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Abstract: Let X be a real reflexive Banach space and X* its dual space. Let T : X D D(T) — 2% an
operator of class Ag(S4+), where G C X is open. An invariance of domain result for 7" is established. This
result extends a similar result of Park for single-valued operators of type (S4+). The Skrypnik’s topolog-
ical degree theory is used, utilizing approximating schemes of mappings of class Ag(S+), along with the

methodology of a recent invariance of domain result by Kartsatos and the author.
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1. INTRODUCTION—PRELIMINARIES

Let X be a real reflexive Banach space with X* its dual space. The norms of X, X*
will be denoted by || - || and will be understood from the context in which the symbol is used.
We denote by (x*, ) the value of the functional 2* € X* at € X. The symbols 0D, D
denote the strong boundary and closure of the set D, respectively. The symbol B(zq, 1)

denotes the open ball of radius r with center at xzg.

If {z,,} is a sequence in X, we denote its strong convergence to z¢y in X by x,, — x¢ and
its weak convergence to xg in X by x, — z¢. An operator 7' : X D D(T) — Y is said to
be “bounded” if it maps bounded subsets of the domain D(T") onto bounded subsets of Y.
The operator T is said to be “compact” if it maps bounded subsets of D(T") onto relatively
compact subsets in Y. It is said to be “demicontinuous” if it is strong-weak continuous on
D(T). The symbols R and Ry denote (—00,00) and [0, 00), respectively. The normalized
duality mapping J : X D D(J) — 2% is defined by

Jo={z" € X*: (z*,2) = |z, "] = |lz]}}, = € X.

The Hahn-Banach theorem ensures that D(J) = X, and therefore J : X — 2X" is a multi-
valued mapping defined on the whole space X. By a well-known renorming theorem due to
Trojanski [15], one can always renorm the reflexive Banach space X with an equivalent norm

with respect to which both X and X* become locally uniformly convex (therefore strictly
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convex). Henceforth, we assume that X is a locally uniformly convex reflexive Banach space.
With this setting, the normalized duality mapping J is single-valued homeomorphism from
X onto X*.

For a multivalued operator T from X to X*, we write T : X D D(T) — 2%X", where
D(T)={x € X : Tz # 0} is the effective domain of 7. We denote by Gr(T') the graph of
T, ie., Gr(T) ={(z,y) : x€ D(T), y € Tx}.

An operator T : X D D(T) — 2% is said to be “monotone” if for every z, y € D(T)

and every u € Tz, v € Ty we have
(u—wv,x—y) >0.

A monotone operator 7' is said to be “maximal monotone” if Gr(T) is maximal in
X x X*, when X x X* is partially ordered by the set inclusion. In our setting, a monotone
operator 1" is maximal if and only if R(T"+ A\J) = X* for all A € (0, c0).

Definition 1.1. An operator C': X D D(C) — X* is said to be of type (S4) if for every
sequence {x,} C D(C) with z,, = xo in X and
lim sup(C'zy,, x,, — z9) < 0,

n—oo

we have z,, = o € D(C) in X.

Definition 1.2. The family C(t) : X D D — X*,t € [0,1], of operators is said to be a
“homotopy of type (S4)” if for any sequences {z,} C D with z,, = 2o in X and {¢,} C [0, 1]
with ¢, — tg and

lim sup(C'(ty,)Tn, Tn, — x0) < 0,

n—o0

we have z,, = o in X, 29 € D and C(t,)x, — C(tg)xo in X*. A homotopy of type (S;)
is “bounded” if the set
{C(t)x |t €]0,1], z € D}

is bounded.

We now define the class Ag(S4) of multivalued operators, where is introduced by
Kittila in [8].

Definition 1.3. Let G be an open subset of X. An operator T': X D D(T) — 2% is
of class Ag (S5 ) if there exists a sequence (T},) (called an approximating sequence of T') of

bounded demicontinuous mappings of type (S ) from G to X* with the following properties.

(A1) For each C > 0 there exists K > 0 such that (T,,(z),z) > —K forallu € G, ||z|| < C
and for all n € N.

(A2) Let {t,} C [0,1], (uy) C G and let {T},,} be any subsequence of {T,,}. If t,, — 0,
xn, — x in X and t,T),, (z,) — z in X*, then z = 0.

(A3) Let {x,} C G and {T},, } be any subsequence of {T},}. If z,, — zin X, T}, (x,) — w
in X* and

lim sup(Ty,, n), Tn) < (w, z),
n—oo

then z,, » z in X, x € D(T) and w € T'(x).
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The main purpose of this paper is to give an invariance of domain result for operators
of class Ag(S4+). These operators are generalizations of operators of type (S;) and have
an approximating scheme in terms of bounded demicontinuous (S )-operators as given in
Definition 1.3, and therefore this paper generalizes results of Park in [10]. A multivalued
degree for operators in Ag(S4) is developed by Kittila in [8] via the Skyrpnik’s degrees
(cf. [14]). The methodologies of [8] and recent papers of the author and Kartsatos [1] and
Kartsatos and Skrypnik [7] along with properties of the Skrypnik’s degree in [14] have been

utilized.

Invariance of domain results date as far back as Brouwer [3] for continuous injection
in R™. Schauder [13] extended the Brouwer’s invariance of domain result to infinite dimen-
sional Banach spaces for compact displacements of the identity, i.e. for operators of the
form I+ C with C' compact. Tromba [16] extended the Schauder’s result to Fredholm maps
of index zero. For other results on invariance of domain under continuity or demicontinuity
assumptions on the main operators, the reader is referred to Berkovits [2], Deimling [4],
Kartsatos [5], Nagumo [9], Petryshyn [11, 12] (for A-proper mappings), Skrypnik [14, p.59]
and the references therein. For the existence of pathwise connected set in the ranges of

certain operators, the reader is referred to [6] and the references therein.

2. INVARIANCE OF DOMAIN RESULT FOR OPERATORS OF CLASS Ag(S4)

In this section, we first prove a result that has to do with placing a pathwise connected
set in the range of the operators of class Ag(S+). As a consequence of this result, we then
obtain an invariance of domain result for operators in class Ag(S4). It is well-known (cf.
Kittila [8, p.13]) that a densely defined maximal monotone operator A : X D D(T) — 2%
0 € D(A), 0 € A(0) satisfies A+ T is in Ag(Sy) whenever T € Ag(S+). In particular,
T+Je Ag(Sy).

Proposition 2.1. Let 7 : X D D(T) — 2% be of class Ag(S,) with an approximating
sequence T,,, where G C X is open and bounded. Assume that T + eJ(- — z¢) is injective
on G for each € > 0 and for every zg € D(T). Moreover, assume that for each zo € D(T)
and for each r > 0, there exists a bounded ¢ : Rt — R™ such that (T}, zo) < ¢(||z]) for
all z € GNAB(0,r) and for all large n. For a pathwise connected set M C X*, assume that
T(D(T)NG)NM # 0 and T(D(T)NOG)NM = 0. Then M C T(D(T)NG).

Proof: Let yo € T(D(T) N G) N M. Then there exists z9 € D(T) N G such that
yo € T'(zo). Let p € M. Take f : [0,1] — M be a path in M such that f(0) = yo and
f(1) = p. We now claim that there exist ng € N such that

(2.1) Tmﬂ—%J(x—xo) = f(t)

has no solution = € 9G for any t € [0, 1] and for all n > ny. Assuming on the contrary and
without loosing the generality, let {z,} C 9G with z,, — z and {¢,} C [0,1] with ¢, — to
be such that

Tty + %J(wn —x0) = f(tn).
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This implies that Tz, — f(tg). Since x,, — x, we have

lim sup(Tn, ) < (f(to), @),

n—oo
and then by the condition (A3) of Definition 1.1, we have z,, — z, z € D(T') and f(ty) € Tz.
Since f(tg) € M and z € D(T) N dG, we have a contradiction to T'(D(T) N dG) N M = .

We now consider the following homotopy equation:
1
(2.2) Hy(z,t) =Thx + EJ(ac —x9) — f(t) =0.

We have already established that this equation has no solution on G for sufficiently large
n and for any ¢ € [0,1], and therefore this is an admissible homotopy of type (S4).

We next consider the homotopy equation
1
(2.3) Gn(z,t) = (1 —1) <Tnm + EJ(.% —xp) — yo) +tJ(x —x9) = 0.

We show that (2.3) has no solution on 0G for any t € [0, 1] and for all n > ng. If not, let
{z,} C 0B(xp,r) with z,, — = and {¢,} C [0,1] with ¢, — o such that

2.4 (1) (o 4 2 = 20) = 0) + T = 0) = .

Since (2.1) has no solution on dG for any n > ng and ¢ € [0,1], we have that ¢, = 0 is
impossible for all large n. Since J is injective, ¢, = 1 is also imposssible. Suppose to = 1.

The equation (2.4) implies
(2.5) (1 — tp ) {(Thxn, xn — x0) + apl|zn — 330||2 — (1 = tn)(yo, zn — o)) =0,

where
1-1,

an, = +t,.

We may assume that x,, — = and let C' > 0 be such that ||z,| < C for all n. By the
condition (Ajp), there exists a K > 0 such that (T,,z,,x,) > —K for all n. Also, by the
hypothesis, there exists a bounded function ¢ : Ry — Ry such that (T, z,, z0) < o(||an||)

for all n. Then from (2.4), we have

(2.6) — (1 =t)K — (1 = tn)d(l|lznl) + anllzn — xOHQ — (1= tn) (Yo, n — w0) < 0.
Since t,, — 1, a, — 1 and ¢ is bounded, letting n — oo in (2.6), we obtain z,, — xg € 0G,
which is a contradiction.

128
Next, we assume that ¢ty € [0,1). If ¢y = 0, define a,, = T Then «,, | 0 and

1
Tnxn + <E + Oén> J(l‘n — l‘o) = 0.

This equation is like (2.1) for which we have already established the impossibility of solutions
on G with f(t) = yo. For the remaining case, ty € (0,1), we define
1 tn

o

to

> 0. Then the equation becomes

(2.7) Tnl“n + 5nJ(xn — xo) = Yo-
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If

lim sup(T,,xy,, z, — ) > 0,
n—oo

then, by passing to a subsequence, let

q = lim (T,xy, z, — ) > 0.

n—o0

In view of (2.7), this yields

lim sup (B, J (zn — 20), (Tn — 20) — (* — 20)) = —¢ < 0.

n—oo

Since B, — Bp > 0 and J is of type (S), we obtain =, — x € 0G. From this and (2.7),
we get Tp,xp, — w = —foJ(x — x¢) + yo. By the condition (As), we obtain x € D(T) and
w e T(x),ie yo € T(x)+ PoJ(x — xp). This leads to a contradiction to the injectivity of
T + eJ(- — zp) because x # xg.

Thus, Hy(z,t) and Gp(z,t) are admissible homotopies for the Skrypnik’s degree, d(g, ),
for the mappings of type (S4). By the invariance of the degree under these homotopies, we

obtain
ds,)(To + %J(- Cw0) = p.GL0) = ds,)(Ha(~1),G.0)
= d(s,)(Hn(+0),G,0)
= ds,)(Gn(-1),G,0)
= d(s,)(Gn(-,0),G,0)
= dis,)(J(-—20),G,0) =1

Here, the last equality follows by considering the (S5 )-homotopy
Q(z,t) =1 —t)J(x — o) +tJx
with a continuous curve y(t) = tJxg so that
dis)(J(- = 0),G,0) = ds,)(Q(,0),G,0)

= d(S+)(Q('71)’G7JxO)
= d(g+)(J,G,J1'0):1.

Therefore, for every n, there is x,, € G such that
Hy,(x,,1) =0,
i.e.
1
Thxy, + Ej(xn - CL‘()) =D,

which implies T}z, — p. By the condition (A3), we deduce that z, — = € G, x € D(T),
and p € T(x). Since T(D(T)NIdG) N M = (b, we can only have x € G. Since p was an
arbitrary point in M, we obtain M C T'(D(T) N G). O

We now apply Proposition 2.1 to obtain the following invariance of domain result.
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Theorem 2.2 (Invariance of Domain). Let T : X D D(T) — 2% be of class Ag(Sy)
with an approximating sequence T,,, where G C X is open. Assume that T + eJ(- — )
is locally injective on G for each € > 0 and for every xog € D(T). Moreover, assume that
for each xy € D(T) and for each r > 0, there exists a bounded ¢ : R™ — R such that
(Thx,x0) < ¢(||z]) for all z € GNAB(0,7) and for all large n. Then T(D(T)NG) is open.

Proof: Let yo € T(D(T) NG). Then there exists ¢ € G such that yo € T'(xp). Since
T is locally injective on G, there is 7 > 0 such that T is injective on B(zo, )N D(T), where
B(zo,7) C G. Tt is then clear that yo ¢ T(D(T) N dB(zo,r)). By Lemma 3.2 in [8], there
exits ng € N such that yo ¢ T,,(0B(xg,r)) for all n > ng, where {T},} is an approximating

sequence of T' as in the hypothesis of the theorem.

We claim that there exists 6 > 0 such that B(yo, d)NT(D(T)NOB(zo,7)) = (). Assume
the contrary, and let w,, € B(yo,1/n)NT(D(T)NOB(xg,7)). Then y, — yo and w,, € T'(x,,)
with x,, € 9B(xg, 7). Now the condition (A3) applies since x,, — z (up to subsequence) and
Yn — Yo. We then obtain z,, — = € dB(xg,r), z € D(T) and yo € T(z). This contradicts
yo & T(D(T) N OB (z0,1)).

Since B(yo, 0)NT(D(T)NOB(xo, 7)) = 0, yo € T(D(T)NB(x0,7)) and the ball B(yo, d) is
pathwise connected, we can apply Proposition 2.1 to obtain B(yp,d) C T'(D(T)NB(xg,r)).0

It would be interesting to establish analogous results via degree theory for operators of
the form A + T, where A : X D D(A) — 2X" is maximal monotone and T is in Ag(Sy).
Similar results are expected for the sum L + A + T in the spirit of results in [1], where L is
densely defined linear maximal monotone operator and 7" in class Ag(S+) with respect to
D(L).
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