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1. Introduction

In the theory of approximation, the quantum calculus has been studied for a long time. Quantum calculus was
started by the well known mathematician Lupus [11], when he first proposed the g-variant of the Bernstein
polynomials. T. Kim gave his contribution on g-type of polynomial in [9], [10]. In the same notions similar type
of results on g-analogue of linear positive operators were obtained by [19], [20], [21] etc. Present paper deals
with (p, g)-calculus (post-quantum calculus), which is an advanced extension of quantum calculus. Mursaleen et
al. [12], introduced the Bernstein polynomials using (p, g)-calculus, which was further improved in [13].

(p, q)-calculus was introduced by the classical work of Sahai and Yadav [25]. Recently, a lot of work on (p, ¢)-
version of linear positive operators has been published in Acer et al. [2] [1], Aral and Gupta [5], Gupta [8],
Mursaleen et al. [14] [15]. We also consider some more results on approximation of functions by positive linear
operators using (p, ¢)-calculus given in ([3],[16],[17]).

P. Maheshwari and M. Abid [18] published a paper on approximation of (p, ¢) Szasz-Beta-Stancu operators. To
recall some definition and notations of (p, g)-calculus, we refer to authors [22], [23] and [24].

The (p, g)-number is defined as
p"—q"
[Tl]p,q = W, n = O, 1,2 ..and [O]nq =0.
The (p, g)-factorial [n]p, q! is defined as

n
[nlp, q! = n[k]p,q, n>1, [0lp,q! = 1.
k=1

The (p, g)-binomial coefficient is given by

ny [n]p, q!
. = i g OSkS

(v, q)-derivative is given as

_ fpx)-f(gx)
Dpqf (x) = ~oox X * 0.
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The (p, g)-power basis is defined below
(@ Vpq = +Px+a)P*x +q*y) .. " x +q"1y)

(X ©Wpq = (x =NPx = )P*x = ¢°y) .. " x = g 7Y).
We propose (p, g)-Beta function as,

B, ,(m,n) = p™V/? m/wa/AL_ld t, mmeN (1)
p.q ) p q 0 (1+$x)g.’-5m p.q*’ ) )

(p,q)-Gamma function is defined as

PO}
—21 = [n],q!, 0<q<p. (2)

g +1) = (-

Proposition 1. [23] The (p, ¢)-integration by parts is given by
b b
[ 9 Dy ohGIdy g3 = gBIRD) = (@@ = [ h(gx) Dy gg(rIdy .
a

The (p, g)-Beta function of second kind [5] is given by

Bpq(mm) = pm2qm/2 [
par 0 (1+@px)iE™

The relation between (p, g)-Beta and (p, ¢)-Gamma functions is given as

dp qx, where m,n € N.

2-m(m-1) -m(m+1) Fp qml—-p qn

Bp,q (m,n) = q 2 p

Tpq(m+n)’
To approximate Lebesgue integrable function on the interval [0, o), Agrawal and Thamar [4] introduced the
following operators, which is an extension of Srivastava-Gupta operators [25],

Go(f, ) = (M= D) Z0y Snge () f Snjee1 (OF Ot + o £(0), 3)
where
+k—17  *x"
S (%) = [n K ]W

We introduce the (p, g)-analogue of genuine Baskakov-Durrmeyer operators forx € [0,00) and 0 < ¢ < p <
1,the operators are defined as

oo /A
GRS 3) = [ = Tlpq . SER QPTG [ 5P (OF gt + DL FO) ()
k=1 0

n+k-1
wheres (X) = [ ]DQW
It can be noted here, if we put p = ¢ = 1, we get well known Baskakov Durrmeyer operators.

2. Auxiliary Results

In this section, we establish some basic results to prove our main theorems.

Lemma 1. For x € [0,0) and 0 < ¢ < p < 1, we have

GE(1,x) =1
[n]p,qx
GPA(t,x) = p.4q
" pq[n — Z]p,q
[n]p,qx? [n]p,q[2]p,qx

GE(t?,x) =

+
2q4[n - 2]p,q [n - 3]p,q p—n+4q3 [n - z]p,q [n - 3]p,q
Proof. By the definition (p, ¢)-Beta function given in (1), we get the following estimates
(1) For f(1) = 1, we have
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© /A
Grl(1,%) = [n—1]p4 z ShE (D Hk k1) f L (Odp gt + P8 (%)
k=1 0
> /A k-1
n+ k 2 "

k=1

_ pa —124k g1y [P HE— 2 p,q(k'n - ) p.q
=[n—-1]p, z Snk (x)p -1 HeghtkD) [ k=1 |,, p@=Dr2gkr2 + Spo (%)

oo /A

Gr(t,x) = [n = 1]pq Z Snk ()p- D +kgke-D) f Spa—1(Otdp gt
k=1 0
© /A k
n+k— 2
=[n—1] Z Pl (x)p(n—1)2+qu(k—1) [ —d
p.q nk k — p q (1 @ t)n+k 17°P4q

n+k—2 p,q(k+1,n—2)
k-1 ]p,q p(=2)/2g(c+1)/2

t

=[n—1]pq Z Sﬁ,'g (x)P(n_1)2+qu(k_1) [
k=1
B 1 o p(n—1)2+qu(k—1) .
" -2 Snie )z [kl
paq3 = pzq:

_ _[nlpgx (n+1)/2gk/25P 4 _M

(iiiy ~ When f(t) = t2, we get

Is) /A

GRG0 = [ = Tlpq . shid COPOD" 0D [ 520 @ dy
k=1 0

/A
/ tk+1

C R _1\2 _ n -+ k—2
=[n—1lpg Z S OpTT D gD [ ] f 1@ t)n+k 1dpaqt
k=1 p.a

n+k—21 Bpgak+2,n-2)
k—1 ] g p/2qk+D)/2

Ms

= =1, Y P9 ()p =D+ gh(k=1) [

k=1

oo

(n—1)2+qu(k—1)

2
= Sy () = [k]pqlk + 1]
[n — Z]p.q [n — 3]p a s nk p%q% p.q p.q

[n]p,qx*

— (n+2)/2gk/2 g pq

= E p (%)
p%q [n 2]pq n — 3] pq

[oe]

[Z]pq[n]p qX z
4 ’ (n+1)/2 ,k/2 P4
P q S (px)
P n+4q3[n — 2] q [n — 3] & n+1k

B 12 N 9
p?q*[n— 2]p.q [n— 3]p,q p~"tq3[n — 2]p.q [n— 3]p.q
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Lemma 2. For 0 < g < p <1, we have the following explicit formulae for the central moments

. p.q _ _ (1_pQ)[n]p,qx+[2]p,quq

(1) G, ((t—x),x) = paln—2l,g

.. p.q _ 2 — [nlp,qn+1lpq _ [(n]p.q[2]pq ) 2 [(Mp.q[2]p.g*

(ii) G (= %)%, %) (p2q4[n—z]p,q[n—3]p,q pq[n—z]p,q+ 1)x +p—n+4q3[n—21p_q[n-3]p,q‘

1
(a-p)’

To find the convergence of (p, q)-Baskakov-Durrmeyer operators, we consider p = p,, andq = g,are such
that 0 < g, < p, < 1andfor sufficiently large n,p, > 1, q, = 1, py = a, gy - band [n], , — .

Remark 1. For0 < q < landq < p <1, we may have that lim,_,[n],, =

3. Main Results

Definition 1: Let C,2[0, ), be the class of all function £, which are defined on the positive real axis and
satisfy|f (x)| < C(1 + x?), where C is a positive constant depending on f. By C,2[0, ), we mean, the

subspaceof all functions f* € C,2[0, ), for which lim | % is finite. The class C 2 [0, 0)is endowed with
the norm
If (0l

Iflly2 = sup

XE[O,OO) 1 + le

Theorem 1. Let p = p, and q = g, satisty 0 < g, < p, < 1 and for sufficiently large n, p, = 1, q, = 1,
then for each f € C»[0, ), we have

limy oo | G2 (F) = £ = 0.
Proof. By ([7], Theorem 4.1.4), it is sufficient to show that
limy, e[| G ™ (25, x) = x¥]| . =0, k=0,1,2.3.1)

Since GE™(1,x) = 1, the first condition of (3.1) is satisfied for & = 0.
In view of Lemma 1, we have

o |Gpnﬂn(t’ x) _ x)l
l|GRmm (e, x) = x| . = Suw n -

S < [n]pnIQn _ 1> sup X . S < [n]pn:‘Zn _ 1)
Prdnln = 21p0q, xef0,0) 1+ X2 7 \puguln — 2,4,

Taking limit on both the sides as n — oo,
3 p vq —
Al_r)gonGn" "t x) — x”x2 =0.

The condition of (3.1) is satisfied for k=1.
Again using Lemma 1, we obtain

Pnln 42 2
Pudn 2 oy _ 2| — |GRm T (%, %) — 7))
e @0 = 7]l ~ xeloe) 1+ 2

n n+1 2
< < - [4 ]Pnﬂn[ ]pn.‘In _ 1) sup X >
Pn’qn*[n — Z]pn.qn [n— 3]pn,qn xef0,0) 1 +x

[(M]p,an[2]pan x
< “nta, 3 TR sup 2
Pn n [Tl - 2]pn'Qn [TL - 3]pn'Qn x€[0,00) 1+x
< < [n]pann [n + 1]pann _ 1) + ( [n]pann [2]pann >
B ]pnlqn p

Pnqnt[n — Z]pn.qn [n—3 n 3 — Z]Pn.Qn [n— 3]pann

which implies that
lim [ (¢2,20) — 22|, = 0.
Thus the proof is completed.
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Definition 2: Let C5z[0, o) be the space of all real valued uniformly continuous and bounded function f on the

interval[0, o). For f € C3[0, ) the Peetre’s K-functional is defined as

Ky (f,8) = inf{llf — gll + 6llg"|l; g € CZ[0, )}
where § > 0 and C3[0,00) = {g € C5[0, );g’,g" € Cx[0, =)}. By Devore and Lorentz [6], there exists

anabsolute constant P> 0 such that

KZ(flé‘) < Pa)Z(fr\/g);

where the second order modulus of continuity is defined as
wZ(f' \/S) = Sup0<|h|g\/g Osup |f(x + Zh) - 2f(x + h) + f(x)la
<X<0oo

and the usual modulus of continuity is given by
w(f,8) = sup sup |[f(x+h)—f(x)I.

0<|h|<V8 0sx=00
Theorem 2. Let f € C5[0, o) and x > 0, then there exists a constant P > 0, such that

|GEm I (f, ) — £ ()| < Pw, (f, /65“"’“@)),

n n+1 n 2
6111711,6111 (X) — ( _ [4 ]anQn ]pn'Qn _ [ ]pnrQn[ ]pnrQn + 1) xz
Pnqn*[n — Z]pn,qn [n— 3]pn,qn Pnqnln — Z]pn,qn
[Tl] Pn.An [2]pnIan
pn_n+4Qn3 [n - Z]pn,qn [Tl - B]pn,qn.

Proof. Let g € C2[0, ), then by Taylor’s expansion

where

+

t
90 = g(0) + g’ —x) + f (¢ - K)g"(K)dk, t € [0,00),

which implies that

¢
GE (g, x) — g(x) = GPIn f(t —k)g" (k)dk; x |.
X

Hence
|G (g, %) — g(o)| < GEM (£ — x)2]1g” |l

— [( [n]Pn-lZn[n"'l]Pn'Qn [n]Pnrqn[Z]Pnrqn + 1) xZ + [n]Pn'Qn[z]Pn'qnx ] ”g””

anQn4[n_2]pn.qn M=3lpnan  Prnann—2lp,qn pn_n+4qn3[n_Z]PnVQn[n_3]Pn'qn

Also by Lemma 1, we have
|Gyt (f, 0 < NIl

Therefore, we have
G2 (f,20) = F@)| < |GEm I (F = 9,%) = (F — ) () + |GE™(g,2) — g ()|

n n+1 n 2
<2|lf — gll + [( _ygunt Upg,  Mpnan[2pna, +1>x2
Pn“Qn [71 - Z]PnIQn [n — 3]pnIQn Pnln [n — Z]PnIQn
[n]pn,qn[z]pn,qnx ] "
Pn 403 [—2]p gnm—3lpnan lg”ll-

Taking the infimum on the right hand side over all g € C3[0, 0)and applying the Peetre’s K-functional, we get
the required result.

IR (f, %) = f ()| < P, <f, /55"'%(96))-
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