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Abstract: In a recent paper, Fan et. al. [3] showed that for a non-homogeneous differential polynomial
formed with a non-constant meromorphic function f, ©(a, d(f)) is bounded above by 1. In this paper, we
extend two results of [J] for differential polynomials formed with two meromorphic functions.
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1 Introduction

Throughout the paper a meromorphic function always means meromorphic in the whole complex plane
and we use the standard notations in value distribution theory {[], [Bl, [6], [1]} T(r, f), N(r, f), N(r, f),
m(r, f) ete.

We denote by S(r, f) any function satisfying S(r, f) = o(T(r, f)) as r — oo, which is outside of an
exceptional set E with finite linear measure. A meromorphic function ¢ = a(z)(# 0,00) is said to be a
small function of f if it satisfies T'(r,a) = S(r, f).

For a non-constant meromorphic function f, we define

O(oco, f)=1-— ligsol.}p Jj\fg:’;))

In [3], Fan et. al. constructed a differential monomial of a non-constant meromorphic function f as

M;(f) = a;(2)(F(2))™ (f'(2))" -+ (f P (2))™,

where j be a positive integer, ng;,n1;,-- - ,ng; be non-negative integers and a;(z) be a small function of f.
Next they defined a differential polynomial in f as

o(f) =>_ M;(f). (1)
j=0

They also defined

k
d(M;) = Znij as the degree of M;(f),
i=0
d(¢) = Jmax {(M;)} as the degree of ¢(f) and
<jsn
d(¢) = Olgljg {(M;)} as the lower degree of ¢(f).
<isn

With these notations they have proved the following theorems.

Theorem 1.1. Suppose that f is a transcendental meromorphic function with

N(r f)+ N (r, }) = S(r, f).
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Let ¢(f) be of the form of degree d(¢) > 2 and the lower degree d(¢) > 1. Assume that ¢(f) does not
reduce to a constant.
(i) If &(f) is a homogeneous differential polynomial, then we have

where a(# 0) is a small function of f.
(ii) If ¢(f) is a non-homogeneous differential polynomial, then we have

d(¢)
Oa, o(f)) <1-— 4(0)

where a(# 0) is a small function of f.

Theorem 1.2. Suppose that P is a polynomial with deg P > 3 and f is a transcendental meromorphic
function. Let a be a small function of f. If a is a constant, we also require that there exists a constant
A # « such that P(z) — A has a zero of multiplicity at least 3. Then, for any 0 < € < 1, we have

T(r,f) <kN (r, ) +5(r, f),

o
P(f) -«

where if P'(z) has only one zero, then k = m, if P'(z) has two distinct zeroes a and b with P(a) #

P(b) and a is non-constant, then k = 11 ; otherwise k = 1.

In this paper, it therefore seems reasonable to define a differential polynomial formed with two meromorphic
functions and prove the analogues theorems of the above with this differential polynomial.

Let f and g be two non-constant meromorphic functions and j be a positive integer. Let ngj, nij, - -+, 1y,
Mmoj, M1j, -+ -, My; be non-negative integers and let a;(z) be a small function of at least one of f or g. We
call that

M;(f,9) = a;(2)(f(2))" (f' ()™ - (fP(2)" (g(2)" (g ()™ -+ (9P (2)) ™
is a differential monomial of f and g.
We define d;(f) = Xk: nij, di(g) = Xl: my; and d(M;) = d;(f) +d;(g) (degree of M;(f,g)). Next, we define
a differential polynlo:nolial in f and ;]:aos a finite sum of such monomials, i.e.,
P
o(f,9) = M;(f.9). (2)
j=0

We can rewrite this as

aj (2)(f ()" (f ()" - (F P (2))" (g(2)™ (g ()™ - (9 ()™

NE

o(f,9) =

.
Il
=)

a;j(2)(f(z))roa it tnns (g(5))most gty

() (55" ()™ ()

b;(2) (f(2))moatmaitetnig (g () )mojtmut+mi;

|
A_M%

<
Il
=)

[
M=

.
Il
=)

b;(2)(f(2)% P (g(2)) 4, (3)

[
M=

<.
Il
=)
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sentr=ia (G (507 G (9)"

We also define

A(6(1.9) = max d(M;), the degree of 6(1.9);
d(6(f,9)) = min d(M;), the lower degree of 4(f, 9);
0<j<p
d(f) = Jnax d;(f), the degree of f in ¢(f, g);
<j<
d(f) = 021-12 d;(f), the lower degree of f in ¢(f,g); ®)
<j<p
d(g) = [nax d; (9), the degree of g in ¢(f, g);
d(g) = min d;(g), the lower degree of g in ¢(f, g).

If d(o(f,9)) = d(o(f,g)), then ¢(f,g) is called homogeneous and otherwise it is called non-homogeneous.
In particular, if there exists at least one j(= ji, say) such that d(f) = d;, (f) and d(g) = dj, (g), then we

can write
d(¢(f,9)) = d(f) + d(g). (6)

Similarly if there exists at least one j(= j2, say) such that d(f) = d;,(f) and d(g) = d,,(g), then we can
write

d(o(f,9)) = d(f) + d(g). (7)

To clarify this particular scenario we can consider the following examples.

Example 1. Let, ¢(f,g) = bof2g> + b1 fg* + bag® + b3 f*g. We may write this as

oF,9) = 3 I DgHO), where do(f) = 2 dolg) = 3. i(f) = L, da(g) = 4. ) = 0, dag) = 5,
dy(f) = 4, dslg) = 1.

Here
d(o(f,9)) =5
d(o(f,9)) =5
d(f) =max{2,1,0,4} =4
d(f) =min{2,1,0,4} =0
d(g) = max{3,4,5,1} =5
d(g) = min{3,4,5,1} =1

Here the polynomial is homogeneous, since d(¢(f,g)) = d(d(f,g)). But we see that d(¢(f,g)) < d(f)+d(g)
and d(¢(f,g)) > d(f) + d(g) i.e., (6) and (1) are not satisfied in this case.

Example 2. Let, ¢(f,g) = bofig* + b1 f2g* + baftg®. We may write this as
2
(b(fag) = Z bjfdj(f)gdj(g); where dO(f) = 4; do(g) = 47 dl(f) = 57 dl(g) = 4; dZ(f) = 4; d2(g> =3.
§=0
Here

d(6(f.9)) = max{8,9,7} =
d(¢(f,9)) = min{8,9,7} = 7;
d(f) = max{4,5,4} = 5;
d(f) = min{4,5,4} = 4
d(g) = max{4,4,3} = 4;
d(g) = min{4,4,3} = 3.

Also, we can see that j1 = 1, which means both d(f) and d(g) are attained in the second term of the
differential polynomial and jo = 2, which means both d(f) and d(g) are attained in the third term of
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the differential polynomial. Hence for this differential polynomial, (@ and @ are satisfied although the
differential polynomial is not homogeneous.

Example 3. Let, ¢(f,g) = bofg? + b1 f2g* + bag® + b3 f? + by f*g. We may write this as
4
&(f,9) = 2 bi ) g19) where do(f) = 1, di(f) = 2, d2(f) = 0, d3(f) = 2, da(f) = 4, do(9) = 2,

7=0
di(g9) =2, d2(g) = 3, d3(9) =0, da(g) = 1. So,
O(f,9) =bofg> + b1 f?g” + bag® + bsf* + buflyg
= bag® + f(bog®) + f(b1g® + b3) + f*(bag)
= £ (boog® + bo19® + bo2g® + bozg” + boag') + f' (brog® + b11g® + b12g® + bizg” + biag') +
F? (b20g” + b219® + baog® + basg” + baag') + f* (b30g” + b319” + bs2g® + bszg” + bsag')

0 0bx 0O
bp 0 0 0 O
Where (bij)4><5 = 00b1 0 b 0
0 0 0 0 by

0 0 1 0
= U0 0" + FUY D erigthi + £ eaigtt + 1D esigh. (8)

Jj=0 Jj=0 Jj=0 Jj=0

Here ug = 0,u1 = Liup = 2,uz = 4. Also we remove all by;’s, bi;’s, baj’s, bz;’s etc., which are zero
and rename non-zero terms by;’s, bi;’s, baj’s, bg;’s etc., as co;’s, c1;’s, c25’s, c35’s etc., respectively, i.e.,
boa = by = coo, bio = by = c10, ba1 = b1 = 20, bag = by = 21, bza = by = ¢c30 and voy = da(g) = 3,
V1o = do(g) = 2, Voo = dl(g) = 0, Vo1 = d3(g) =2 V30 = d4(g) =1.

Here it is quite clear that min{vgg, v10, V20, V30 } = 0, which is same as the lower degree of g defined in (@
and max{vgg, V10, V21, V30 } = 3, which is same as the degree of g defined in (@

So, from we understand that in general can be written as

q Pi
&(f.9) =D f"> cijg", where 9)
i=0 =0
g < p, up,u1,--- ,Uy are non-negative integers with d(f) = wo < w1 < -+ < uq = d(f), and p; < p
(i=0,1,--,q), ci;j 0, vy’s are positive integers with vy < vy < -+ < Vg, .
Again we also note that d(g) = min{wvgg, v10, - vq0} = v; (say) and

d(g) = max{vop,, Vip,, " Vgp, } = VT (say).

In a recent paper [2], Banerjee and Pal introducing the definition of a differential polynomial which involve
two distinct transcendental meromorphic functions, proved some results on value distribution of differential
polynomials.

2 Known Results
In this section we state some results in the form of lemmas, which will be needed in the subsequent section.

Lemma 2.0.1. {[J], [5], [7]} Let f be a non-constant meromorphic function, and let k be a positive integer.
Then
a2
m (r, f) =S(r, f).

Lemma 2.0.2. {[{, [3], [7]} Let f be a non-constant meromorphic function, and let a;(i = 1,2) be two
distinct small functions of f. Then

_ _ 1 — 1
T(r, f) SN(r,f)JrN(r,f_al) +N<r,f_a2) + S(r, f).
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Lemma 2.0.3. [1] Let f and g be two transcendental meromorphic functions and a;, 1 <i < (p+1)(¢+1)
are small functions of at least f or g. Set

p+1q+1

Pp7q(f7 g) = Z Z a(l—,1)(q+1)+jfp—i+1gq—j+1.

i=1 j=1
[fN(T7f) = S(T,f),N(T,g) = S(Tag) with ai 7é O) then

T(Tv Pp,q(fa g)) Z pT(’/’, f) + qT(r, g) + S(T’ f) + S(Tvg)'

3 Theorems

In this section we present our main results of the paper.

Theorem 3.1. Suppose that f and g are two transcendental meromorphic functions. Let ¢(f,g) be a
differential polynomial in f and g of the form @) of degree d(¢) > 2 and the lower degree d(¢) > 1.
Assume that ¢(f, g) does not reduce to a constant. Then,

() if ¢(f,g) is homogeneous with

N(r, f) + N(r, %) = S(r, f), N(r,g) + N(r. ? — 5(r.g) (10)

T, —
f

and satisfies at least one of (@ or @, then we have

@(av ¢(f7 g)) =0,

where a(Z 0) is a small function of at least f or g.

N . . . B B a(f) dlg)
(i) if (f, g) is other than (i) and satisfies N(r, f) = S(r, f), N(r,g) = S(r,g) and an " dlg) A (say),

then we have

O(a,0(f,9)) <1- A4,

where a(Z£ 0) is a small function of at least f or g.

Proof. Tt is clear that ¢(f,g) Z 0.
(i) ¢(f, g) is homogeneous and satisfies at least one of @ or . Then, by we have

0(f,9) = B(2)(f(2))"(g(2)"?, (11)

P
where B(z) = Y b;(2).

7=0
Since a;(z) is a small function of at least one of f or g, by Lemma and ([10), we obtain from

<o (5 (5 Yo (o (£) - (£2)")

ZS(’I“,f)—FS(’I“,g),

N <8 o8 (m (5) o (5] Yo (m () (5) )

< N(ra;)+0 (N(r,f) +N (n })) +0 (N(T’g) N (T;D
=S(r, f) +S(r,9).

and

19



On value distribution of differential polynomials of meromorphic functions

Hence we obtain

T 0(,9) < N00.0) 4 (15— ) 4 (nge b ) 4 50:0(7.9)
+

1

_ 1 _
¥ (g ) ¥ (~=a) + S0

— 1
= 5(00) + 5(r9) + N (1 e ) 4 5 6(/,0)
— 1
:N(r, gb(f,g)—a) + S(r,¢(f, 9))- (13)
Hence from , we obtain O(a, ¢(f,g)) = 0.

(ii) &(f, g) is other than (i) and satisfies N(r, f) = S(r, f), N(r,g9) = S(r,g) and dif) = d(9) = A. Then

a(f) — d(g)
from @D by using similar arguments as (i) we can easily obtain similar results as ((12)), i.e.,
T(r,cij) = S(r, f) + S(r, g). (14)

By Lemma [2.0.3] we obtain
T(r,¢(f,9)) = d())T(r, f) +d(g)T(r, g) + S(r, ) + S(r, 9)- (15)

Also using ([9) we obtain

1

q Pi
fuogue | 37 fuimuo Y7 cigvia T
i=0 j=0

q pi

— 1
S N <T7 > +T T,quiiuo Zcijgvijivt
fUOgUt =0 7=0

< S(r, ) + S(rg) + (g — w0)T(r. f) + (07 — v)T(r )
< (d(f) — dU)T(r J) + (dlg) — d(g)T(r.9) + S(r.6(F, ). (16)
d(f) _ dlg) _ ives
Again Gepy = (g ~ 48
A de)

an Ay A

) d) _d) ),

) i)

e, d(f) — d(f) = (1 — A)d(f) and d(g) — d(g) = (1 — A)d(g). (17)

(15), and gives

" a79)

IN

(1= A)d()T(r, ) + (1 = A)d(g)T(r, 9) + S(r, 6(f,9))
<A —=A)T(r,¢(f,9)) + S(r,0(f,9))- (18)
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It follows from the given conditions and from (9)), (10), (14), and Lemma that

QS(fag)_a

TWﬁUﬂD<NV@UwD+N<hﬂ;w>+N(h

)+sm¢ﬁg»

— 1
S lfATTagbfag +N<T,)+ST,¢f,g . 19
(1 =A)T(r,¢(f,9)) oG —a (r,0(f,9)) (19)
Hence from , we have ©(a, ¢(f,g9)) <1— A.
Hence the theorem. O
Remark 3.1. If do(g) = di(g) = --- = dp(g) =0 in (3), then d(g) = d(g) = 0. So ¢(f,g) reduces to ¢(f)
like (1). In this case Theorem|[3.1] reduces to Theorem by Fan et. al. [3].

Theorem 3.2. Suppose P, @ are polynomials with degrees m > 3, n > 3 respectively and f, g are
transcendental meromorphic functions. Set R(f,g) = P(f)Q(g), which is a polynomial with degree m + n.
Let o be a small function of f and g.

(i) If P'(z) and Q'(z) have only a zero at a and b respectively with P(a) = Q(b) =0, then (m —2)T(r, f)+
— 1
(n—2)T'(r,g) <N, R(f,g)—a) + S(r, R(f, 9))-

(it) If P'(z) and Q' (z) have at least two distinct zeros at a,, by, and aq, by respectively with P(a,) = P(b,) =
Q(aq) = Q(bg) =0, then

T(r,f)+T(r,g) <N (Ta m

Proof. (i) Let P'(z) and Q'(z) have only a zero at a and b respectively with P(a) = Q(b) = 0. Then we
have

>+SWRUﬂ»

P(z) = ci(z —a)", Q(2) = c2(z = b)", (20)

where c¢q, ¢y are non-zero constants.
By Lemma and ([20), we obtain

T RU.9)) < N RU00) 48 (1 g )+ (n g ) + S(nR(79)

R(f.9) "R(f,9) -
< N(r, )—i—N(r,g)—i—N(r, fia —l—N(r,glb) —l—N(r,R(f’;)a> +
S(r,R(f.9))
<2T(r, f)+2T(r,g) + N <r, R, gl) — a) + S(r, R(f, 9)). (21)

Therefore from Lemma and that

(m—2)T(r,f) +(n—2)T(r,g) <N (n 7 +S(r,R(f,q))-

=)
(f7 g) -«
(ii) Let, P'(2) and Q'(z) have at least two distinct zeros at ayp, b, and a4, b, respectively with P(a,) =

P(b,) = Qag) = Q(by) = 0. Also let the order of zeros at a,, by, aq and b, are mq, my, n, and ny
respectively. Then we have

P(z) = c3(2 = ap)™ " (z = bp) ™ 11 (2), Q(2) = calz — ag)" (2 = b)) 2(2), (22)

where ¢3, ¢4 are nonzero constants and ¢;(z), ¢2(z) are polynomials with deg(¢1) = m — mg — mp — 2,
deg(¢p2) = n — ng — nyp — 2 respectively.
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By Lemma and (22)), we obtain

T RU.9)) < N R0+ 8 (1 g )+ (n e )+ S(nR(7.9)

R
< N(r, )+N(r,g)+N<7", 1 )+N(r, 1 )Jr(mmame)T(r,f)Jr
1

=

_bp

f f
¥ ima) * T (g ) o 2T

q

(e =) *+ Sn (79D

< (m_ma_mb+1)T(r,f)+(n—na—nb+1)T(ny)+N(TaR(f;)a) +

S(r,R(f,g))
>+ﬂnﬂﬁw) (23)

g—>
N

<(m—=1T(r, f)+(n=1)T(r,g) + N (T’ m

Therefore from Lemma and that

T(r, f)+T(r,g) < N (Ta R(f;)oz) +S(r, R(f,9))-
O]

Remark 3.2. If Q(g9) =1 in (J), then R(f,g) = P(f). In this case Theorem[3.9 reduces to Theorem
by Fan et. al. [3].

4 Conclusions

Theorem may be extended for differential polynomials formed with any finite number of meromorphic
functions with certain restrictions.
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