4], [5], [7]} Let f be a non-constant meromorphic function, and let k be a positive integer.
Then

m

(
r,
f (k)

f

)
= S(r, f).

Lemma 2.0.2. {[4], [5], [7]} Let f be a non-constant meromorphic function, and let ai(i = 1, 2) be two
distinct small functions of f . Then

T (r, f) ≤ N(r, f) +N

(
r,

1

f − a1

)
+N

(
r,

1

f − a2

)
+ S(r, f).
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Lemma 2.0.3. [1] Let f and g be two transcendental meromorphic functions and ai, 1 ≤ i ≤ (p+1)(q+1)
are small functions of at least f or g. Set

Pp,q(f, g) =

p+1∑
i=1

q+1∑
j=1

a(i−1)(q+1)+jf
p−i+1gq−j+1.

If N(r, f) = S(r, f), N(r, g) = S(r, g) with a1 6= 0, then

T (r, Pp,q(f, g)) ≥ pT (r, f) + qT (r, g) + S(r, f) + S(r, g).

3 Theorems

In this section we present our main results of the paper.

Theorem 3.1. Suppose that f and g are two transcendental meromorphic functions. Let φ(f, g) be a
differential polynomial in f and g of the form (2) of degree d(φ) ≥ 2 and the lower degree d(φ) ≥ 1.
Assume that φ(f, g) does not reduce to a constant. Then,
(i) if φ(f, g) is homogeneous with

N(r, f) +N(r,
1

f
) = S(r, f), N(r, g) +N(r,

1

g
) = S(r, g) (10)

and satisfies at least one of (6) or (7), then we have

Θ(a, φ(f, g)) = 0,

where a( 6≡ 0) is a small function of at least f or g.

(ii) if φ(f, g) is other than (i) and satisfies N(r, f) = S(r, f), N(r, g) = S(r, g) and
d(f)

d(f)
=
d(g)

d(g)
= A (say),

then we have

Θ(a, φ(f, g)) ≤ 1−A,

where a(6≡ 0) is a small function of at least f or g.

Proof. It is clear that φ(f, g) 6≡ 0.
(i) φ(f, g) is homogeneous and satisfies at least one of (6) or (7). Then, by (3) we have

φ(f, g) = B(z)(f(z))d(f)(g(z))d(g), (11)

where B(z) =
p∑
j=0

bj(z).

Since aj(z) is a small function of at least one of f or g, by Lemma 2.0.1 and (10), we obtain from (4)

m(r, bj) ≤ m(r, aj) +m

(
r,

(
f ′

f

)n1j

· · ·
(
f (k)

f

)nkj
)

+m

(
r,

(
g′

g

)m1j

· · ·
(
g(k)

g

)mlj
)

= S(r, f) + S(r, g),

and

N(r, bj) ≤ N(r, aj) +N

(
r,

(
f ′

f

)n1j

· · ·
(
f (k)

f

)nkj
)

+N

(
r,

(
g′

g

)m1j

· · ·
(
g(k)

g

)mlj
)

≤ N(r, aj) +O

(
N(r, f) +N

(
r,

1

f

))
+O

(
N(r, g) +N

(
r,

1

g

))
= S(r, f) + S(r, g).
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Hence we obtain

T (r, bj) = S(r, f) + S(r, g)

i.e., T (r,B) = S(r, f) + S(r, g). (12)

By (10), (11), (12) and Lemma 2.0.2, we have

T (r, φ(f, g)) ≤ N(r, φ(f, g)) +N

(
r,

1

φ(f, g)

)
+N

(
r,

1

φ(f, g)− a

)
+ S(r, φ(f, g))

≤ N(r,Bfd(f)gd(g)) +N

(
r,

1

Bfd(f)gd(g)

)
+N

(
r,

1

φ(f, g)− a

)
+ S(r, φ(f, g))

= S(r, f) + S(r, g) +N

(
r,

1

φ(f, g)− a

)
+ S(r, φ(f, g))

= N

(
r,

1

φ(f, g)− a

)
+ S(r, φ(f, g)). (13)

Hence from (13), we obtain Θ(a, φ(f, g)) = 0.

(ii) φ(f, g) is other than (i) and satisfies N(r, f) = S(r, f), N(r, g) = S(r, g) and
d(f)

d(f)
=
d(g)

d(g)
= A. Then

from (9) by using similar arguments as (i) we can easily obtain similar results as (12), i.e.,

T (r, cij) = S(r, f) + S(r, g). (14)

By Lemma 2.0.3, we obtain

T (r, φ(f, g)) ≥ d(f)T (r, f) + d(g)T (r, g) + S(r, f) + S(r, g). (15)

Also using (9) we obtain

N

(
r,

1

φ(f, g)

)
≤ N

r, 1

fu0gvt

[
q∑
i=0

fui−u0

pi∑
j=0

cijgvij−vt

]


≤ N
(
r,

1

fu0gvt

)
+ T

r, q∑
i=0

fui−u0

pi∑
j=0

cijg
vij−vt


≤ S(r, f) + S(r, g) + (uq − u0)T (r, f) + (vT − vt)T (r, g)

≤ (d(f)− d(f))T (r, f) + (d(g)− d(g))T (r, g) + S(r, φ(f, g)). (16)

Again
d(f)

d(f)
=
d(g)

d(g)
= A gives

1− d(f)

d(f)
= 1− d(g)

d(g)
= 1−A

i.e.,
d(f)− d(f)

d(f)
=
d(g)− d(g)

d(g)
= 1−A

i.e., d(f)− d(f) = (1−A)d(f) and d(g)− d(g) = (1−A)d(g). (17)

(15), (16) and (17) gives

N

(
r,

1

φ(f, g)

)
≤ (1−A)d(f)T (r, f) + (1−A)d(g)T (r, g) + S(r, φ(f, g))

≤ (1−A)T (r, φ(f, g)) + S(r, φ(f, g)). (18)
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It follows from the given conditions and from (9), (10), (14), (18) and Lemma 2.0.2 that

T (r, φ(f, g)) ≤ N(r, φ(f, g)) +N

(
r,

1

φ(f, g)

)
+N

(
r,

1

φ(f, g)− a

)
+ S(r, φ(f, g))

≤ (1−A)T (r, φ(f, g)) +N

(
r,

1

φ(f, g)− a

)
+ S(r, φ(f, g)). (19)

Hence from (19), we have Θ(a, φ(f, g)) ≤ 1−A.
Hence the theorem.

Remark 3.1. If d0(g) = d1(g) = · · · = dp(g) = 0 in (3), then d(g) = d(g) = 0. So φ(f, g) reduces to φ(f)
like (1). In this case Theorem 3.1 reduces to Theorem 1.1 by Fan et. al. [3].

Theorem 3.2. Suppose P , Q are polynomials with degrees m ≥ 3, n ≥ 3 respectively and f , g are
transcendental meromorphic functions. Set R(f, g) = P (f)Q(g), which is a polynomial with degree m+ n.
Let α be a small function of f and g.
(i) If P ′(z) and Q′(z) have only a zero at a and b respectively with P (a) = Q(b) = 0, then (m− 2)T (r, f) +

(n− 2)T (r, g) ≤ N
(
r,

1

R(f, g)− α

)
+ S(r,R(f, g)).

(ii) If P ′(z) and Q′(z) have at least two distinct zeros at ap, bp and aq, bq respectively with P (ap) = P (bp) =
Q(aq) = Q(bq) = 0, then

T (r, f) + T (r, g) ≤ N
(
r,

1

R(f, g)− α

)
+ S(r,R(f, g)).

Proof. (i) Let P ′(z) and Q′(z) have only a zero at a and b respectively with P (a) = Q(b) = 0. Then we
have

P (z) = c1(z − a)m, Q(z) = c2(z − b)n, (20)

where c1, c2 are non-zero constants.
By Lemma 2.0.2 and (20), we obtain

T (r,R(f, g)) ≤ N(r,R(f, g)) +N

(
r,

1

R(f, g)

)
+N

(
r,

1

R(f, g)− α

)
+ S(r,R(f, g))

≤ N(r, f) +N(r, g) +N

(
r,

1

f − a

)
+N

(
r,

1

g − b

)
+N

(
r,

1

R(f, g)− α

)
+

S(r,R(f, g))

≤ 2T (r, f) + 2T (r, g) +N

(
r,

1

R(f, g)− α

)
+ S(r,R(f, g)). (21)

Therefore from Lemma 2.0.3 and (21) that

(m− 2)T (r, f) + (n− 2)T (r, g) ≤ N
(
r,

1

R(f, g)− α

)
+ S(r,R(f, g)).

(ii) Let, P ′(z) and Q′(z) have at least two distinct zeros at ap, bp and aq, bq respectively with P (ap) =
P (bp) = Q(aq) = Q(bq) = 0. Also let the order of zeros at ap, bp, aq and bq are ma, mb, na and nb
respectively. Then we have

P (z) = c3(z − ap)ma+1(z − bp)mb+1φ1(z), Q(z) = c4(z − aq)na+1(z − bq)nb+1φ2(z), (22)

where c3, c4 are nonzero constants and φ1(z), φ2(z) are polynomials with deg(φ1) = m − ma − mb − 2,
deg(φ2) = n− na − nb − 2 respectively.
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By Lemma 2.0.2 and (22), we obtain

T (r,R(f, g)) ≤ N(r,R(f, g)) +N

(
r,

1

R(f, g)

)
+N

(
r,

1

R(f, g)− α

)
+ S(r,R(f, g))

≤ N(r, f) +N(r, g) +N

(
r,

1

f − ap

)
+N

(
r,

1

f − bp

)
+ (m−ma −mb − 2)T (r, f)+

N

(
r,

1

g − aq

)
+N

(
r,

1

g − bq

)
+ (n− na − nb − 2)T (r, g)+

N

(
r,

1

R(f, g)− α

)
+ S(r,R(f, g))

≤ (m−ma −mb + 1)T (r, f) + (n− na − nb + 1)T (r, g) +N

(
r,

1

R(f, g)− α

)
+

S(r,R(f, g))

≤ (m− 1)T (r, f) + (n− 1)T (r, g) +N

(
r,

1

R(f, g)− α

)
+ S(r,R(f, g)). (23)

Therefore from Lemma 2.0.3 and (23) that

T (r, f) + T (r, g) ≤ N
(
r,

1

R(f, g)− α

)
+ S(r,R(f, g)).

Remark 3.2. If Q(g) = 1 in (3), then R(f, g) = P (f). In this case Theorem 3.2 reduces to Theorem 1.2
by Fan et. al. [3].

4 Conclusions

Theorem 3.1 may be extended for differential polynomials formed with any finite number of meromorphic
functions with certain restrictions.
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