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Abstract: The abstract flow model is the generalization of network flow model which deals with the flow

paths (routes) satisfying the switching property. Contraflow model increases the flow value by reversing the

required arc directions from the sources to the sinks. In this paper, we integrate the concepts of abstract

flow and contraflow to introduce abstract earliest arrival transshipment contraflow model in multi-terminal

abstract network. The abstract contraflow on multi-terminal dynamic network is NP-Complete. We present

an efficient approximation algorithm to solve the problem. This approach satisfies the demand of sinks by

sending optimal flow at every possible time point and seeks to eliminate the crossing conflicts.
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1. Introduction

The first network flow model was developed in [6]. After the development of maximal static flow

and maximum dynamic flow models, Different researchers have studied several network flow problems for

evacuation planning. The maximum dynamic flow problem to shift maximal amount in a given time, the

earliest arrival flow problem to maximize the number of evacuees in every possible time, the quickest flow

problem for allocating the evacuees to a safer zone in minimum time, the lexicographically maximum dynamic

flow problem to send maximum number of evacuees in given priority order within the given time period,

are few examples. According to Hoffman [7], the abstract flow generalizes the concept of paths by replacing

the underlying network configuration. This tactic makes the use of switching property that eliminates the

crossing at intersections. The maximum weighted abstract flow model has been developed by Hoffman [7]

and solved by Martens and McCormick [12]. Kappmeier et al. [10] have investigated the maximum dynamic

abstract flow problem and its solution procedure. The existence of the lexicographically maximum abstract

flow problem for prioritized terminals has been shown in Kappmeier [9]. The earliest arrival abstract flow

introduced and solved in [9] maximize the dynamic abstract flow from the source to the sink at every possible

time. The abstract earliest arrival transshipment has been approximated for the fixed demands and supplies

in [9]. Zhao et al. [23] deliberate the important lane-based routing strategy for reducing the interruptions

that reduce (or eliminate) crossing and merging conflicts at nodes. Selecting and turning options at nodes

are limited to expand traffic flow away from a unsafe area in a lane-based routing plan.

The contraflow approach introduced in [11] is another emerging and widely accepted model for evacua-

tion planning. It increases the outbound road capacities by reversing the direction of roads towards the safe

destinations. They give programming formulation and presented a greedy heuristic and a bottleneck relief

heuristic for large scale evacuations that find high quality solution. They proved that problem of reducing
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the egress time on evacuation network is NP-hard. The first heuristic solves a minimum cost problem in the

time-expanded network in the given time period to record the total number of flow units that pass through

each arc during the evacuation time and flips the direction of each arc in favour of the direction of larger

flows. The use of contraflow approach is not only bounded in evacuation planning, it also can be used in

traffic arrangements and to reduce road accidents. Several mathematical models, heuristics, optimization

and simulation techniques taking into account of macroscopic and microscopic behavioural characteristics

deal with contraflow for this transportation network, however a suitable contraflow solution is still lacking

due to very high computational costs.

The maximum dynamic contraflow problem has been introduced in [20] and solved with polynomial time

algorithm for two terminal general network. The maximum dynamic contraflow problem on multi-terminal

network is NP-complete, [20]. Authors in [3, 17, 16] presented the earliest arrival, quickest transshipment

and lex-maximum dynamic contraflow problems in both discrete and continuous time settings. The earliest

arrival contraflow on series-parallel network can be solved in strongly polynomial time but the procedures

on general networks is pseudo-polynomial. The quickest transshipment contraflow problem has been solved

in polynomial time. For the given priority ordering, the lex-maximum dynamic contraflow problem is solved

in polynomial time for multi-terminal network. For the fixed supplies and demands, the earliest arrival

transshipment contraflow has been introduced in [18, 16] in discrete and continuous times. They solved the

problems in multi-source and single-sink network as well as single-source and multi-sink network. In both

cases, their algorithms have polynomial time complexity. Moreover, they presented approximation algorithms

to compute the approximate earliest arrival transshipment contraflow for multi-terminal networks, [18, 19].

Moreover, authors in [19] introduced the abstract contraflow approach with path reversal capability. They

presented a polynomial time algorithm to solve the abstract maximum dynamic contraflow in continuous

time setting. Authors in [15] investigated quickest contraflow problems with constant and load dependent

transit times. Various network flow models have been extended to the partial contraflow models in [14].

They have also presented solution procedures for different partial contraflow problems. For more details, we

refer to [2].

The lane based contraflow and crossing elimination strategies at intersections is solved by the authors

[22]. As introduced in [23], a network optimization model is to integrate these problems. The study

[21], formulates the bi-level lane-based network optimization and simulation model, where the upper level

optimizes the network evacuation performance subject to the contraflow and crossing-elimination constraints,

and the lower level simulates dynamic evacuation flows. The multi-model integrated contraflow contains

non-contraflow to shorten the strategy setup time, full-lane contraflow to minimize the evacuation network

capacity and bus contraflow to realize the transit cycle operation. A more realistic contraflow problem with

evacuation priorities and the setup time has been considered, (see in [2]).

The notations and prior works in network flows are presented in Section 2. The abstract flow and

abstract contraflow models with their solution algorithms have been discussed in Section 3. The earliest

arrival abstract contraflow model on multi-terminal abstract network has been introduced in Section 4. Also,

the 2- value approximation algorithm for the problem is proposed . Section 5 concludes the paper.

2. Denotations and Basic Models

2.1. Abstract Network Flows. Consider a multi-terminal evacuation network N = (E,Γ, b, τ, S,D, T )

where E and Γ represent the sets of elements and paths, respectively. Let b : E −→ Z+ be the capacity

function and τ : E −→ Z+ be the transit time function. The given non-negative time horizon T is symbolized

by T = {0, 1, · · · , T} in discrete time setting, whereas it is denoted by T = {[0, 1), · · · , [T, T + 1)} in

continuous time setting. For every path γ ∈ Γ there is a linear order <γ of elements and the set of such

paths Γ satisfies the switching property in abstract network setting. A switching property requires that

for each γ1, γ2 ∈ Γ and e ∈ γ1 ∩ γ2, there exist paths γ1 ×e γ2 ⊆ {a ∈ γ1 : a !γ1 e} ∪ {a ∈ γ2 : a "γ2

e} and γ2 ×e γ1 ⊆ {a ∈ γ2 : a !γ2 e} ∪ {a ∈ γ1 : a "γ1 e}. The before and after parts from e of the path

γ excluding e are denoted by (γ, e) = {p ∈ γ : p <γ e} and (e, γ) = {p ∈ γ : p >γ e}, respectively. Let
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f : Γ −→ R+ be the flow function. The generalized weighted maximum abstract flow problem formulated

in [7] optimizes the value of Equation 2.1 satisfying Constraints 2.2 and 2.3.

max
∑

γ∈Γ

ω(γ)f(γ)(2.1)

∑

γ∈Γ:e∈γ

f(γ) ≤ be, ∀ e ∈ E(2.2)

f(γ) ≥ 0, ∀ γ ∈ Γ(2.3)

The weight function ω : Γ −→ R+ generalize the maximum abstract flow problem by specifying

the reward per unit of flow sent along each path. The choice of the weighted function ω is restricted to

supermodular functions, i.e., ω(γ1×eγ2)+ω(γ2×eγ1) ≥ ω(γ1)+ω(γ2) for every γ1, γ2 ∈ Γ and e ∈ γ1∩γ2, as

the general problem is NP-hard. The generalized minimum weight abstract cut is the dual of the generalized

maximum weighted abstract flow problem, [7], which can be formulated as:

min
∑

e∈E

bey(e)(2.4)

∑

e∈γ

y(e) ≥ ω(γ), ∀ γ ∈ Γ,(2.5)

y(e) ≥ 0, ∀ e ∈ E(2.6)

where a value y(e) is assigned to every element e ∈ E covering every path according to its weight.

The consideration of time factor transforms the abstract flow model into dynamic abstract flow model.

The dynamic abstract flow problems can be transformed into static network by constructing the corre-

sponding time expended networks. The time expanded network can violate the switching property. So,

Kappmeier et al. [10] introduced the holdover of flow at intermediate nodes to construct an abstract time

expanded network. Suppose σ : Γ → {1, 2, · · · , T} be waiting times for every elements of Γ. Then the flow

enters to e ∈ γ at time
∑

q∈γ
→e

(σq + τq) + τe as it travelling along γ waits σq time units before passing

through e. The set γσ = {eκ ∈ ET |e ∈ γ,
∑

q∈γ
→e

(σq + τq) + τe = κ} represents temporal paths with

intermediate waiting and satisfy qκ <γσ eκ
′

if and only if q <γ e. Such paths arrived within T is denoted

by Γσ
T
= {γσ|γ ∈ Γ,σ ∈ {1, 2, · · · , T}Γ,

∑

e∈γ{σe + τe} ≤ T}. The set (ET ,Γ
σ
T
) represents the abstract time

expanded network of (E,Γ).

Suppose fdyn : Γσ
T → R+ be the dynamic abstract flow. The feasible dynamic abstract flow satisfies the

capacity of every element at every point of time. The maximum dynamic abstract flow problem maximizes

the total flow value respecting the given restrictions, [10].

max
∑

γt∈Γσ
T

fdyn(γt)(2.7)

∑

γt∈Γσ
T
:(e,θ)∈γt

fdyn(γt) ≤ be, ∀ e ∈ E, θ ∈ T(2.8)

fdyn(γt) ≥ 0, ∀ γt ∈ Γσ
T(2.9)

The dynamic cut is Cdyn = {(e, θ) ∈ ET : α(e) ≤ θ < α(e) + ỹ(e)}, where ỹ is static weighted abstract dual

integral optimal solution with weight ω(γ) and α(e) := minγ∈Γ
∑

γ∈(Γ,e)(τ(γ) + ỹ(γ)).

Suppose γ1 , γ2 ∈ Γ are two paths with a common element e ∈ γ1 ∩γ2 . The abstract network is terminal

respecting, if all paths γ ∈ γ1→e
∪γ2e→

satisfy first(γ) = first (γ1) and last (γ) = last(γ2). Let d
+ : E → Q+

be supplies for source elements and let d− : E → Q+ be demands for sink elements. An abstract flow satisfies

given supplies and demands if
∑

γ∈Γ:e=first(γ) fγ = d+e and
∑

γ∈Γ:e= last(γ) fγ = d−e holds for source and

sink elements, respectively. It is possible that an element is a source and a sink both.

Let f be an abstract flow in (ET ,Γ
σ
T ). For any t ∈ {1, 2, · · · , T}, consider the set of temporal paths

Γσ
t = {γ ∈ Γ|

∑

e∈γ{σe + τe} ≤ t}. Define the flow with value |fdyn|t =
∑

γ∈Γt fγ that arrives until time t.

An earliest arrival abstract flow problem is to find a maximum flow such that it holds |fdyn|t ≥ |f t
dyn| for

all t, where |f t
dyn| is the value of a maximum dynamic abstract flow with time horizon t.
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2.2. Contraflow Reconfiguration. The core concept behind the contraflow technique is to improve the

outbound capacity by adopting the path reversals toward the sinks keeping the same travel time in the

network. As a result the flow value is increased and egress time is degreased. Let Γ = {−→γ ,←−γ } be the set of

all paths in contraflow abstract network N with capacities b(−→γ ) = min{be : e ∈ −→γ } and b(←−γ ) = min{be : e ∈
←−γ }. We define the undirected auxiliary network Ñ by adding the capacities on the corresponding two-way

paths and keeping the transit time (if any) fixed. The set of elements and paths are denoted by Ẽ and Γ̃,

where ẽ ∈ Ẽ and γ̃ ∈ Γ̃. Then the capacity function is defined as b(γ̃) = min{bẽ : ẽ ∈ γ̃} while the travel

times (if any) on paths remains the same. The auxiliary network resulting from path reversal holds order of

elements for each γ̃ ∈ Γ̃ and Γ̃ satisfies the switching property. Thus, the auxiliary network of the abstract

evacuation network is also an abstract network.

3. Abstract Contraflow Problems

In this section, we discuss abstract flow, contraflow and abstract contraflow problems with their solution

status from different literatures. The contraflow approach makes use of path reversals in abstract network

at time zero without any switching costs.

Example 3.1. Let E = {s, a, b, z} and Γ = {−→γ1,−→γ2,−→γ3,−→γ4,←−γ1,←−γ2,←−γ3,←−γ4} with −→γ1 = {s, a, z}; −→γ2 = {s, a, b, z};
−→γ3 = {s, b, z};−→γ4 = {s, b, a, z}; ←−γ1 = {z, a, s}; ←−γ2 = {z, b, a, d};←−γ3 = {z, b, s} and ←−γ4 = {z, a, b, s} and

capacities 4, 2, 2, 2, 3, 3, 4 and 2, respectively. We forget the direction of paths and reformulate it by adding

the capacities of paths between the terminals. Set of paths in abstract auxiliary network is Γ̃ = {γ̃1, γ̃2, γ̃3, γ̃4}

(cf. Figure 1). After contraflow reconfiguration, the path set becomes ΓR = {−→γ1,−→γ2,−→γ3,−→γ4} with improved

capacities 7, 2, 6 and 3 for −→γ1,−→γ2,−→γ3, and −→γ4 , respectively. Set of paths in abstract auxiliary network is

Γ̃ = {γ̃1, γ̃2, γ̃3, γ̃4, γ̃5, γ̃6} (cf. Figure 1).
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Figure 1. Abstract evacuation, auxiliary and reconfigured networks, respectively.

The maximum abstract flow problem is introduced in [7] and an efficient algorithm for the problem

has been presented in [13]. Based on the same algorithm, the maximum abstract contraflow algorithm

has been developed in [19] for the path reversal maximum abstract contraflow. The maximum abstract

contraflow doubles the flow value after contraflow reconfiguration if every element in a minimum abstract

cut has symmetric capacity, [19]. Kappmeier et al. [10] extended the abstract flow problem into maximum

dynamic abstract flow problem and provided efficient solution procedure to solve the problem. To provide the

solution procedure for the problem they have transformed the dynamic network into static by constructing

time expanded network. For each interval, a copy of the element set Ẽ, the element set ẼT := Ẽ × T will

be constructed. The time expanded network is constructed by ẼT = {(ẽ, θ)|ẽ ∈ Ẽ, θ ∈ {1, 2, · · · , T}}. The

time expanded network of the dynamic abstract network is shown in Figure 2 where the numbers on the

network represent transit time of the elements.

The abstract path system is allowed to be asymmetric with respect to the path capacities but the

transit times are symmetric. In auxiliary network only capacities of the paths change but the transit times

remain the same. As the abstract cut Cdyn contains an element of every temporally repeated paths, the

capacity constraints are satisfied at each point of time. Thus for a subset Cdyn ⊆ ET , the set γt ∩ Cdyn is
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nonempty to each γt ∈ ΓT , [10]. This implies that
∑

γt∈ΓT
fdyn(γt) ≤

∑

(e, θ)∈Cdyn
be. The number of paths

created by applying the time expansion is linear in T and thus exponential in the size of input.

Example 3.2. The time expanded network of an auxiliary network can destroy the switching property. Let

(Ẽ, Γ̃) be an auxiliary network with Γ̃ = {γ1, γ2, γ3, γ4} and Ẽ = {s, a, b, z}, where γ1 = (s; a; b; z), γ2 =

(s; b; a; z), γ3 = (s; a; z), γ4 = (s; b; z) together with their reversals. The set Γ̃ satisfies the

switching and order properties. For T = 4, we have ΓT = {γ1
0 , γ

1
2 , γ

2
0 , γ

2
1 , γ

3
0 , γ

3
1 , γ

3
2 , γ

4
0 , γ

4
1 , γ

4
2} with γ1

0 =

{(s, 0), (a, 1, ), (b, 2), (z, 3)} and γ2
1 = {(s, 1), (b, 2), (a, 3), (z, 4)}. But time expansion of given network does

not contain γ1
0 ×(b,2) γ

2
1 (cf. Figure 2).

Internal waiting should be allowed to construct abstract time expanded network. According to [10], the

waiting has no influence on the optimality and the temporally repeated optimal solutions can be obtained

even if waiting is allowed internally on time expanded network. Based on this idea, an efficient algorithm for

the maximum dynamic abstract contraflow problem has been developed in [4]. The existence lexicographi-

cally maximum abstract flow and a polynomial time algorithm for the problem is given by Kappmeier [9].

In his model, the order of terminals has to fulfill compatible property if more than one terminal node is

contained in a path. The existence of earliest arrival abstract flow described by Kappmeier [9] generalizes

the earliest arrival flow and maximizes the dynamic abstract flow at each possible time point. For the

lexicographically maximum abstract contraflow and earliest arrival abstract contraflow problems with their

algorithms, we refer to [4].

.

.

.

.s

a

...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
..

..

..

..

..

..

..

..

...
...
...
..

..........
....
...
...
...
..

z

b

.............................................................................................................................................................................

.........................

......................... ...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
..

..

..

..

..

..

..

..

..

...
...
...

..........
....
...
...
...
..

.............................................................................................................................................................................

.........................

.........................

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...
..
..
..
..
..
..
..
..
..
..
........................................................................................................................................................................................................

........................

.........................

1 1

1 1

1 1

. . . . .

. . . . .

. . . . .

. . . . .

z0 z1 z2 z3 z4

b0 b1 b2 b3 b4

a0 a1 a2 a3 a4

s0 s1 s2 s3 s4
.........................................................................................................................................................................

.........................

.........................

.........................................................................................................................................................................

.........................

.........................

.........................................................................................................................................................................

.........................

.........................

.........................................................................................................................................................................

.........................

.........................

.........................................................................................................................................................................

.........................

.........................

.........................................................................................................................................................................

.........................

.........................

..............................................................................................................

...
...
.....
..............

.........................

time

............

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

..

...........................

...........................

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

.

.......
...
...
...
...
..
..
..
..
............

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

..

...........................

...........................

............

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

.

...........................

...........................

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

..

..

..

..

.

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

.

.......
...
...
...
...
..
..
..
..
............

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

..

...........................

...........................

Figure 2. Dynamic abstract network and time expanded network, respectively.

4. Abstract Earliest Arrival Transshipment Contraflow

We study abstract earliest arrival contraflow problem on multi-terminal network. Clearly, the abstract

earliest arrival contraflow cannot be obtained for multiple sinks. But the flow value can be approximated

by adding supplies and demands for source and sink elements, respectively. Based on the results of [9, 17]

on contraflow and abstract flow, we introduce abstract earliest arrival contraflow Problem 4.1 and propose

an approximation Algorithm 4.3 to solve it. Recall that, the abstract contraflow transshipment having the

earliest arrival property do not exist.

Problem 4.1. Let N = (G, b, τ, S,D, T ) be an abstract network, where G = (E,Γ). The multi-terminal

abstract earliest arrival contraflow problem is to find an abstract earliest arrival flow with path reversals

capability that satisfies the supplies and demands at terminals.
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Example 4.1. Consider an abstract network with elements E = {s, a, b, c, z1, z2} and paths Γ = {−→γ1 ,
−→γ2 ,
←−γ1 ,
←−γ2},

−→γ1 = {s, a, c, z1}, −→γ2 = {s, a, b, z2}, ←−γ1 = {z1, c, a, s} and ←−γ2 = {z2, b, a, s}. Suppose d+s = 12, d−z1 = 4, d−z2 =

8, da = 0, db = 0, and dc = 0 be the balance vectors. Construct auxiliary network with Γ̃ = {γ̃1 , γ̃2},

γ̃1 = {s̃, ã, c̃, z̃1} and γ̃2 = {s̃, ã, b̃, z̃2} which is shown in Figure 3.

Besides the given feasible transshipment at time 5 there is a feasible transshipment which sends 4 units

of flow on path γ̃1 at time 4, 4 units of flow on path γ̃2 at time 5 and another 4 units of flow on path γ̃2

at time 6. Here, 4 units of flow arrive at time 4 because γ̃1 has 3 transit time, another 4 units arrive at

time 5 through path γ̃2 and next 4 units arrive at time 6 through path γ̃2 . This solution sends 4 units of

flows earlier, but needs more time to send the last 4 units of flows. Hence, no earliest arrival transshipment

contraflow exists in the abstract network and the new solution is a 2-value-approximate flow.
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Figure 3. Multi-terminal abstract evacuation network and network after

contraflow reconfiguration, respectively.

The proposed algorithm works on extended path system having two restrictions such that every sub-

paths should preserve orders and no flow can exceed the demands and supplies, [9], as constructed below.

Let (ET ,Γ
σ
T ) be the abstract time expanded network for some time horizon T . We introduce additional

super source elements s∗, super sink elements z∗ and counting elements zc. The time-expanded ground set

is defined as: E∗

T = ET ∪ {s∗e : s ∈ S} ∪ {z∗e : z ∈ D} ∪ {eθc : e ∈ D, θ ∈ {1, 2, · · · , T}}. We extend each

original temporal path γσ = (e1, e2, · · · , en) ∈ Γσ
T by the corresponding super terminals and a counting

element. Let s = e1 = first(γ) and zθ = en = last(γ) be the first and last element of γσ , respectively. The

extended path γ∗σ = (s∗, e1, e2, · · · , en, zθc , z
∗) contains three more elements, the super source as new first

element, the super sink as last element and the counting element left of the super sink. The set of extended

paths Γ∗σ
T

consists of all extended paths γ∗σ with internal waiting at intermediate elements.

Example 4.2. Figure 4 is the extended time expanded network derived from the Figure 2.

The primal dual pair (f, y) satisfies
∑

eγ ye = ωγ − λ for each γ ∈ Γ and ye(be −
∑

eγ fe) = 0 for each

e ∈ E, where λ ∈ Q is a given variable. These are the relaxed optimality conditions for weighted abstract

flow and weighted abstract cut, where λ specifies deviated solutions from the optimum solution. The set of

restricted elements is denoted by R = {e ∈ E : ye > 0} ⊆ E. A solution of the restricted abstract maximum

flow problem is a maximum flow f under the condition that the flow through restricted elements remains

unchanged. The LP formulation of restricted maximum abstract flow and restricted minimum abstract cut

problems presented by Kappmeier [9] are the following.

max
∑

γ∈Γ

f(γ)(4.1)

∑

γ∈Γ:e∈γ

f(γ) ≤ be, ∀ e ∈ E(4.2)

∑

γ∈Γ:e∈γ

f(γ) = be, ∀ e ∈ R(4.3)

f(γ) ≥ 0, ∀ γ ∈ Γ(4.4)
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Figure 4. Extended time expanded network.

min
∑

e∈E

lebe(4.5)

∑

e∈γ

le ≥ ω(γ), ∀ γ ∈ Γ(4.6)

le ≥ 0, ∀ e ∈ E\R, where le is the length of e(4.7)

Let f i be an abstract dynamic flow in the abstract time expanded network with extended paths

(A∗
T ,Γ

∗
σ

T ) for a time horizon i. All paths use a counting element zθc for some θ ∈ {1, 2, · · · , i}. Let

v(zθc ) =
∑

γ:zθc∈γ fγ be the value of flow through the counting element. Define a new abstract time expanded

network by specifying new capacities b′e, where b′e = be for all elements e that are not counting elements.

The capacity of counting elements is restricted to the flow value through them, i. e., we set b′zθc
= v(zθc ) for

all counting elements zθc in the time-expanded network. All paths use exactly one of the counting elements

and they are all saturated. Thus, flow f i remains feasible in the abstract time expanded network with the

new capacities b′e. Define a feasible dual solution by setting

ye =

{

b′e, e is a counting element

0, otherwise
for all e ∈ E.

The flow f and dual values y are feasible in the larger abstract time expanded network (E∗
i+1,Γ

∗σ
i+1) for

a time horizon increased by 1. The algorithm by Martens and McCormick [12] has been applied to augment

flow without removing flow on the counting elements in the process of finding restricted maximum abstract

flow. In the classical setting, the Triple - Optimization - Theorem, [8] states that an earliest arrival flow is

equal to a minimum cost flow where the costs equal the transit times. The same idea has been applied in

abstract flow model and defined rewards such that they reflect the arrival time. A path that arrives earlier

has the higher reward. Paths arriving in the first time step, i. e., paths with zero travel time, have a reward

of T . The reward decreases linearly with the arrival time and paths arriving at time T have a reward of 1.

Let γ∗σ be a path in the abstract time expanded network for time horizon T , θ be the arrival time of γ∗σ.

Then the reward is defined as w(γ∗σ) = T − θ + 1 which is supermodular.

Algorithm 4.3. Approximate Abstract Earliest Arrival Contraflow Algorithm

(1) Given an abstract network N = (G, b, τ, T, S,D) with demands d− and supplies d+.

(2) Construct abstract auxiliary network, Ñ = (G̃, b̃e, T, S̃, D̃) with new capacity and transit time func-

tions b̃(γ̃) = b(−→γ ) + b(←−γ ) and τ̃(γ̃) =
∑

ẽ∈γ̃ τ̃(ẽ).
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(3) Solve the problem in the auxiliary network using the greedy abstract value-approximate earliest

arrival flow algorithm, [9] as follows:

(a) Set i = 1 and compute an abstract flow f̃1 in (Ẽ∗
1 , Γ̃

∗σ
1 ). Define λ = 1.

(b) Let (Ẽ
∗

i+1, Γ̃
∗σ

i+1) be the abstract time expanded network with extended paths for time horizon

i + 1. Define path weights ω(γ̃∗σ) = T − θ + 1. The updated capacities and dual values are

given by

b′ẽ =

{

v(zθc ), if ẽ = v(zθc ) is a counting element

bẽ, otherwise
for all ẽ ∈ Ẽ∗

i+1,

yẽ =

{

ω(γ̃∗σ)− λ, if ẽ is a counting element on path γ̃∗σ ∈ (Ẽ∗
i+1, Γ̃

∗σ

i+1)

0, otherwise
for all ẽ ∈ Ẽ∗

i+1

.

(c) Compute an abstract flow f̃ i+1 in (Ẽ
∗

i+1, Γ̃
∗σ

i+1) applying the restricted abstract maximum flow

minimum cut algorithm by Martens and McCormick [12].

(d) If f̃ i+1 satisfies all balances, return flow value xi+1. Else, set i = i+ 1 and continue with 3b.

(4) A path ←−γ ∈ Γ is reversed if and only if the flow along −→γ ∈ Γ is greater than b(−→γ ) or there is a

non negative flow along path −→γ /∈ Γ.

Theorem 4.4. An approximate optimal solution for Problem 4.1 can be obtained by Algorithm 4.3.

Proof. The Steps 2 and 3 are feasible by definition. Step 4 is well defined; i.e. not both paths −→γ and ←−γ

have to be switched at a time. This is ensured by the solution of the abstract flow in auxiliary network, [9].

Switching property cancels cycle flows [19], so that there is flow along −→γ or ←−γ but not in both directions at

the same time. Hence, the resulting flow from Step 4 is a feasible flow with path reversals in given evacuation

network N = (G, b, τ, T, S,D).

Let Ñ∗

T = (Ẽ
∗

T , Γ̃
∗σ

T ) be the corresponding extended abstract time expanded network of Ñ = (G̃, b̃e, T, S̃, D̃)

with intermediate waiting, [10], where T be a significantly large time horizon. Step 3 provides the 2-value-

approximate abstract earliest arrival flow in the extended abstract time expanded network of auxiliary

abstract network which is an optimal flow for auxiliary network, [9]. The path capacity is increased by

adding the capacity of both directions between the terminals and either direction of path is allowed with

modified network. A 2-value approximate earliest arrival flow with path reversal in N = (G, b, τ, T, S,D) is

also a feasible solution to the earliest arrival flow problem in the auxiliary network Ñ = (G̃, b̃e, T, S̃, D̃). As

the amount of flow sent from S to D in Step 3 is not changed in Step 4, the resulting flow is the 2-value

approximate solution for Problem 4.1. #

5. Conclusion

In this paper, we discuss abstract flow, contraflow and abstract contraflow models from various papers.

Integrating abstract earliest arrival flow and contraflow, we introduced abstract earliest arrival contraflow

approach with discrete time settings on multi-terminal abstract network for the first time. A 2-value approx-

imate algorithm has been proposed for the problem assuming fixed demands and supplies on sources and

sinks, respectively. Our results increase the flow values at every possible time by reducing crossing conflicts

with arc reversals toward the safe destinations in evacuation planning.
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