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Abstract: In this paper, we define difference sequence spaces of type I-convergent, I-null,
bounded I-convergent, and bounded I-null in n-normed space using the Orlicz function. We also
study some algebraic and topological properties of these new sequence spaces including some
inclusion relations.
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1. Introduction

Infinite sequence and series play a vital role in mathematics and various scientific discipline.
They are often used to represent functions, approximate values and solve complex problems.
Understanding the properties and behaviour of infinite sequence and series is fundamental to
advance mathematical concept and practical applications in science and engineering.
Numerous mathematicians encountered difficulties when dealing with the limits or sums of infi-
nite sequences and series that have divergent behaviour. As a result, considerable research was
started towards determining the limits or sums of such divergent sequences and series through
various summability methods. This led to the emergence of a new branch in mathematical analy-
sis, dedicated to assigning limits to divergent sequences and series. This investigation focuses
on constructing new sequence spaces by combining difference operators, Orlicz functions, and
ideal convergence within the framework of n-normed spaces. We begin by presenting essential
definitions and notations that justify our work.

Definition 1.1. An Orlicz function [7] is a mapping M : [0,00) — [0,0) with the following
characteristics:

* Continuous, convex, and monotonically increasing;
e Vanishes at zero;

* M(y) >0 forall y > 0;

o limy_yeo M (y) = oo;

Definition 1.2. An Orlicz function M satisfies the Ay-condition [[7] if there exists L > 0 such
that for all y > 0:
M(2y) < LM(y).
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Equivalently, for each Q > 1, there exists Ly > 0 satisfying:

M(Qy) < LoM(y), forall y > 0.

Orlicz sequence spaces generalize classical [, spaces. They were initially introduced in 1936 by
Orlicz. Later, Lindenstrauss and Tzafriri [8] utilized Orlicz functions to construct the Orlicz
sequence space [y, defined as follows:

lM:{y (v) Ew: ZM(‘);C‘)<ooforsomep>0}

of scalars (y;). The first detailed study on Orlicz spaces was given by Krasnosel’skii and
Rutickii (7], which is a Banach space with norm

Iyl = mf{p >0: ZM(’?’") < 1}.

Moreover, s looks like the space [, with M (y) = y”;1 < p < oo
Definition 1.3. For a vector space Y with dim(Y) > 1, an n-norm [9] is a function

|-y ] Y"—= R
satisfying:
L. |[y1,y2,---,yn|| = 0if and only if y1,y,,...,y, are linearly dependent,
2. ||y1,¥2,---,Vn|| remains unchanged under any permutation of the vectors,
3. layi,ya, -l = |o||v1, Y2, - - -yl for all o € R,
4. Subadditive in each argument.

The pair (Y, ||-,-,...,-||) is then referred to as an n-normed space.

Geometrically, the n-norm measures the volume of the n-dimensional parallelepiped formed by
its vector arguments.
Definition 1.4. Kizmaz introduced difference sequence spaces [5]:

co(A)={y:AyE€co},
c(A) ={y:Ay€c},
leo(A) = {y: Ay € Lo},

where y = (y;) and the difference operator is given by Ay = (Ayx) = (yx — yx+1).- He also
demonstrated that such spaces are Banach spaces having norm given by:

= ]+ 1Ay [le-

The concept of ideal convergence was first introduced by Kostyrko et al. [6] as a generalization
of statistical convergence. For more detailed discussions on these types of sequence spaces, one
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may refer to the works of Mursaleen et al. [[14], Ghimire and Pahari [2], Hazarika et al. [4]],
Mursaleen and Alotaibi [11]], Mursaleen and Mohiuddine [12], Mursaleen and Sharma [13], Raj
et al.[16], Salat et al. [17], Mohiuddine et al. [[10], Savas [18}19], Tripathy and Hazarika [20],
and many others.
Definition 1.5. A family 7 C 2Y is called an ideal [6] on Y if
1. g€l
2. Celand D C C = D €[ (hereditary),

3. C,D € I = CUD €[ (finite additivity).

Definition 1.6. In an n-normed space (Y, ||-,...,-||), a sequence (yx) is I-convergent [17] to
leY ifforall vi,...,v,_1 €Y and € > 0:

{keN:[ye—Lvi,...,v1]| = €} €L

This is denoted by
I—lilfn||yk —Lvi,.. o va-1] =0,

Definition 1.7. A sequence space Y is a sequence algebra [20] if it is closed under termwise
multiplication.
Definition 1.8. A sequence space Y is solid [[15] if it is closed under multiplication by bounded
scalar sequences.

2. Main Results

The work done in [3] is extended by introducing and investigating the following classes of ideal
convergent difference sequence spaces defined by Orlicz function in n-normed space [1]].

Let (Y,]|-,...,-]|) be an n-normed space and @ the space of all vector-valued sequences. We
now proceed to define the following sequence spaces:
Let (Y,]||-,...,-||) be an n-normed space and let @ denote the set of Y-valued sequences.

SI(A7Ma|| |ln) = {yz (yx) €@:dp >0, and [ € Y such that forall vy,...,v,_| €Y,

||Ayk—l,v1,...,vn1||> :O},
p

s{)(A,M, |- 1ln) = {y= (yx) € @ : 3p > 0 such that for all vy,...,v,— €7,

A R VI
I—limM(H VksVis--osVn 1||> :O},
k p

lo(A M| - []0) = {y = (y) € ®:3p > O0suchthatforallvy,...,v,_ | €Y,

AV, V1, -, Vi
SupM<H Yk Vis- - Vn 1||> <w}.
k p

I- limM<
k
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Additionally, we define:
W (AML || ln) = 5" (A M| [la) N leo(A M| - 1),
uh(AM, || [ln) = 5O (AM, || - [[) O loo( A M, || <[]
The sequence spaces sI(A,M7 Il 11n), s(I)(A,M, I 11n), uI(A,M, |- ||n), and u(I)(A7M, || ||n) repre-

sent I-convergent, [-null, bounded I-convergent, and bounded I-null sequences respectively.

Theorem: 2.1 The spaces sI(A,M, - ln)s s{)(A,M, Il |ln)s uI(A,M, |- |ln), and u(I)(A,M, |- ln)
are linear.

Proof :- We demonstrate linearity for s)(A, M, || - ||,); other cases follow similarly.
Suppose x = (x;) and y = (yx) belong to s)(A,M, || - ||). Then we can find constants py, 0, > 0:

1—1imM<HAX"’V1""’V"1”) —0,
k p1

A U P
I—llmM(H Vis V1, »Vn 1”):0
k p2

for all vq,...,v,—1 € Y For any € > 0, define

AI:{keN:M(HAXI"VI""’V"_IH) >§},
P1 2

Azz{keN:M(HAyk’vl"”’V”_]H) > }

p2

N M

Then, Ay, A €1
If we choose

p = max{2|B|p1, 2|7|p2},
where f3, y are scalars, then by convexity and monotonicity of Orlicz function M,

M(||I3Axk+7Ay1;V1,---yvn1||> <M (|ﬁ|||Axk7V;---aVn1|| N |Y|||Ayk,V;---,Vn1||>

<M(||Axk7v17-.-;Vn1||) —f—M(HAyk"}l’.’van)
- p1 p2

Therefore,

A RO VI
{keNM(HﬁAxk—i_’y yl;vlv »Vn 1H)>8}QA1UA2

Since Ay,Az € I and [ is an ideal, the left set also belongs to 1. Hence, sh(A, M, || - ||,) is linear.
Theorem: 2.2 If the Orlicz functions M, M, satisfy the Ay-condition, then

(@) T(A,M;, ” ’ Hn) CT(A,MyoM, ” ) Hn)
(b) T(A7M17 H : Hn) mT(A7M27 H : Hn) - T(A7M1 +M27 H ) Hl’l) for T = SI?‘S{)?uI?u{)'

Proof:- Here the results (a), (b) are proved for the space T = s’. For remaining spaces, results
can be proved in a similar manner.
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(a) Suppose y = (yi) belong to s/ (A, My, || - ||.). Then, there exists a positive constant p :

Ay —1 AU P
I—liIEnM1(” Yk ,v;), 2V 1”):0,f0rv1,...,vn_1€Y.

Let € > 0 be given. Then, there exists 0 < § < 1 with M} (u) < &, for all 0 < u < §, since
M is an Orlicz function. Let us define the following sets:

AVe—1,v1, . V-
BI:{kGN:Ml(” L l’v;)’ A lH)gé},

Ay —1 e Ve
BZZ{kGNMI(H yk 7vll)7 ,V 1H)>6}

If k € B>, then

Ml(”Ayk—l,vl,...,vn1||)<1M1(||Ayk—l,vl,...,vn1||><1+{ M (HAyk l,vl,...,vn1||)
p o p 6 p

Then by convexity and monotonicity of M,, we have

Mz{Ml(HAYk—l,vl,...,Vn—lH>}<M2{1+{ Lo (HAyk lvl,...,vn_1||)}}
p 0 P

1 1 1 Ay —Lvi, oo yvp—t||
< =M>(2 M>r<2- =M .
5 2( )+2 2{ 5 ( P

Since M, satisfies the Ap-condition, we have

Ayy — eV 1 (1 A e Ve
P 2 p
1 1 HAyk lvl, <y Vn— 1H
LM
2 {5 1(

Ay — ey Ve
M2(2)M1(H yk l7vll)7 7v}’l 1H>.

|

o~ +

For k € B;, we have

Ayp — [ R VA Ay, — 1 RO
M](” Vi 7"2‘)7 »Vn 1||) <& — MZ{M1<|| Vi 7Vl;; »Vn 1”)}<€

Hence, we conclude that

sS{AMy | - Nln) C5' (A My o My || - |[n)-
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(b) Suppose y = (y¢) lies in s(I)(A,Ml, |- 1ln) ﬂs{)(A,Mz, |- 1n)-

Then we can find positive constants p; and p;, such that

Aye—1,v1, e Ve
I—limM, (” LA AL 1“) —0, forvy,...,vp_1 €7,
k p1
and
Aye =1V, v
I—lilgan(H Yk ’V;’ o 1”) —0, forallvy,...,v, | €Y.
2

Choose p = max{pj,pz}. Then,

Ay, — 1 RO A Ay, —1 R P Ay, —1 RO VI
(MI—FMZ)(“ Yk 7VI])7 »Vn l”) :Ml(H Yk ,vll)a yVn ]H>—|—M2<H Yk 7Vll)7 yVn 1”)

<M (||A)’k—l,V1,...,Vn—l||> M (HAyk—l,vl,...,vn_]H)
pi P2

This implies that
s' (A My |- [ln) (A M, || - (1) (A My + Mo, |- )
Theorem: 2.3. The following inclusion relations always hold:
SOAM, || [ln) € 5" (AM. || [ln) S Lo(A M, |- |[n)-

Proof:- The relation s} (A, M, || - ||n) € s'(A,M,]| - ||) is trivial.
Suppose y = (yx) € s'(A,M,]| -||). Then we can find p >0, and [ € Y with

Ay —1Lvy,..., v,
k P

forallvi,...,v,_1 €Y.
Now,

M(\|Ayk,vl,~--,vn—1|\> < lM(HA)’k_l7V1>---aVn—lH) +1M(\|Z,V1,---,Vn—1|!)‘
2p 2 P 2

Taking the supremum over k on both sides, we can prove that
Hence,

sO(AM, || [1n) S s"(AM, || 1) S L (A M- [ln).
Theorem: 2.4. The classes s} (A, M, || - ||n), b (A, M, || - ||) are solid.

Proof:- We start by proving that s§(A, M, || -||) is solid. Second one can be proved similarly.
Suppose y = (yx) € s5(A,M, |- ||»). Then we can find a positive constant p such that

’Aylwvl?' -5 Vn—1 H
P

I—liIEnM(‘ ):O forall vy,...,v,_1 €Y.
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Suppose a sequence of scalars (f) satisfying |B| < 1 for each k € N. Then

M (HﬁkA}’k;Vla---,anH) < |ﬁk|M (HAyk,Vla---aanH) <M<||Aykavla"'7vnl”)
p - p - p '

This implies that

A ey Vn
I_hmM(nﬁk Yevis v 1||> .
k P

This proves that oy € sh(A,M, || -||4), and so s (A, M, || - ||,) is solid.
Theorem: 2.5. The classes s (A, M, || - ||4), sh(A,M, || - ||,) are sequence algebras.

Proof:- We start by proving that sj(A, M, || - ||) is a sequence algebra. Second one can be proved
similarly

Suppose (x¢), (yx) belong to sh(A, M, || -||»). Then we can find positive constants p; and p; such
that, for all vy,...,v,_1 €7,

Ax ey Vp—
I_lllan(H k7v17 aVn 1||) :0

p1
and

k p2

Choose p = p1p2. Then one can easily show that

A RO
I—hmM(H (Xkyk),V1, »Vn 1||) —0.
: p

This implies that (x;).(yx) = (xkyk) € sh(A,M, ]| - ||»), which means that s)(A,M, || - ||,) is a
sequence algebra.

3. Conclusion

This research establishes fundamental properties of difference sequence spaces in n-normed
spaces with ideal convergence and Orlicz functions. These results also provide a foundation
for constructing new sequence spaces of similar types with enhanced algebraic and geometric
properties.
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