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Abstract: This paper introduces a new type of Leonardo numbers, referred to as bicomplex Leonardoi
numbers. Also, some important relations, including the generating function, Binet's formula,
D'Ocagne's identity, Cassini’s identity, and Catalan’s identity. Furthermore, we present the
relationship between Lucas, Fibonacci, and Leonardo numbers.
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1. Introduction and Motivation

The search for natural extensions of complex numbers has long been of interest, with numerous
mathematicians exploring such generalizations through the introduction of multicomplex numbers and
their associated function theories. Among these extensions, quaternions introduced by S.W. Hamilton
[4] and bicomplex numbers introduced by C. Segre [13] for modeling physical phenomena in four-
dimensional space are notable. These two systems differ in terms of commutativity; bicomplex numbers
are commutative, and quaternions are non-commutative.

Further contributions were made by Price [11], who developed the algebraic structure and function
theory of bicomplex numbers. Mathematically, the bicomplex system can be viewed as a two-
dimensional Clifford algebra over the complex field, characterized by commutative multiplication. This
framework has found significant applications in fields such as image processing, geometry, and
theoretical physics [11,12].

A complex number y € C can be expressed in the form of
y = y; + ¥,i, suchthat,y;,y, ER,i?=—1
On the other hand, a bicomplex number x € C,is given by
x=aq+bii+cqj+dqij (1.1)
where ay,bq,cq andd, € R, and i? = —1, j2 = —1,(ij)? = (ji)? = k? = 1.
Also, ij = k € C,,but ij = k & C. The space bicomplex numbers C, has 4 dimensions over R, but
the space of complex numbers C is of dimension 2 over R [14]. Let the two bicomplex numbers
x=aq+ bii+cyj+dqij
and Yy =a,+ byi +cyj +dyij.

Then the addition, subtraction and multiplication of bicomplex numbers x and y are given by

xty=0(a;xa,)+ (byxby)i+ (c; +cr)j+(dy £dy)ij (1.2)
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And
x Xy = (a,a, —b by, —cyc;, —dqdy) + (a1 by + bia, —cidy, —dqicy) i+ (a¢, +cra, —
bid, —diby)jt(a;d, + dya, + bicy, + ¢1by)ij. (1.3)
The multiplication by a real scalar a is given by
ax = aay + abyi + acyj + adqij (1.4)
Numerous studies in the literature explore Fibonacci and Lucas numbers [5,6,8].

These sequences have also been investigated within various number system, including
quaternions and hybrid numbers [3,7,10,15].

In this work, we present a brief overview of the Fibonacci and Lucas sequences.

The Fibonacci numbers introduced by the Italian mathematician Leonardo Fibonacci are
defined by the recurrence relation in which each term is obtained by adding the two preceding
terms.

The sequence starts as:
0,1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1597,2584, 4181,6765,
10496, 17711,28657,46368, 75025, ...

Mathematically, the Fibonacci sequence is represented by F,, and follows the linear recurrence
relation:

E,=F,_1+F,_,, forn>2, (1.5)

Foip =F,;1 +E forn>0,with F;=0,F, =F, =1.
On the other hand, Lucas numbers were named by the French mathematician Edouard Lucas, who
formalized this sequence in the 19th century. Lucas is often credited as the "father" of these numbers
due to his extensive work on both the Fibonacci and Lucas sequences.[5]
The Lucas sequence follows the same recurrence relation as the Fibonacci sequence but starts with

different initial terms.
It is defined as:

2,1,3,4,7,11,18,29,47,76,123,199,322,521,843,1364,2207,3571,5778,9349,15127,

24476,39603, 64079,103682,167761, ...
The general recurrence formula is

L,=L, 4+L,_, forn>2 (1.6)
Lpyo =Ly + Ly forn>0,with Ly =2,L; = 1.

For n > 0, the Binet representations of Fibonacci number F, and the Lucas number L,, are

expressed as

a — ,Bn
Fnz—a—ﬁ and L,=a™+p"
where a and £ are the roots of
y2—y—1=0,i.e. a= —(12\@) and g = —(1_2\@).

There are many relations between Fibonacci and Lucas sequences. Which are as follows:

68



Nepal Journal of Mathematical Sciences (NJMS), Vol. 6, No. 2, 2025 (August): 67-76

Lemma 1.1 For n > 1, the relation holds,[2].

a. P, =" (1.7)
Lp—1+Ln

WAELS (1.8)

. Ly=EF,+2F,,, (1.9)

In this paper, we express the Leonardo sequence, which has similar properties to the Fibonacci and
Lucas sequence, and denote the n*"* Leonardo number byL¢ . We present the Leonardo sequence along
with the statement of the respective Binet’s formula, sum and product formulas, several identities, and
the generating function.

2. Leonardo Number

Leonardo's number was introduced by Catrino and Borgs [2], and is denoted by L%, and the
Leonardo sequence is given by the recurrence relation

=L +L_,+1forn>2 (2.1)
With initial condition:

e —je —1

0 1

The Leonardo numbers are
1,1,3,5,9,15,25,41,67,109,177,287,465,753,1219,1973,3193,5167,

8361,13529,21891,35421,57323,92745,...
Also, the relations hold for Leonardo numbers for n > 2,
Loy =2L% — L3 > (2.2)
Lemma 2.1.For n > 2, LS is an odd number.
Lemma 2.2. Forn >0,LY, = 2F,,, 1 — 1.
Proof:
We prove the property of Leonardo numbers by induction on n. Forn = 0 and n = 1, it is verified.
Now we assume that it is true for n = k,i.e. L}, = 2F,,, — 1.
Now we show that it is true n = k + 1.
Lo = L +15 , +1
=2Fry1—D+2F,—1D+1
=2(Fg41+Fi) — 1
Liy1 =2Fpk42 — 1.
which proves for n = k + 1 so it is true forn = 0.

Thus the result is verified .

|

Lemma 2.3.2) Forn =0, L, = L,4o — Fppp — 1,

b) Forn >0, L%=W—1,

L1+l
¢) Forn>0, L3 =M—1,
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where L¢ is then®™ Leonardo number and L,, is the nt"* Lucas number and F, is the n‘"Fibonacci
number.

n+1_ n+1
Lemma 2.4.[6] (Binet’s formula ) Forn > 0,L¢ = 2 (u) -1,

w—Zz
where L¢is the bicomplex Leonardo number and
(1++5) (1-v5)

w and z are the roots of y3 — 2y? + 1 =0,i.e.w =5z =

Catarino and Borges [2] derived Cassini’s, Catalan’s, and d’Ocagne’s identities for Leonardo numbers,
along with establishing their two-dimensional recurrence relations and matrix form. Shannon [14] later
introduced generalized Leonardo numbers, which encompass Asveld’s extension and Horadam’s [6]
generalized sequence. Below, we revisit several identities associated with Fibonacci, Lucas, and
Leonardo numbers. Further details can be found in [2,8,15,17].

Fp+ Lp =2Fn4q (2.3)
Frir + Fnies — FaFniryes = (F1)"FF (2.4)
Lo + (D™ Loy = Lp (L5 + D — 1 — (D™ (2.5)

Lyvm — (DML = Ly (L1 + D) — 1+ (=)™ (2.6)

Ff — Fpyr b = (1" F? 2.7)
Lsyr —(—1)°Ly_s = 5F,.F; (2.8)
2:0(_1)k_1Fk+1 = (D" 'F, (2.9)

Various extensions of Fibonacci and Lucas numbers have been explored in the literature. Among them,
Nurkan et al. [10] introduced the bicomplex Fibonacci and Lucas numbers and investigated several of
their properties. The bicomplex forms of these sequences are defined as follows:

BFy = Fi + Fiey1l + Fieqo] + Fiey3 §j

and
BLy = Ly + Lg41l + Ligy2J + L4 U

where F,,and L,, are k*"Fibonacci and Lucas sequences, respectively,
and

i?=j*= -1, j=ji,((*=k*=1.
Motivated by the above-mentioned works, we propose the concept of bicomplex numbers constructed
from Leonardo number components. Our objective is to derive the generating function, Binet’s formula,
recurrence relations, summation expressions, and identities such as those of Cassini, Catalan, along
with other related results.

3. Bicomplex Leonardo Number

Now we introduce Bicomplex Leonardo number , Binet’s formula, along with Catalan’s and
Cassini’s identities, and summation formula, and generating function.

Definition 3.1.The 7" bicomplex Leonardo number is denoted by BLS and is defined by

BLE =18 +ilS,, +j1%,, + kLS, . forn>1 (3.1)
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From above relation of Leonardo number and definition of bicomplex Leonardo number we conclude
that

BLE = LS+ il 1+ LS, + kLS, 5
BL = (LS + LS ,+ D) +i(LE+LS  + D)+l + L+ D)+ k(LS +L5, + 1)
= [(LS_y + il + LS + kLS )+ (LS, + il + LS + kLS, )+ (A +i+j+ k)] BLS
=BLS_ ,+BL_,+P (3.2)
where P=(1+1i+j+k).
For starting case of BLS = L& + L%, +j LS., + kLS,
If we take the value of r = 0,1,2, 3, ...., then we have
BLy=1+i+3j+5k,
BLS =1+ 3i+ 5j + 9k,
S =34+5i+9j+ 15k,
=5+ 9i+ 15j + 25k, andsoon.

Using the above relation, we can find another recurrence relation of bicomplex Leonardo numbers,
Le., BLiy1 = Liyy L7y + ) L7ys + kLT,

= (2L — L7 5) + i(2LY 41 — LT 1) + (LT 42 — L7) + k(2LT 43 — LTy 1)
= 2(L7 + il 41 + Lo + kLT43) — (Li—p +iliy + LT + kL744)
BL,, =2BL% —BLS_, (3.3)
Operations on bicomplex Leonardo numbers
The addition, subtraction and product of two bicomplex Leonardo numbers are as follows:
Let BL% and BLE be two bicomplex Leonardo number then
BLS = LS + il +jLS , + kLS 5 (3.4)
BL = LS+ il +jLS, + kLS5 (3.5)
The sum and difference of two bicomplex Leonardo are as follows:
BLS + BLE = (LS + LS + LS, + kLS 3) £ (LS + il + LS, + kLS, 3)
= (L7 £ L) + i(L741 £ LS41) +J(LT42 £ L42) + k(L7453 £ LEy3)  (3.6)

The multiplication table of i, j, and k(= ij) is given below

1 i J k(=ij)
1 1 i ] k
i 1 -1 k -
Jj ] k -1 -1
k=i | k| 5 i 1
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The multiplication of bicomplex Leonardo numbers are

BLS - BLS = (LY + iLSyq + jL7yp + kLS4 3) - (LS + LS q + jLE o + kLEL3)
= [(LELS — L+1LS41 — Li4aLgsa + LT43LG43)
FI(LTLS g + LS 1 LS — LTy p LS5 — LT 43154 5)
+j (L7 LS 4p + LS LE—L7 1 LS5 — L3 LS 44)
Fh((LFLS 45 + L7 43l + L7 Ly + L7 45 L5 4 1)]
= BL¢ - BLS
The conjugate of bicomplex Leonardo numbers [12] with 7,7, and & units is
(BLY) = L§ — il34q + L7y — kLG43
(BLi)j = L7+ L7341 — jLiyo — kLT43
(BLi)k = L7 —ilfyq —jLYyp + kL7 s

Bicomplex Leonardo numbers are an extension of the classical Leonardo numbers into the bicomplex
number system. The following are the related theorems.

Theorem 3.1. If (BL?)!, (BL%) and (BL%)¥, are conjugation of bicomplex Leonardo numbers, then

a. BLZ-(BL)' =1¢% + Lr+1 - Lf~+22 - Lf~+32 +2j L7 411743

b. BLE - (BL) = L% — L8yy” + 12,7 — 183”4 20(LELS 41 + LE4pL245)
c. BL;-(BLY)* = Lez +L$+1 +Lr+2 +Lr+3 + 20 (L7LT 43 — L741L742)
Theorem 3.2. If BLS be the " bicomplex Leonardo number, then for any integer r > 0,
BL = 2BF,,; — P
where BE, is the " bicomplex Fibonacci numberand P = 1+ i + j + k.
Proof:

By using the recurrence relation of Leonardo and Fibonacci and the definition of a bicomplex
Leonardo number, we have,

BLE = LS + iy + LS 45 + kLS4
= Q2F41 =D+ 2(Fy2 =i +2(Fry3 = 1)j 4+ 2(Frys — Dk
=2(Frp1+ Fral+ Frysj + Fropgk) —(A+i+j+ k)
= 2BF,,; — P 0
Theorem 3.3. If BLS be the " bicomplex Leonardo number, then for r > 0,
BL, = BE. + BL, — P
where P =1+4+i+j+k

and BE, and BL, are the r*" bicomplex Fibonacci and bicomplex Lucas numbers.
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Proof:

By using the definition of a Bicomplex Leonardo number, we have
BL: = LS + il +jLS, +k
Which can be expressed as with the help of (Lemma 2.2 and equation (2.3)
= QFRy1 =D+ i@Fy; =) +jC2Fy3 =1 + kQ2Fys — 1)
=B+ L =D+ i(Frp1 + Ly — 1)+ j(Fryz + Lyyz — 1)
+k(Fpy3+Lyryz3—1)
= (E + iFpyq +jFryp + kF3) + (Ly +ilpyq + jLlysy + kLpys) — (1 +i+j+k)
=BF. +BL, — P.

Theorem 3.4. The generating function corresponding to the bicomplex Leonardo numbers,

represented by gBLE(t) is given by

BL+t(—1+i—j—k)+t%(1—-i—j—3k)
1-2t+t3

gBLI(t) = XrloBL U7 =

Proof:
The power series of the generating function is
gBLe(t) = Y2 o BLEt" = BLE + tBLE + t?BLS + -+ t"BLE + -+
Then by multiplying both sides by (1 — 2t + t3), we have
(1-2t+t3gBLe(t) = (1 — 2t + t3)(BLE + tBLS + t?BLE + -+ + t"BLE + -++)
= (BL§ + tBL§ + t?BLS + t3BL§ ...) + (—2tBL§ — 2t*BL§ — 2t3BL — )
+(t3BLE + t*BLE+t5BLS + -+ ) + -
Arranging the terms, we get
= BL§ + t(BLS — 2BL%) + t*(BLS — 2BLS) + t3(BL§ — 2BLS + BLY) + -+
=BLy+t(—1+i—j—k)+t?(1—i—j—3k)
where (BL — 2BLY) = (—1+i—j—k)
(BL—2BL) =1 —-i—j—3k)
(BL§ —2BLS + BLg) =0
In this way, the coefficient of t%,¢>, ... are zero.
Hence (1 — 2t + t3)gBLe(t) = BLE + t(—1+i—j—k) +t?(1 —i—j — 3k)

BL+t(—14+i—j—k)+t*(1—i—j—3k)
(1-2t+1t3)

gBL;(t) =
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Theorem 3.5.The Binet’s formula for a bicomplex Leonardo number is as follows:

2WWn+1—ZZ_Zn+1
Forr = 0, BL: = )
w—z
where
w=1+iw+ jw? + kw3, W=1+2ﬁ
Z=1+iz+jz%> +kz®, Z=ig

2
P=1+i+4+j+k
Proof:

Based on the definition of the bicomplex Leonardo numbers and the Binet’s formula for Leonardo
numbers [10], it follows that

BLY = L7 +iL741 +) L7yp + kLT s
and with the help of

w —Zz

Blp = RUIURE gy (BRI Y awtias gy awrtia )

w—2z w—2z w—Zz w—z

Here if we use
w=1+iw+jw?+kwdandz=1+iz+ jz? + kz3
Thus we obtain the result

2w Wn+1_22—Zn+1
BLe =2% =227 _p

w—z
Theorem 3.6. (D’Ocagne’s identity) .
Let BL$ be the bicomplex Leonardo number, for r > s + 1, the following relation is valid.
BLE-BL¢,, — BLS,, - BL& = 12(—1)**F._y(2j + k) —2(1 + i + j + k)(+BF, — BE,.).
Proof:
By using the relation, BLS. = 2BF,,; — P,
where P = 1 + i + j + k and D’Ocagne’s identity of bicomplex Fibonacci number [10]
BL¢-BILS,, — BL¢,, - BL% = (2BF,,, — P)(2BF,,, — P) — (2BF,,, — P)(2BFs,, — P)
= 4(BF,41BFsy2 = BFy13BFs41) — 2P(BFr41 + BFsiy — BFryy — BFsy4)
= 4[3(—=1)**'F,_;(2j + k)] - 2P(BF, — BF,)
=12(-1)S*E_; (2j + k) —2(1 + i+ j + k)(BF, — BE,).
Here by use the relation By, Fpyq1 — FyFpeq = (1) Ep_p [8,15] O

Theorem3.7. Cassini’s Identity
Let BLE be the bicomplex Leonardo number. For r > 1, the equality holds:

BLE_\BLS,, — BLE? = 12((=1)"™*1(2j + k)) — 2P(BF,_;), where P = 1+ i +j + k
Proof:

We have BLS = 2BF,,; — P and the relation of Fibonacci number [8,15]
EFsyy — Fryp By = (=1)°F_
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Then we have
BL¢_,BIL¢,, — BL¢* = (2BF, — P)(2BF,,, — P) — (2BF,,, — P)?
= 4(BF, BF,,, — BF,,,BF,.;) + 2(—=BF, + BF,,;)P + 2P(—=BF,,, + BF,,;)
= 4(3(=1)"*Y(2j + k) + 2PBF,_, + 2PBE.
=12(-1)"*Y(2j + k) — 2P(BF,_, + BE.)
=12(—1)"*1(2j + k) — 2P(BF,_,).

Theorem:3.8 Catalan’s identity
Let BLE, be the bicomplex Leonardo number. For,n > 1, the equality holds:

BL%Z - BL%—TBL%H” = 4[3(_1)n_r+1Fr2(2j + k)] - 2P(ZBFn+1 —BFy 41— BFn+r+1)
Proof:

By using the relation BLS, = 2BF,,,; — P, L = 2F,,; — 1 and Catalan’s identity of bicomplex
Fibonacci numbers [1, 10].

The nt"* bicomplex Leonardo number is given by
BLS, =L +il, i +jLS ., + kLS sandP=14+i+j+k
=(2Fn41 — 1) +i@Fpyz — 1) + j(2Fnss — 1) + k(2Fpys — 1)
=2BF, 1 — P
Now we have
BLY® = BLG_BLy 1y = (2BFy41 — P)* = (2BFy_ry1 — PY(2BFnirs1 — P)
= 4(BF}41 — BFy 11 BFnyr11) = 2P(2BFpyy — BFy_pyq — BFyyryn)
In view of the relation
F2 — FpyFopyy = (1) F?
and
BFZ1 — BFy_yi1 BFnyri = 3 (F1)" THE2(2) + k)
We have
BLS® — BLG_,BLS4r = 4[3 (—1)"T*E2(2) + k)] — 2P(2BFys1 — BFyri1 — BFpirsr).
Conclusion

In this research article, we present the definition of bicomplex Leonardo numbers, formulated using the
coefficients from the Leonardo sequence. Furthermore, by exploring their connection with bicomplex
Fibonacci numbers, we have derived D’Ocagne’s, Catalan’s and Cassini’s identities.
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