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1. Introduction 
 
Let )(  be the class of functions )(zf  of the form: 
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which are analytic and univalent in the open unit disk  1||,:  zCzzU  and normalized 

with 0)( f  and 01)(  f , where ω is an arbitrary fixed point in U . Let S denote the 

class of analytic function that are univalent in U. Also, let )(p  denote the class of analytic p-

valent functions having the form: 
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in the unit disk U and satisfy the condition that 0)( zf p , 1|)(| zf p  and Uz . Seker and Eker 

[20] introduced and studied the following differential operator )(zfD p
pn , for )()( pp zf   

such that 

  )()(0 zfzfD pp   
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where        * +. Similarly, we can write for functions )()( pp zf   using Aoul et al. [1]  

such that 
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It follows from equation (4) that 
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       * +, 00  land .  
Trivially, one can show that 
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It is noted here that the function Sf   has an inverse 1f  which is given by 
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We can also write that 
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Here, let )(pg  be defined such that 
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1211   ppppp aabab    .  
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A function f  is said to be bi-univalent in U if both f and its inverse, 1f , are univalent in U . 
Suppose that Σ denote the class of all analytic bi-univalent functions in U , several authors have 
studied the class Σ from different perspective and their results authenticated diversely in 
literatures, see [2], [3], [4], [5], [8], [11], [12], [13], [14], [16], [21], [22]) among others. 
However, their results seem to lack full stamina in addressing the coefficient problems for 
functions in Σ associated with sigmoid function. Consequently, the present work aim at 
investigating the bi-univalent condition for analytic p-valent function with some fixed points 
as related to modified sigmoid function in the open unit disk. Few examples of bi-univalent 
functions are given below: 

1. 
z

z
1

 and its corresponding inverse is 



1

.  

2.  
z
z




1
1log

2
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and its corresponding inverse is 
1
1

2

2


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



e
e . 

3. 
z1

1log and its corresponding inverse is 



e
e 1 . 

So, the class of bi-univalent functions is non-empty. 
For the purpose of this work, we shall consider the following Lemmas. 
 

Lemma 1.1 [18]: Let a function p   P be given by 

    

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
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,1)(
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k
k Uzzpzp .      (8) 

Then 
    2|)(| zp     ,       (9) 
where p is the family of function analytic in U for which 
      .,0)(,1)0( Uzzpep       (10)  

Lemma 1.2 [6, 19]: Let the function )(zr  be given by 
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1
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be convex in U. Also, let the function )(zl  given by 

    





1
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k Uzzlzl       (12) 

be holomorphic in u. If 
    Uzzrzl ),()(   
then 
    |,||| 1clk       .  
 

2. Sigmoid Function 

Sigmoid function is referred to as special logistic function and defined by 

.
1

1)( ze
zg 
  
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A sigmoid function is a bounded differentiable real function that is defined for all real input 
values and has a positive derivative at each point. It is perfectly useful in geometric function 
theory because of the following properties: 
1. It outputs real numbers between 0 and 1. 
2.  It maps a large domain to a small range. 
3.   It is a one to one function hence, the information is well-preserved. 
4.  It increases monotonically. 
Just of recent, precisely in 2013, Fadipe-Joseph et al. [7] defined the modified sigmoid 
function as ).(2)( zgz   They show among others that )(z  is a function with the positive real part 

and that )(z  belongs to the class P of Caratheodory functions.  

Fortunately, )(z  has the following series expansion 
      

   ...
240
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24
1

2
11)( 53  zzzz                  (13) 

see also Hamzat and Makinde [10], Murugusundaramoorthy and Janani [15], Oladipo and 
 Gbolagade [17].  
Definition 2.1: Let        be a convex univalent function in   and satisfying the following 
conditions: 

 ( )     and      * ( )+     (   ). 
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Hence by the definition of subordination, it follows that
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where )()(),(),( functionsryCaratheodoofclassPzzqzp  such that 
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while )(z is as earlier defined in (13). 

Special Remarks: 

1. Suppose that ζ = 0 and α = 1 in the above definition then, we immediately have the 
definition given by Hamzat and Adeleke [9]. 

2. Following the linear combination of )(zp  and )(z , it is obvious that if letting 0  in (17) 
and (18), then the bi-univalent results obtained would be associated purely, with the modified 
Sigmoid function )(z  and when 1 , the results obtained would be associated purely with 
the usual Pzp )( . 

 
3. Main Results 
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where b is any non-zero complex number,   denotes the subordination sign, ,0  

,0l ,11  AB
2

||   ,        * +,   is arbitrary fixed point in U and ., Uz  
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Hence by the definition of subordination, it follows that
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where )()(),(),( functionsryCaratheodoofclassPzzqzp  such that 
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while )(z is as earlier defined in (13). 

Special Remarks: 

1. Suppose that ζ = 0 and α = 1 in the above definition then, we immediately have the 
definition given by Hamzat and Adeleke [9]. 

2. Following the linear combination of )(zp  and )(z , it is obvious that if letting 0  in (17) 
and (18), then the bi-univalent results obtained would be associated purely, with the modified 
Sigmoid function )(z  and when 1 , the results obtained would be associated purely with 
the usual Pzp )( . 

 
3. Main Results 

 

Theorem 3.1: Let ),,,,,()( , lbzf pn
p  , then for ,0 ,0l ]1,0[ , 

        * + and ,Uz  
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since,  11   pp ab  and 2
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12 2   ppp aab . Furthermore, from (21) and (23), it is obvious that 

      ,
1

1)12(1
21

1)12(1
2 111

n
i

n
i

p l
lpqeb

l
lppeba 























    (25) 

which implies that 

      11 qp  .      (26) 

If we square both side (21) and (23) and then add, we have 
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Also, add equations (22) and (24), then 
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Recall that )()(),( Uhqzp  . With reference to equations (14), (19), (20) and Lemma (1.2), we 
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which readily yields the expected bounds on the coefficient of 1pa  as contained in Theorem 3.1. 
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which readily yields the expected bounds on the coefficient of 1pa  as contained in Theorem 3.1. 
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which is the required bound on 2pa  as seen in Theorem 3.1 and this obviously completes the proof. 
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If 1p  and 0n  in Theorem 3.1, then the following corollary is obtained. 
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Set 1 p and 0l  .  

Then, we obtain the following corollary. 
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        Concluding Remarks: 

Ultimately, it is pertinent to note that one of the prime significant  of  the  bounds  obtained for the 

initial coefficients || 1pa  and || 2pa  for function ),,,,,()( , lbzf pn
p   is the information  

about  their  geometric  properties.  For  instance,  the  bounds  can  be  used in  establishing  the  

Fekete-Szego  functional  2
12   pp aa  ,  Hankel  determinant  and  so  on.   In the future, these 

bounds can also be used in putting information into a special code (i.e data encryption) among 
others. 
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Abstract: In this article, a new flexible extension of xgamma probability distribution has been proposed. 
Several well known distributional properties viz., raw moments, generating functions, conditional 
moments, mean deviation, quantile functions etc., of this flexible extension model have derived and studied 
in detail. Further, the estimation of the unknown model parameters along with the survival function and 
hazard function are estimated using maximum likelihood estimation technique. The Monte Carlo 
simulation has been performed to check the consistency of the proposed estimators for the different 
variation of sample size and model parameters. Finally, the superiority of proposed extension over several 
well known lifetime models has been illustrated using four data sets pertaining to COVID-19 cases in 
different country of the world.  
 
Keywords: Xgamma distribution, Moments, Generating function, Conditional moments, Maximum 
likelihood method of estimation. 

 
1.  Introduction 
 

The development of new probability model plays an important role, as it is equipped with more flexibility 
that provides for explaining much wider range of real life situation. Foremost and vital requirement to 
analyse the considered (or given) data is the information about the probability distribution. For analysing 
the survival and reliability characteristics of the considered (or given) data, we must have the information of 
probability distribution which suited best to the considered (or given) data set before hand. In literature 
there exist several univariate, bivarite and multivariate probability distributions. For the complete analysis, 
data set must follow a specific pattern of the particular probability density function (PDF) and should have 
more or less similar shape of hazard rate function (HRF). HRF behaves in different ways like constant, 
monotone increasing, monotone decreasing, bathtub and inverted bathtub in real life scenario. Bathtub 
shape of HRF consists of two change points and a constant part enclosed within the change points. Hence 
depending upon the shape of hazard rate of survival data, we decide the plausible corresponding 
distribution model to state the interpretation and make the inferences about the considered data set. From 
the probabilistic point of view, we have large number of choices of models to analyse the data and pass the 


