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Abstract: In this paper, we introduce strong deferred Cesaro null, strong deferred Cesaro convergent and
strong deferred Cesdro bounded bicomplex sequence spaces using D-Orlicz function with respect to the hy-
perbolic norm (D-norm). We also study some algebraic, geometric and topological properties of these spaces
and establish some inclusion relations among the spaces.
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1 Introduction

The credit of introducing bicomplex numbers goes to Segre [I5]. Later on, many researchers worked on the
bicomplex sequences and their convergence, some of them are Sager and Sagir [14], Degirmen and Sagir [6],
Bera and Tripathy [4] and many others. Researchers such as Cockle [5], Lie and Scheffers [I1], Rochon and
Shapiro [I3], Kumar, Sharma, Tundup and Wazir [10], Bera and Tripathy [3], Bera, Tamuli and Tripathy
[2] studied hyperbolic numbers and sequence spaces using D-Orlicz function with respect to the hyperbolic
norm.

The concept of deferred Cesaro mean was introduced by Agnew [1]. After that, many mathematicians stud-
ied deferred statistical convergence. For such studies, we refer to the works of Kiigiikaslan and Yilmaztiirk
[9], Sengiil, Et and Isik [16], Et, Cinar and Kandemir [7] etc.

The main aim of this paper is to introduce different types of strong deferred Cesaro sequence spaces using
D-Orlicz function with respect to the D-norm and study their different properties. Throughout the paper,
Cp, C; and C, denote the sets of real numbers, complex numbers and bicomplex numbers, respectively.

Definition 1. [8§] A convez, continuous and non-decreasing function M : [0,00) — [0, 00) with conditions
M(0)=0, M(z) >0 ifz >0 and M(x) = 0o as © — o0 is termed an Orlicz function.
The Lindenstrauss and Tzafriri [I2] constructed the Orlicz space

o0
KM:{wa:ZM(h;v> < o0, forsomep>0}
k=1

and showed that £p; is a Banach space with norm

: - ka>
z|| = inf >0: Ml— ) <15;.
Il {p 3 < S

k=1

2 Definitions and Preliminaries

Bicomplex Numbers: [I5]
A bicomplex number can be written in the form

N =di + t1ds + i2ds + i112dg = 21 + 1222,
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where dy,ds,ds,dy € Cy, 21,29 € Cq, and 47,75 are independent imaginary units. The unique idempotent
representation is
N = p1e1 + poez,
where
1 = 21 — 1122, M2 = 21 + 1122,

The non-trivial idempotent elements

1 + i1i2 d 1-— ilig
e1 = and ey =
! 2 2 2
satisfy the relations
efzel, 6%2627 eres =0, and e; +ey=1.
The Euclidean norm on C, is
2 2
+
Inlle, =\ + @3-+ i+ = TP+ P = L2 el

With respect to the Euclidean norm, Cs is a Banach space.
If fz% + z%’ = 0, then the bicomplex number n = z; + iz29 is called singular. The set of all singular
bicomplex numbers is denoted by Os.

Hyperbolic Numbers: [5]
A bicomplex number in the form

ﬂ =di + iligdg, where dl, dy € (Co,
is called a hyperbolic number. Its idempotent representation is
B = z1€1 + X202,

where
.’L’lzdg-i—dl, xgzdg—dl.

The set of hyperbolic numbers is denoted by D. The set of positive hyperbolic numbers is
DT = {mxje; +x9e0: 11,790 >0}
The hyperbolic norm (D-norm) on Cs is defined by
Inlp = |uiler + |p2le2 € Dy, where n € Cs.
The partial order relation in D is given by
<y <= v—pBe€Dy, forall3,v€D.

‘We have
In+¢&lp <" nlp +|&p and [né|p = Inlplé|p, for all n,& € C.

Let AC D ,A; = {x1: z1e1 + x0es € A} and Ay = {x9: x1€1 + 2069 € A}
Then, supA = ey sup A; + ea sup A; and irrl)fA = ey inf A1 + epinf As.
D

The set of extended non-negative hyperbolic numbers is given by
D7 = {prer + pzea : p1, p2 > 0} U{oo} U {—o0} U {ooer + poea} U {pie; — ooez}.

Definition 2. [T7] A sequence space X is called solid (or normal) if whenever (xy) € X and (ax) is any
scalar sequence satisfying |ag| < 1 for every k € N, then (apzy) € X.

Definition 3. [T7] A sequence space X is called convergence free if for any (x) € X, the condition x, = 0
implies y = 0, then (yx) € X.
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Definition 4. [10] A D-valued convex function is a function Yp : D — D% satisfying the condition
Tplan+ (1 —a)§) <" aYp(n) + (1 —a)Yp(E),
foralln,é €D and 0 <’ o <" 1.

Definition 5. [10] A D-Orlicz function is a convex function Yp : Dy — D% having the following proper-
ties:

(i) Yp(0p) = Op;

(1) limy, oo T p(n) = 00*, where 00* = pi1e1 4 0oey = ooey + pges = ooey + ooey and limy, o T p(n) must
exist along every line in the hyperbolic plane, and all such limits must be equal.

A D-Orlicz function is denoted by Mp.

Definition 6. [3] A D-Orlicz function Mp is said to satisfy A% -condition if there exists a hyperbolic
number K >' 0 and 1oy (depending upon K ) such that

Mp((2e1 + 2e2)n) <" KMp(n), for all0<"n <" n.
Definition 7. [3/ A D-paranorm is a function g: Co — D having the following properties:
DP,: g(n) >’ 0p, for alln e Cq;
DPy: g(—n)=g(n), for alln e Cq;

DPs:  g(n+¢&) < g(n) +9(&), foralln,& e Co;
DP4: ap — «, |77k_£|D—>OD:>‘akﬁk—aaD_)OD-

Definition 8. [J] The deferred Cesaro mean of a real sequence x = (x,,) is defined by

(DP(x)),, = ! Z Tk, n €N,

where
p={pn:neN}and o= {0, :necN}

are non-negative integer sequences with conditions

pn <0, and lim o, = o0 (2.1)
n— o0

Definition 9. [9] The real sequence x = (xy,) is termed strongly deferred Cesdaro convergent to t € Cy if

On
lim E |z —t] = 0.
n—=00 0p — Pn k=pm 1
—FMn

3 Main Results

Throughout this section, the sequences of non-negative integers p = {p, : n € N} and 0 = {0, : n € N}
satisfying (2.1) are used and w* denotes the space of all bicomplex sequences.

In this section, we introduce different types of strong deferred Cesaro convergent sequence spaces of bicom-
plex numbers using D-Orlicz function with respect to the D-norm and study their different properties. We
now define the following sets:

[Di, Mp]=<new: lim

n—=00 0p — Pn

On o E
Z Mp (W) = 0p, for some £ € Cy and hyperbolic number 3 >’ 0 3 ;
k=pn+1

1 On
[D§, Mp]=qnew": lim Z Mp <|nkD> = 0p, for some hyperbolic number 3 >'0 % ;
n—=00 Op — Pn e
=pn+1

1 -
[DX,Mp]=<new*: lim Z Mp (|nk|D) <" 00, for some hyperbolic number 3 > 0
n—00 Op — Pn =pnt1 B
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Theorem 3.1. The sets [D¥, Mpl, [D§, Mp| and [D:,, Mp] are linear spaces over Cy \ Qa.

Proof. Suppose n = (nr),& = (&) € [D§, Mp]. Then there exist hyperbolic numbers 1, 82 >’ 0 such that

. 1 o |7k D
1 M =0
Jm e Y o (2] <0

k=pn+1
and
lim MD ( ) = OD.
n—00 Op — Pn b %:Jrl

Let c1,c9 € Co \ Q2 and 8 = max{2|c1|pfi, 2|c2|pPa}-
Since Mp is non-decreasing and D-convex, we have

. 1 o leimg + c2€klp
1 M —_—
Jm e D, Mp ( 3

k=pn+1

1 On
< lim Z My (|Cl|D77k|D + Cz|D|§k|D>

n—00 0, — Pn it 15}
—Mn

. 1 S |77k|D> 1 S [[3305)
<’ lim M < + lim Mp
T nm—o0 0y — Pp Z b ﬁl n—=00 Op — Pn Z ﬁ?

k=pn+1 k=pn+1

=0p.
Hence [Df§, Mp] is a linear space over Cq \ Q2. The other cases can be handled similarly. O
Theorem 3.2. [D§,Mp| C [D}, Mp] C [D%,, Mp], the inclusions are proper.

Proof. The inclusion [D{, Mp] C [D¥, Mp] is obvious. Now, let n = (nx) € [D}, Mp]. Then there exists a
hyperbolic number 8 >’ 0 such that

. 1 - e —£lp _
it 55 (B <o,

Pn k=pn+1

Now

. 1 i |77k|D>
lim M
n=00 Op — Pp Z P ( 28

k=pn+1
) On e) +€|D
= 1 - s =
Jim ——— > Mp ( 2
" = =pn+1
1 — —
<’ lim Z M) <|le {|p + |€D>
n—00 Op — Pn 26
k=pn+1
[ | — le) : 1 . 4o
<" Z. lim Mp ( + = lim Mp | ==
2 n—oo Op — n ;+1 ﬂ 2 n—oo On — Pn k—%;—ﬁ—l ﬁ
<" 0.

Hence, n € [D%,, Mp]. So, [D¥, Mp| C [D%,, Mp].

To show inclusions are proper, the following examples are used:
let Mp(t)=t2, forallt € Dy, p, =0 and o, =n for all n € N.
Consider a sequence n = (1) in Cy defined by

N = e1 + e, for all kK € N.
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Then ne [DZ’MD]a but n ¢ [D87MD]'
Consider another sequence £ = (&) in Cy defined by

€ — e1 + ea, if k is even,
b 2(e1 + eq), otherwise.

Then, & € [D*,, Mp], but £ ¢ [D*, Mp). O

Theorem 3.3. The spaces [D§, Mp| and [D%,, Mp] are Cy-solid.

Proof. Suppose n = (n) € [D§, Mp]. Then there exist a hyperbolic number 8 >’ 0 such that

1 o
lim S Mp ('WD) —0p.
n—00 Oy — Pp k=prtl 6

Let a bicomplex scalar sequence (ay,) satisfying |ag|p <’ 1, for all k € N.

Then
On o
> o (57)

k=pn+1

. 1 o lak| plm|p
=1 M _—
ryo0 O — > Mp ( 3

. 1 . |7 p
</
< o (5

Hence (agni) € [D§, Mp]. Hence [D{, Mp] is solid. Similarly, the space [D% , Mp] is solid. O

The spaces [D§, Mp|, [D*, Mp] and [D?_, Mp] are not convergence free.
It follows from the following example:
Let Mp(t) =t% for allt € Dy, p, =0 and o, = n, for all n € N. Consider two sequences in Cy defined by

1
N = z(el + e2),

and
& = k(e +e2), for all k € N.

Then (ni.) € [D,, Mp], but (&) ¢ [D;,, Mp], where p=0, ¢, oo.
Theorem 3.4. The space [D%_ , Mp] is D-convez.

Proof. Suppose n,¢ € [Di,, Mp] and 0 <" a <’ 1. Then

1 ki
lim S Mp ('”’“3) < 0
N0 On = P B1

and

: 1 - |§k‘D /
dim e S0 () <

k=pn+1
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for some hyperbolic numbers 7, 82 >’ 0.
Put 8 = max{f1,B2}. Then

On

lomy + ( 1 — )&klp
tim e S o (
" = pn+1

1 il
< lim Z M (M%D (1- )|§kD>
<" a lim Z Mp ('nkD> (1—a) lim Z Mp <§k|D)

n—00 Oy — P o n—00 g, — P "o
<’ o0.
Hence (an + (1 — a)§) € [DX,, Mp], and so it is D-convex. O

Theorem 3.5. If M}, and M3 are two D-Orlicz functions satisfying A% -condition, then
[D;, Mp) 0 (D, Mp) C [Dy, Mp + Mp],
where p =0, ¢, oco.

Proof. Suppose n = () € [DS,M[l,] N [D&M%]. Then there exist hyperbolic numbers 31, 82 >’ 0 such
that

S k| D
i M} =0
e p— > Mp < 5 D

" k=pn+1

and

] 1 o |7]kD>
lim M? < =0p.
n—00 Op — Pn Z b ﬂ2 b

k=pn+1

Put 8 = max{f1, f2}. Then

lim 3 [M})+Mf)]<|nk|D>

n—oo 0 — Pn hept 1 I3
, 1 .- |77kD> : 1 ST (|77k|D)
= lim M} ( + lim My | ——
n—00 Op — Pn k—pZnJrl b B n—=00 Op — Pn k_pzn+1 b B
<" lim i %)(WHD)_F li i M%(MkD)
T n—oo 0y — Pn kgt 1 51 n—00 0y — Pnp k1 B
Hence the result. The other cases are similarly be handled. O

Theorem 3.6. If M}, and M3 are two D-Orlicz functions satisfying A% -condition, then
(DX, Mp] C [D},, Mp « Mp] .
Proof. Let n = (ni) € [Di,, M3)]. Then

: 1 - 2 |77k|D /
i o 3 aap () <o

k=pn+1
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for some hyperbolic number 3 >’ 0. Let

uzM% (U?D)l

Since M}, satisfies A%-condition, there exists a hyperbolic number K >" 0 and g (depending upon K)
such that

M} (u) <" Kub},(2e1 + 2e3),

for all 0 <’ u <’ ug.

Now,
- 1 - A
lim ML « M? (
n—00 0p — Pn k—%;rl( b D) 15}
. 1 _“ Aps)
= lim M} <M2 (
n—o0 Oy — Pn k%;rl p p 5
= lim M} (u
n—00 0p — Pp k=§+1 D( )
’oqs S 1
<’ lim KuMp,(2e1 + 2e3)
n—00 0 — Pn kg1
<’ 0.
Hence, 1) € [D%,, M}, « M3)] . O

Theorem 3.7. Suppose Mp is a D-Orlicz function. Then the space [D% , Mp] is a D-paranorm space with

1 i
g(n) =inf< B: Z {MD (mlcb)} <"1, for some hyperbolic number 5 >'0
On — Pn k=pnt1 /B

Proof. As g >0, we have g(n) >' 0 and g(—n) = g(n), for all n € [DZ,, Mp].
Next, let n,& € [D*,, Mp]. Then there exist hyperbolic numbers 1, 52 >’ 0 such that

: 1 S |"7k‘D ’
nILH;an—pn Z MD( 51 <

k=pn+1
and
1 On
lim Z Mp (|€kD> <" o0
n—=0o0 Op — Pn kmpm1 B2
Suppose,

Ay Bi: Z MD(Mng) <1

k=pn+1
_ R [SI-R
and AQ = 52 N MD - S 1
. 2 B
=pn+1
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Let 8= (81 + B2) € A, 81 = zher + ahes, B2 = xfer + ahes and S = x1€1 + 22e5.
Then

—inf{ B: i (MD(W;’“'D» <1

=inf{z, : 8 € A}le; +inf{zs: 8 € A}es
=inf{z] : 1 € A1}er +inf{z] : B2 € As}e; +inf{z} : B1 € A1}es +inf{a} : s € As}es
=inf{z] : f1 € A1}er +inf{zh : B1 € A1}es +inf{x] : B3 € As}es +inf{a} : s € As}es

—inf{ B : Z MD<|”’“;5‘“|D)§1 finfd By Z MD<’7’“;£’“|D>§1

k=pn+1 1 k=pp+1 2
=g(n) +9(§).

Next we show continuity of the scalar multiplication.
Let v € Cy be a scalar.
Let

B=1{3: i |:MD<’W7/§|D>] <1V,

k=pn+1
By = {1 : fre1 + Paes € B}
and By = {f3: fie1 + Paez € B},

where 8 = B1e1 + Boes.
Then

g(yn) = inf B = ey inf By + ey inf By

= inf ﬂl : Zﬂ [MD (l,y”;kl|D>:| S/ 1 €1 +inf 52 : Zﬂ [MD <WZI;|D):| SI 1 €9

k=pn+1 k=pn+1
. A . LA
= inf |’7|D7—1 . Z [MD (TM)] SI 1 €1 -l—inf "V|D7—2 : Z |:MD (M>:| Sl 1 €9
T1 T2
k=pn+1 k=pn+1
. LA . |7k
= |v|p |inf ¢ 7 : Z {MD (nkD)} <'13e; +inf m: Z [MD <M>} <"1% ey
T1 )
k=pn+1 k=pn+1
= [vlpg(n),
where 7; = %, i=1,2.
b
Hence the theorem. O

4 Conclusion
In this work, we introduced different types of strong deferred Cesaro sequence spaces of bicomplex num-
bers using D-Orlicz function with respect to the D-norm. We also studied the algebraic, geometric and

topological properties as well as some inclusion relations of these spaces. In the future, this work may help
to construct different sequence spaces of bicomplex numbers related to D-Orlicz function and the D-norm.
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