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Abstract: A result has been established for a conjugate trigonometric Fourier series in which degree of approx-

imation determine in class Lip (α, θ, w) by a product (C, 1)(E, q) mean (sequence to sequence transformation).

This result is more applicable by using the product mean as it is used as double filter.

Key Words: Signal approximation; (C, 1)(E, q) mean; conjugate Fourier series; Hölder’s inequality; Minkowki’s
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1. Introduction

Let {sn} represents the partial sum sequence of series
∑
an. The (C, 1) transformed mean of

{sn} is

(1.1) C1
n =

1
n+ 1

n∑
k=0

sk , n = 0,1,2, ....

It is said to be Cesàro summable of order one (C, 1) to s if lim
n→∞

C1
n = s. Euler transformed

means of q > 0 of {sn} is

(1.2) E
q
n =

1
(1 + q)n

n∑
k=0

 nk
qn−ksk , q > 0, n = 0,1,2, ....

Let the product (C, 1)(E, q) transformed mean denoted by C1
nE

q
n and given by

(1.3) C1
nE

q
n =

1
n+ 1

n∑
k=0

E
q
k = (1 +n)−1

n∑
k=0

(1 + q)−k
k∑
v=0

 kv
qk−vsv .
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Let f is 2π-periodic function and belongs to Lθ[0, 2π] = Lθ for θ ≥ 1 (bounded, integrable).

Then,

(1.4) sn(f ;x) =
a0

2
+

n∑
l=1

(al cos lx+ bl sin lx)

and modulus of continuity of function f is

(1.5) Ωθ (δ;f ) = sup
0<|h|≤δ

{
1

2π

∫ 2π

0
|f (x+ h)− f (x)|θdx

} 1/θ

.

If, for α > 0, then condition for f ∈ Lip (α,θ) , θ ≥ 1 is

(1.6) Ωθ (δ;f ) =O (δα) .

The Lθ-norm of the function is

(1.7) ‖f ‖θ B
{

1
2π

∫ 2π

0
|f (x)|θdx

}1/θ

.

For the function f, conjugate Fourier series is

(1.8)
∞∑
l=1

(−al sin lx+ bl cos lx)

and

(1.9) s̃n(f ;x) =
n∑
l=1

(−al sin lx+ bl cos lx)

represents the partial sum. If ψ(t) = f (x+ t)− f (x − t) and conjugate f̃ is

(1.10) 2πf̃ (x) = −lim
ε→0

∫ π

ε
cot(t/2)ψ(t)dt.

If f ∈ Lipα, then condition is

(1.11) |f (x+ t)− f (x)| =O(tα).

If 0 < α ≤ 1 and θ ≥ 1, then
(∫ 2π

0 |f (x+ t)− f (x)|θdx
)1/θ

=O(tα) is condition for f ∈ Lip(α,θ).

For r ≥ 1, the Lθ−norm for f ∈ Lθ [−π,π] is

(1.12) ‖f ‖θ =
(∫ 2π

0
|f (x)|θdx

)1/θ

.

For θ ≥ 1, the condition for the function f ∈ Lθw[0,2π] = Lθw is

(1.13) ‖f ‖θ,w =
(∫ 2π

0
w(x)|f (x)|θdx

)1/θ

<∞.

If

(1.14) sup
I

(
1
|I |

∫
I
[w(x)]−1/(θ−1)dx

)θ−1 ( 1
|I |

∫
I
w(x)dx

)
<∞, θ > 1.

Then, function belongs to Aθ i.e. Muckenhoupt class, where the supremum is in |I | ≤ 2π.

Let w ∈ Aθ and f ∈ Lθw. The condition

(1.15) Ωθ (f ;δ) = sup
0<|h|≤δ

‖∆h(f )‖θ,w



82 SMITA SONKER, ALKA MUNJAL, LAKSHMI NARAYAN MISHRA

represents the modulus of continuity, where

(1.16) ∆h (f ) (x) =
1
h

∫ h

0
|f (x+ t)− f (x)|dt.

The Lip (α, θ, w) for 0 < α ≤ 1 and δ > 0 is

(1.17) Lip (α, θ, w) = {f ∈ Lθw : Ω(f ,δ)θ,w =O(δα)}.

The problem in which approximation of a signal can done solved by selecting a function

closely matches (approximates) a target function among a well-defined class. Quade [17]

solved a problem related with approximation by trigonometric polynomials. Many re-

search articles have been devoted to the study of summability of infinite series due to its

wide range of applications. After this, several mathematicians determined various results

on approximation by summability techniques of a signal which belongs to various classes

like Chandra [1-3], Khan [4, 5], Leindler [6], Mittal et al. [8] and Mishra et al. [9-16].

Recently, Sonker and Munjal [18-25] gave a number of theorems exploring summability

of the Orthogonal, Fourier series and infinite series. In the present result, summability

method has been used for sharper estimations.

2. Known Results

A result on (C, 1)(E, 1) transformed means has been established by Lal and Singh [7].

Theorem 1 [7]: A function belonging to Lip(α, r) and 2π-periodic (f : R→ R), then by the

(C, 1) (E, 1) transformed mean of conjugate Fourier series, the degree of approximation

(doa) of f̃ (x) of f satisfies,

(2.1) Mn(f ) =Min
∥∥∥(CE)1

n − f̃
∥∥∥
r

=O(n1/r−α), n = 0,1,2, ...

and (C,1)(E,1) transformed mean is

(2.2) (CE)1
n = (n+ 1)−1

n∑
k=0

2−k
k∑
i=0

 ki
Si

 .
3. Main Result

In this paper, we establish a result for a function belonging to Lip(α, θ, w) by (C, 1)(E, q)

mean with the help of conjugate trigonometric Fourier series.

Theorem 2: Let function f ∈Lip(α, θ, w)-class with θ ≥ 1, αθ ≥ 1 which is Lebesgue

integrable 2π-periodic, then degree of approximation of f̃ (x) with (C, 1)(E, q) transformed

means of conjugate Fourier series of f satisfies,

(3.1) Mn (f ) =Min
∥∥∥∥(C1

nE
q
n

)
− f̃

∥∥∥∥
θ,w

=O
(
n

1
θ−α

)
, where n= 0,1,2, ...,

provided

(3.2)

∫ π/(n+1)

0
(|ψ (t) |t−α)θ

1/θ

=O
( 1
n+ 1

)

(3.3)

∫ π/(n+1)

0

(
|ψ (t) |t−δ−α

)θ1/θ

=O(n+ 1)δ),
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where δ is an arbitrary number with 1/θ + 1/ϕ = 1 and (α + δ)ϕ + 1 < 0 for θ > 1.

4. Lemmas

In order to prove our theorem, we need the following lemmas.

Lemma 1 [7]: |Kn(t)| =O((n+ 1)t) +O(1/t) for π/(n+ 1) ≥ t ≥ 0.

Lemma 2 [7]: |Kn(t)| =O(1) +O(1/t) for π/(n+ 1) ≤ t ≤ π.

5. Proof of Main Theorem

The s̃n(f ;x) is represented by

(5.1) s̃n(f ;x) =
1
π

∫ π

0

cos(n+ 1/2)t − cos(t/2)
2sin(t/2)

ψ(t)dt.

Therefore,

(5.2) f̃ (x)− s̃n(f ;x) = − 1
2π

∫ π

0

cos(n+ 1/2)t
sin(t/2)

ψ(t)dt.

The (C, 1)(E, q) transform

f̃ −C1
nE

q
n = − 1

2π(n+ 1)

 n∑
k=0

(1 + q)−k
∫ π

0

ψ(t)
sin( t/2)

k∑
v=0

 kv
qk−vcos[ (v + 1/2)t]dt


(5.3) =

∫ π
n+1

0
+
∫ π

π
n+1

ψ (t)Kn (t)dt = I1 + I2 (say).

Using condition (3.2) and Lemma 1, we have

|I1| =
∫ π/(n+1)

0
|Kn(t)|

∣∣∣ψ(t)
∣∣∣dt ≤ limε→0

∫ π/(n+1)

ε
(|Kn(t)| tα)ϕdt

1/ϕ

∫ π/(n+1)

0


∣∣∣ψ(t)

∣∣∣
tα

θdt


1/θ

=O((n+1)−1)

limε→0

∫ π/(n+1)

ε

(
(n+ 1)tα+1 + tα−1

)ϕ
dt

1/ϕ

=O((n+1)−1)


limε→0

∫ π/(n+1)

ε
(n+ 1)t(α+1)ϕdt

1/ϕ

+

limε→0

∫ π/(n+1)

ε
t(α−1)ϕdt

1/ϕ
=O((n+1)−1)

[
(n+ 1)(n+ 1)−α−1−1/ϕ + (n+ 1)−α+1−1/ϕ

]
=O((n+1)−1)

[
(n+ 1)(n+ 1)−α−1−1+

1
θ + (n+ 1)−α+ 1

θ

]
=O

[
(n+ 1)(n+ 1)−α−2+1/θ + (n+ 1)−α−1+1/θ

]
(5.4) =O

(
(n+ 1)−α−1+1/θ

)
.

Now, we consider and using condition (3.3) and

=O((n+ 1)δ)

(∫ π

π/(n+1)
t(α+δ)ϕdt

)1/ϕ

+
(∫ π

π/(n+1)
t(α+δ−1)ϕdt

)1/ϕ
=O((n+ 1)δ)

[
(n+ 1)−α−δ−1/ϕ + (n+ 1)−α−δ+1−1/ϕ

]
=O

[
(n+ 1)−α−1/ϕ + (n+ 1)−α+1−1/ϕ

]
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=O
[
(n+ 1)−α−1+1/θ + (n+ 1)−α+1/θ

]
(5.5) =O

(
(n+ 1)−α+1/θ

)
.

Combining (5.1)-(5.5), we have

(5.6)
∣∣∣C1
nE

q
n − f̃

∣∣∣ =O
(
(n+ 1)1/θ−α

)
Hence,

(5.7)
∥∥∥C1

nE
q
n − f̃

∥∥∥
θ, w

=O
(∫ 2π

0

∣∣∣C1
nE

q
n − f̃ (x)

∣∣∣θw(x)dx
)1/θ

=O
(
(n+ 1)1/θ−α

)
This completes the proof.

Remark: The result will be for (C, 1) (E, 1) means, if the result can be found by using q=1

in (C, 1)(E, q) transformation.

6.Corollaries
Corollary 1: If the function belong to Lipα, 0 < α ≤ 1 class which is Lebesgue integrable

function f : R→ R and 2π-periodic, then the degree of approximation of f̃ (x) of conjugate

Fourier series of f by the (C, 1)(E, q) transformed means satisfies,∥∥∥(C1
nE

q
n)− f̃

∥∥∥∞ =O
( 1
nα

)
, n = 0,1,2, ...

Proof. For proof we take w(x)=1 and θ → ∞ in the main theorem which reduces to the

corollary 1.

Acknowledgment

This work has been financially supported by Science and Engineering Research Board

(SERB) through Project No.: EEQ/2018/000393. The authors offer their true thanks to the

Science and Engineering Research Board for giving financial support.

References

[1] P. Chandra, Trigonometric approximation of functions in Lp-norm, J. Math. Anal. and Math. Appl., vol.

275, pp. 13-26, 2002.

[2] P. Chandra, On the degree of approximation of a class of functions by means of Fourier series, Acta

Mathematica Hungarica, vol. 52, no. 3-4, pp. 199–205, 1988.

[3] P. Chandra, A note on the degree of approximation of continuous functions, Acta Mathematica Hungarica,

vol. 62, no. 1-2, pp. 21–23, 1993.

[4] H. H. Khan, On the degree of approximation of a functions belonging to the class Lip(α, p), Indian Journal

of Pure and Applied Mathematics, vol. 5, pp. 132–136, 1974.

[5] H. H. Khan, Approximation of classes of functions [Ph.D. thesis], AMU, Aligarh, India, 1974.

[6] L. Leindler, Trigonometric approximation of functions in Lp norm, Mathematical Analysis and Application,

vol. 302, no. 1, pp. 129-136, 2005.

[7] S. Lal, P. N. Singh, Degree of approximation of conjugate of Lip (α, p) function by (C, 1)(E, 1) means of

conjugate series of a Fourier series, Tamkang J. Math., vol. 33, no. 3, pp. 269-274, 2002.

[8] M. L. Mittal, B. E. Rhoades, S. Sonker, U. Singh, Approximation of signals of class Lip (α, p) by linear

operator, Applied Mathematics and Computation, vol. 217, no. 9, pp. 4483-4489, 2011.



APPROXIMATION OF A FUNCTION BELONGING TO LIP (α, θ, ω) 85

[9] L. N. Mishra, P. K. Das, P. Samanta, M. Misra, U. K. Misra, On indexed absolute matrix summability of

an infinite series, Applications and Applied Mathematics, vol. 13, 274-285, 2018.

[10] L. N. Mishra, D. Acharya, S. Sahu, P. C. Nayak, U. K. Misra, Indexed absolute summability factor of

improper integrals, Applications and Applied Mathematics, vol. 15, no. 1, pp. 666-672, 2020.

[11] L. N. Mishra, M. Patro, S. K. Paikray, B. B. Jena, A certain class of statistical deferred weighted A-

summability based on (p,q)-integers and associated approximation theorems, Applications and Applied

Mathematics, vol. 14, no. 2, pp. 716-740, 2019.

[12] V. N. Mishra, Some Problems on Approximations of Functions in Banach Spaces, Ph.D. Thesis, Indian

Institute of Technology, Roorkee 247 667, Uttarakhand, India, 2007.

[13] V. N. Mishra, L. N. Mishra, Trigonometric Approximation of Signals (Functions) in Lp−norm, Interna-

tional Journal of Contemporary Mathematical Sciences, vol. 7, no. 19, pp. 909-918, 2012.

[14] L. N. Mishra, V. N. Mishra, K. Khatri, Deepmala, On The Trigonometric approximation of signals belong-

ing to generalized weighted Lipschitz W (Lr ,ξ(t))(r ≥ 1)− class by matrix (C1.Np) Operator of conjugate

series of its Fourier series, Applied Mathematics and Computation, vol. 237, pp. 252-263, 2014.

[15] V. N. Mishra, K. Khatri, L. N. Mishra, Deepmala, Trigonometric approximation of periodic Signals be-

longing to generalized weighted Lipschitz W ′(Lr ,ξ(t)), (r ≥ 1)− class by Nörlund-Euler (N,pn)(E,q) oper-

ator of conjugate series of its Fourier series, Journal of Classical Analysis, vol. 5, no. 2, pp. 91-105, 2014.

[16] Deepmala, L. N. Mishra, V. N. Mishra, Trigonometric Approximation of Signals (Functions) belonging to

the W (Lr ,ξ(t)), (r ≥ 1)− class by (E, q) (q > 0)-means of the conjugate series of its Fourier series, GJMS

Special Issue for Recent Advances in Mathematical Sciences and Applications-13, Global Journal of Math-

ematical Sciences, vol. 2, no. 2, pp. 61–69, 2014.

[17] E. S. Quade, Trigonometric approximation in mean, Duke Math. J. vol. 3, pp. 529-542, 1937.

[18] S. Sonker, A. Munjal, Sufficient conditions for triple matrices to be bounded, Nonlinear Studies, vol. 23,

no. 4, pp. 533-542, 2016.

[19] S. Sonker, A. Munjal, Absolute Summability Factor ϕ − |C,1;δ|k of Infinite Series, International Journal of

Mathematical Analysis, vol. 10, no. 23, pp. 1129 – 1136, 2016.

[20] S. Sonker, A. Munjal, Approximation of the function f belong to Lip (α,p) using infinite matrices of
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