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Abstract: Lotfi A. Zadeh developed the concept of fuzzy logic in 1965, and it has since been applied
to the study of various class spaces. This research aims to investigate the linearity and some
topological properties of the generalized form of difference sequence spaces Fy(p,M,p ,A)
JE(p,M,p,A)and F,(p,M ,p,A) of fuzzy real numbers defined by the Orlicz function in its
generalized form by defining new metrics.

Keywords: Fuzzy real numbers, Orlicz function, Difference sequence space.

AMS Subject Classification 03B52, 46A45.
1. Introduction

A large number of research projects have been carried out in mathematical structures built with real
or complex numbers so far. In recent years, many researchers have investigated many results of
replacing these mathematical structures with fuzzy numbers and interval numbers. Prior to the
introduction of fuzzy logic and fuzzy sets, mathematics could only reach two conclusions: true or
false (denoted by 1 and 0). In 1965, Zadeh [26] introduced the concept of fuzzy logic and fuzzy sets
based on the notion of the relative degree of membership, which is inspired by the process of human
perception and knowledge. Then, slowly and gradually, the use of fuzzy logic and fuzzy sets is
increased. Many researchers are motivated towards further investigation and application of it. The
fuzzy set and fuzzy real numbers have been studied by a wide number of academics in many classes
of sequence space with their different properties. Matloka [13] analyzed bounded and convergent
sequences of fuzzy numbers in 1986 and proved that every convergent sequence of fuzzy numbers is
bounded. In 2004, Savas and Savas [21] proposed a new idea of A-strong convergence with regard to
an Orlicz function and investigated some of its features. Rifat, and colleagues [ 18], in 2009

proposed the difference operator A and an Orlicz function to analyze several sequence spaces of
fuzzy numbers and studied some of their properties such as completeness, solidity, symmetry, and so
on and also provided some relationships connected to these spaces. In 2010, Faried and Barkey [7]
proposed the Orlicz-Cesaro difference sequence space with distinct paranormed sequences. Also, in
2010, Faried and Barkey [8] presented the Musielak-Orlicz difference sequence space, paranormed
the difference, and examined several inclusion relations. Sarma [19] in 2012 proposed some I-
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convergent sequence spaces of fuzzy real numbers defined by the Orlicz function to investigate some
of their features. Pahari [14] developed a new class of sequences with values in 2- Banach space as
an extension of the conventional spaces of summable sequences in 2014 and investigated some
topological structures. Also in 2014, Tripathy and Borgohain [23] studied sequence space of fuzzy
real numbers using metric space. Sarma [20] developed certain fuzzy sequence spaces formed by the
Orlicz function in 2015, studied their various features, and established some inclusion properties
among them. In 2016, Dutta and et al.[3] examined classes of real numbers sequence over 2-
normed spaces defined by means of Orlicz function, bounded sequence of strict positive real
numbers. In 2018, Ebadullah [4] created a class of sequence spaces defined by a sequence of
modulii and examined the topology that evolved in those spaces. Basu [2] formed a new class of
fuzzy number sequences in 2018 applying the Orlicz function to produce numerous useful classes
with rich structural features, and topological behavior was examined for these new classes. Recently,
in 2021, Kim and Lee [11] studied the sequence spaces of fuzzy normed space with new concept.

Wiladyslaw Orlicz, firstly introduced Orlicz spaces in 1932. Later on, Lindenstrauss and
Tzafriri [12] used the idea of Orlicz function to construct the sequence space

X
lM={wa:ZM<|?|><00forsomep>0

k=1
The space [y, with the norm [|x|| defined by ||x|| = inf { p: Z,‘fﬂM(

lil) < 1} becomes a Banach
p

space and it is called Orlicz Sequence Space.

The following is how the work is organized: in Section 2, we review some background
material on fuzzy set theory, the concept of Orlicz function, set of fuzzy real numbers,
sequence of fuzzy numbers, Cauchy sequence, convergent sequence, and bounded fuzzy
sequence. In Section 3, we will look at different difference sequence spaces of fuzzy
numbers that have been examined by researchers. In Section 4, we will look at the paper’s
primary findings. Section 5 contains a discussion and conclusion.

2. Preliminaries and Definitions

Definition 2.1 [15]: A function M : [ 0,00) — [ 0, 0), which is continuous, non-decreasing, and convex
with the properties that M'(0) = 0, M(t) > 0 for > 0 and M'(t) - o ast — oo, is called an Orlicz
function.
Example 1: The function defined by M (t) = |t|" for all t € R and n = 0 is an Orlicz function.
Example 2: The function M: Rt - R* defined by M'(t) = ell —t —1,vt e R*
is an Orlicz function. The Orlicz function M is said to be convex if

M@ty +(1—-—a)t, <aM(ty) + (1 —a)M(ty)
If we replace the Orlicz function M by M (t + s) < M (t) + M (s), then the function M'is a modulus
function.
Definition 2.2 An Orlicz function M is said to satisfy A, —condition for all values of 7 if there exists a
constant A > 0 such that M'(2t) < AM(¢),Vt = 0.
We note that an Orlicz function M satisfies the relation M (kt) < kM (t),Vt with 0 <k <1.
Let, T be the set of all bounded interval B( by, b,) on the real line R. For any B, C with B = [ by, by)
and C = [ ¢y, ¢;],wehave B < C if ¢; < by and b; < ¢, . Define a relation p on T by T (B,C) =
max{|b; —cq|,|b; —c;|}. Then clearly, p defines a metric on T and (T, p ) a complete metric space.
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Definition 2.3: A fuzzy real number is a fuzzy set, that is, a mapping F: R — [ = [0,1] associating each
real number t € R with the membership function F (t) such that
the fuzzy number F is said to be

i. Normal if there exists t € R such that F (t) =1

ii. Convexiffort,s€Rand0 <60 <1, FOt+(1-0)s)= min {F (t),F (s) }

iii. A fuzzy real number F is said to be upper semi-continuous if fore > 0, F~1([0,a + £)), Va € I is
open in the usual topology of R.
The a- level set on fuzzy set F is denoted by F* and defined by F* = {teR: F(t) > a }.

Support of a fuzzy number is the set of all those fuzzy numbers having membership values greater than zero.

Suppose R(I) denotes the set of all fuzzy numbers which are upper semi-continuous and have compact
support. In other words, F € R(I) then for any ae[0, 1],
Fa {t: F(t) = afor ae (0,1]
t: Ft)>afor a=0
Let us consider a mapping p (F,G) =supp(F*,G%) for0 <a < 1. Then clearly, p defines a
metric on R(/) and (R(I),p) forms a complete metric space.

A sequence of fuzzy real numbers F = (F ) is said to be convergent to a fuzzy real number F, € R if
Ve>0,3n, € Nsuchthatp (Fi,F, ) < €,V k = n, and we write limy_,,, F, = F, .

It is said to be Cauchy sequence if Ve > 0,3n, € N:Vm,n >2n, = p(F, F) <e.

3. Difference Sequence Spaces

The idea of difference sequence space was firstly used by Kizmaz [10] in 1981 [, (4), C(A),C,(A) as
follows
(D) ={X =X: AX € 1}

CA)={X=X:AX € C}

Co(A) ={X = Xp,: AX € C,}, where AX = X, — Xiu1
and showed that these from s Banach Space with respect to the norm || X[, = |X1| + |AX || .
In 1995, Colka and Et.[6] generalized the difference sequence spaces of real and complex numbers to
study different properties of the sequence spaces [, (A™), C(A™),C,(A™) defined as follow

lo(A™)={X=X, €Ew: (A™X) € ly}
CA)={X=Xy Ew: (A™X) €}
CoA)={X=Xy, Ew: (A™X) €C,}.
To examine the diverse properties of the difference sequence spaces 5 (A,,), CF(A,,) and CE(A,,) of
fuzzy numbers, Baruah and Tripathy [1] established the notation of difference operator A,, in 2009.
Tripathy and Sharma [25] studied different properties of the convergent, null, and bounded sequence of
fuzzy real numbers defined by the Orlicz function as follows:

(L)r(M) = {? =705\ m (@) <o forsome > o}
Cr(M) = {T = (Fp): lilr(n M(@) =0 forsome&>0andL € ]R}
(Co)rM) = {T = (Fy) : lilr(n M(@) =0 forsome& >0 }

and studied different topological properties of the spaces.
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Tripathy and Borgohain [24] introduced the classes of generalized difference bounded, convergent, and
null sequences of fuzzy real numbers defined by an Orlicz function and some properties of these sequence
spaces like solidness, symmetricity and convergence are studied, and obtain some inclusion relations
involving these sequence spaces.

In 2012, to study the various propertied of difference sequence spaces using the difference operator A™,
where m is fixed positive integer , and Orlicz function N. Subramaninan et al. [ 22] introduced
following sequence spaces

1
p<|Am Xk .5>

A5 (A™) =< (X)) € w(F): SZPM : < oo for some ¢ > 0
1
p<(k!|Aka|) ,6)
X5 (A™) ={ (X)) € w(F): M : —>0ask - o, forsome& >0
1
p<|Am Xk ﬁ)
IF(A™) =4 (Xy) € w(F): M : — 0as k - o forsome §> 0
ks
) p((k!lAm Xy DK .6)
x5-(A™,0) ={ (X)) € w(F): M| —»0ask—o,s >0 fork €oc € P,
1
1 p<|Aka|k,0>
Ik (a™,0)= < (Xy) Ew(F):Q)—SM : - 0ask—>o,s—> 0 fork€o € P,

In 2012, Sarma [20] introduced I— convergent sequence of fuzzy real numbers defined by Orlicz
function as follow:
INF _ _ . . [_)( Tk: L)
CHIFM) =3F = (Fy) : k-]\/[f >eforsomer >0and L € R(D{ €l

(lf,o)F(M)={T=(Tk): {k: M(ﬁ(—m)z‘sforsomer>0}el}

r

and studied different properties like solidity and symmetricity.

Savas and Altinok [5] introduced some classes of fuzzy number sequences, looked at them, and studied
some of their characteristics including completeness, solidity, symmetry and convergence free. They also
looked at some inclusion relations that were relevant to these classes. Further, in 2017, Ebadullah [4]
introduced certain classes of sequence spaces of fuzzy numbers defined by sequence ofmodulii and
studied their topology. Then, Sarma [21] introduced the notations W¥(M ,P), WF (M ,P) and

WE (M ,P) of fuzzy sequence spaces defined by Orlicz function and studied various properties such as
completeness, symmetricity and established some inclusion relation. By using the sequence for modulo
function, Ganie and Gupkari [9] introduced and investigated various new ways of difference
sequences of fuzzyreal numbers in 2021.
Paudel and Pahari [16] studied some topological structures of fuzzy metric space in 2021
using the concept of fuzzy. Additionally, in 2022, Paudel and et al.[17] introduced the
generalized form of the p-bounded variation of fuzzy real numbers, which is defined as
follows:

bV (AmF) = {F = (Fi) € w(F): Zi=a{d(BmFy ,0)}P < oo}

for 1 <p <o where Ay, Fr = Fr.—Fram

and looked at a few findings that describe the topological structure of the novel class of

P-bounded variants of the generalized difference sequence space of fuzzy real numbers.
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4. Main Results

In this paper, we introduce generalized difference sequence classes of fuzzy real numbers defined by
Orlicz function as follow:

Fop,00,p,4) = [F = (B € o\ [ (Hen D O™ o}
F,M p,4) = [F = (7 € o 10T [pe (M0 To) blauon 7 7o) * ~0]
Fo(p,M,p,A) = {T = (Fy) € 0" li;(n [M <p (ak(A ETk) o )>] =0 for somep > 0}

where p = (py), a sequence of strictly positive real number A = (ay) , a sequence of real numbers and
AmFr = Fx = Frim
Theorem 4.1:

The classes F, (o, M ,p,A),F(p,M ,p,A) and F,(p,M ,p,A) are linear spaces.

Proof:

To prove the linearity of the classes , we firstly show that F,(p,M ,p,A) is linear and then other proof

is similar.

Let F = (Fi) and H = (H}) are from F,(p,M ,p,A). Then there exists & > 0 & > 0 such
sup P (ak(@m F) 0)\1P* sup P (ak(Am 3) 0)\]P*

that K [M( E, )] < oo and k [M( £, )] < 00,

Then for any a, f and § = max{ZaEl ,ZBEZ}, we have

sup P (ax(Ama Fr)+ar(AmB Hi) 0)\1Pk _ Sup P (ax(Am Fi) 0)) P (ax(Am Hy) 0)\ 1Pk
[M( E )] =k [M(“ E +B E )]

sup 17 (ak@Bm F)0) | 17 (B 3x) O ]P*
= k [M (z 3 *2 3 )]

<G SZP []V[ (ﬁ(ak(Am Fi) 5)))]pk +6G Sup [p (ak(Am Hi) 0))]

31
< oo

where, G = max{1,2#" '}, u= szp Dk -

- 5\ 1Pk
So that szp [M (p (ak(AmaT")zak(Amﬁ i) ’0)) <owandso aF + BH € F,(p,M ,p,A) and hence

the sequence of class F,(p, M ,p,A) is linear.

Theorem 4.2 :
Suppose p = (py) and g = (qi) be two positive strictly increasing sequence such that 0 < p, < qi <
oo for all values of k, then the following relation holds:
@ F(p,M,p,A)< F(p,M,q,A) (i) K,p,M,p,A) < F,(p,M,q,4)
Proof :

Suppose p = (px) and ¢ = (qx) be two positive strictly increasing sequence such that 0 < p;, < q <
oo for all values of k.Let F = (F,) € F(p,M ,p,A). Then there exists £ > 0 such that

lilrcn [M (makmn% ) ,ﬁ»)]”k -0

This relation is true only for []V[ (w

Pk
£ )] < 1 for sufficiently large value of k. Since,

Pr < qy for all values of k, we have
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[M (makm,g F) ,T‘o))]qk < [M (mak@ng F) f‘o))]pk'

Taking limit k - oo,
?ir;ng []l:[m(p(ak(Am?k),To))]q’f < lim M(ﬁ(ak(AmTk) ,ﬁo))]l’k —0

k = oo £ “ koo 3
- leoo [M (makmné ) ,ﬁ»)]q’f —0

= F=(F)EF(PH,M,q,A)
=F(@,M,p,A)<S F(p,M ,q,A)
Similarly, we can show that F,(p ,M ,p,A) € F,(p,M ,q,A). This completes the proof.

Theorem 4.3:

5 INTP
The space F,(p, M ,p,A) = {T = (Fy) € wF: szlxcp []V[ (w)] * < 00} is a complete

metric space with the metric defined as

1
p PiT
do(F,#1) = int{ g1 : P [{M (P (ak (B :Fk)f, (A m))} ]T .

where, p = py, be a sequence of strictly positive real numbers , A = (ai), a sequence of real numbers.
Proof:
Let {F'} be a Cauchy sequence in Fo,(p,M ,p,A). Then for € > 0, let us choose u > 0, and > 0 such that

Then fore > 0,3n, e N: Vi,j = n,, we have
- S £
de(FH, 7)< —

un
By the definition of d; we have,
1
— i j PKIT
do(F!,F7) = inf{ €T : nr M(p GO T")é; ak(AmTk))) ] <1
p (B FH, @ FD)\|™
=M o ok <1
§
= i I\ )P

Since, M is a non-decreasing function,

p(ax (B D), ax(BnFD) _ un
'3 T2

Since, & > 0 let us choose = uin , so that

P (kB D), ax(BmFD) _ un e
§ T2 un

. FT(ak(Am Tlé) ’ ak(Am Tk]))
§
This shows that {ak (A FD) } is a Cauchy sequence in R(I) for all k¥ € N. Since R(I) is complete, the

sequence {ak A, F ,i) } converges in R(I) and say

<egvi,j=zn,
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lim P
i_>ooakAmTk = qhApFy
lim i i
i_)oo(j:li_?lé+m):?k_?‘k+m
lim _; _
i—>oog:k_g:k
lim

Fl=F ,where F = Fr

i oo
To complete proof , we show that F € F,(p,M ,p,A). For, we have,

1
p PkT
do(F ,30) = infl g1+ VP [{M <p (ak (B ?k)f, (B }[k))>} ]T .

Now, inf{gT : 5’]‘:’ [{M (5 (ak(A?Tk) .0))}”"]%} = dg(F,0)

< dg(F,H) +ds(F'0)
<&+ dg(FL,0) <
= F €F,(p,M ,p,A). Hence F(p,M ,p,A) is complete.
Similarly, we can show that space F(p,M ,p,A)and F € F,(p,M ,p,A) are complete.

Conclusion

In this paper, we have used the fuzzy real numbers and Orlicz function to study the generalized
form of difference sequence spaces of fuzzy real numbers. We have shown that the classes
(p,M,p,A),F,(p,M,p,A)and F.(p,M ,p,A) are linear and complete metric spaces with the
metric d;. More over the inclusion relation F(p, M, p, A) € F(p,M,q,A) and F,(p, M ,p,A) <
E,(p, M ,q,A) are shown.
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