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Abstract: The theory of fuzzy logic and the fuzzy set has been successfully applied in various fields of

research in social science, management science, and mathematics. In this paper, we use the concept of

fuzzy real numbers to introduce and study the new double sequence spaces lF∞(M, λ, ρ), CF (M, λ, ρ) and

CF
o (M, λ, ρ) of fuzzy real numbers defined by the Orlicz function and study some of their properties like

linear space structure, completeness, and solidness.
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1. Introduction

Mathematics has traditionally been restricted to two conclusions: true and false. Accord-

ing to the traditional viewpoint, science should strive for certainty in all statements, and

uncertainty is seen as unscientific[1]. However, American Mathematician L. A. Zadeh[2],

initially introduced the concept of fuzzy set and fuzzy logic in 1965 to deal with difficulties

seen in mathematics that have no clear answer. Since then, a number of authors have

researched various aspects of its theory and applications. A large number of authors have

used the fuzzy set and fuzzy numbers in different classes of sequence spaces. Motloka [3]

has studied the boundedness and convergent sequence of fuzzy numbers and has shown

that every convergent sequence of fuzzy numbers is bounded. The notion of the fuzzy set

has been successfully applied in studying the double sequence of fuzzy real numbers by

researchers. Hardy [4] developed the concept of regular convergence for double sequences

in the sense that the double sequence has a limit in the Pringsheim sense and has one-sided

limits. In 2005, Altay and Basar[5] defined the double sequence spaces, looked at some of

their properties, and demonstrated that they are fully paranormed or normed spaces under

certain conditions. In order to study the double statistical convergence of a sequence of

fuzzy numbers, Savas[7] introduced some new double sequence spaces of fuzzy numbers in
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2010. Das, M.[6] introduced certain vector-valued difference double sequences defined by

the Orlicz function in 2012 to investigate their various properties. Similarly, Savas and

Patterson [8] developed some new double sequence spaces and investigated some of their

features in 2007. Tripathy and Sarma [9] investigated various aspects of converging, null,

and bounded sequence spaces of fuzzy real numbers defined by an Orlicz function. In 2009,

Tripathy and Sarma [10] introduced double sequence spaces and examined some topological

and algebraic properties of these spaces. Tripathy and Sarma [11] proposed certain double

sequence spaces of fuzzy real numbers defined by the Orlicz function in 2011 in order to

investigate their various features. In 2010, Savas [12] used the Orlicz function to develop a

novel concept for double lacunary sequence spaces of fuzzy numbers and investigate whether

a sequence of fuzzy numbers is double strongly P- convergent with respect to an Orlicz func-

tion. Kılınç, G., and Solak, İ.[13] studied the topological and algebraic characteristics of

new modulus-defined double sequence spaces they established in 2014. Also, Pahari [14]

created and studied a new null class of normed space using the Orlicz function and inves-

tigated its linear topological properties. Similarly, Habil [15] in 2016, made an effort to

provide such an informative overview, summarizing key points from the foundational the-

ory of double sequences and double series and providing thorough justifications for each.

Basu [16] defined a new class of fuzzy number sequences using Orlicz functions in 2018 and

derived numerous useful classes with rich structural features. Likewise in 2018, Sarma [17]

investigated various properties of double sequence spaces of fuzzy real numbers defined by

an Orlicz function. The concepts of the limit superior and limit inferior of a double sequence

of fuzzy numbers were presented by Talo [18], and a number of properties were obtained

for these concepts. The properties of convergent, null and limited double sequence spaces

defined by the double Orlicz function were investigated by Dabbas and Battor [19] in 2020.

In 2021, Mansoor and Battor [20] developed some new double sequence spaces based on

the double Orlicz function and fuzzy metric to test some basic properties of the new double

sequence spaces. Paudel and Pahari[21] studied the fundamental notion of fuzzy metric

space of fuzzy real numbers with some topological properties in 2021. Also Paudel and

et.al [22] in 2022 introduced generalized from of p- bounded variation of difference sequence

space of fuzzy real numbers to studied different properties of it. Wladyslaw Orlicz firstly

introduced Orlicz space in 1932. Later on, Lindenstrauss and Tzafriri [23] used the idea of

the Orlicz function to construct the sequence space lM = {x ∈ ω :
∑∞

k=1M( |x|ρ ) < ∞}.

The space lM with the norm ||x|| defined by

||x||= inf {ρ > 0 :
∑∞

k=1M( |xk|
ρ ) ≤ 1}

becomes a Banach space and it is called Orlicz sequence space.

This paper is organized as follows: in Section 2, we examine some definitions that are

essential for the paperwork. Section 3 will go over the double sequence spaces of fuzzy real

numbers defined by the Orlicz function. Section 4 will offer some results on the double

sequence space of fuzzy real numbers defined by the Orlicz function. Section 5 concludes

the paper.
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2. Preliminaries and definition:

Let D be the set of all bounded intervals A = [a,b] on the real line R. For any A,B ∈ D

with A = [a1, b1] and B = [a2, b2] , A ≤ B if a2 ≤ a1 and b1 ≤ b2. Define a relation d on D
by d(A,B) = max{| a1 − a2 |, | b1 − b2 |}
Then clearly, d defines a metric on D and obviously (D, d) is a complete metric space.

Definition 2.1. [24] A fuzzy real number is a fuzzy set i.e a mapping X : R → I = [0, 1]

associating each real number t ∈ R with its membership value X (t) satisfying that X is

i. normal if there exists a real number t such that X (t) = 1

ii. convex if for t, s ∈ R and 0 ≤ λ ≤ 1 , X (λt+ (1− λ)s) ≥ min {X (t),X (s)}.
iii upper semi continuous if for each ε > 0 ,X−1([0, a+ ε)) is open for all a ∈ I in the

usual topology of R.

Definition 2.2. [25] The α- level set on a fuzzy set X is denoted by Xα and defined by

Xα = {t ∈ R : X (t) ≥ α}.
The support of a fuzzy number is the set of all those elements of the fuzzy number having

membership value greater than zero.

Suppose R(I) denotes the set of all real fuzzy numbers which are upper semi-continuous

and have compact support. In other words , if X ∈ R(I) then for any α ∈ [0, 1] ,

(2.1) Xα =

t : X (t) ≥ α for α ∈ (0, 1]

t : X (t) > α for α = 0

The addition and scalar multiplication on R(I) are defined as

[X + Y]α = Xα + Xα and (αX )α = α(X )α for all α ∈ [0, 1].

Consider a mapping d̄ : R(I)× R(I) −→ R(I) by the relation

d̄(X ,Y) = sup d(Xα,Yα) for 0 ≤ α ≤ 1.

Then d̄ defines a metric on R(I) and (R(I), d̄) forms a complete metric space. Also , for any

X ,Y ∈ R(I),X ≤ Y if and only if [Xα] ≤ [Y α] for α ∈ [0, 1] and Xα= [xα1 , x
α
2 ] and Y α= [yα1 , y

α
2 ].

Let λ : R(I)× R(I) −→ R be defined by λ(X,Y ) = sup0≤α≤1 λα(X
α, Y α)

where, λα : R(I)× R(I) −→ R is defined by λα(X
α, Y α) = min{|Xα

1 − Y α
1 |, |Xα

2 − Y α
2 |}.

Similarly, ρ : R(I)× R(I) −→ R be defied by ρ(X,Y ) = sup0≤α≤1 ρα(X
α, Y α)

where, ρα : R(I)× R(I) −→ R is defined by ρα(X
α, Y α) = max{|Xα

1 − Y α
1 |, |Xα

2 − Y α
2 |}.

A sequence of fuzzy numbers X = (Xk) is a function X : N −→ R(I), where N = 0, 1, 2, . . .

The number Xk is the kth value of the function at k ∈ N and is the kth term of the sequence.

Definition 2.3. Let ω be the set of all real or complex-valued double sequences which is

a vector space with coordinate wise addition and scalar multiplication. Then any vector

subs-pace of ω is called sequence space.
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3. Double Sequence Space of Fuzzy Real Numbers And Orlicz Function

A double sequence of fuzzy numbers X = (Xnk) is a function form X : N×N −→ R(I), the
set of fuzzy real numbers. The fuzzy number Xnk is the value of the function at the point

(n, k) ∈ N ×N and is called (n, k)-term of the double sequence.

Example 3.1. The function X : N×N −→ defined by X (n, k) = n
n+k is a double sequence.

A double sequence X = (Xnk) of fuzzy numbers is said to be bounded if there exist fuzzy

numbers M and m such that m ≤ Xnk ≤ M for all n, k ∈ N.

A double sequence X = (Xnk) of fuzzy numbers is said to be Cauchy double sequence if

∀ϵ > 0∃no ∈ N : d(X i
nk,X

j
nk) < ε for min(i, j) ≥ no.

We also say that the double sequence X = (Xnk) of fuzzy numbers converges to a fuzzy

number Xo if Xnk tends to Xo as both n and k tend to ∞ independently of one another.

A double sequence space ωF of fuzzy numbers is said to be solid if (Ynk) ∈ ωF , whenever

|Ynk| ≤ |Xnk| for all n, k ∈ N for some (Xnk) ∈ ωF .

Tripathy and Sarma [10] in 2011 defined classes of double sequence spaces of fuzzy numbers

defined by Orlicz function as follow :

(2ℓ∞)F (M) = {X = (Xnk) ∈ R(I) : supn,kM( d̄(Xnk,0̄)
ρ ) < ∞, for some ρ > 0}.

2CF(M) = {X = (Xnk) ∈ R(I) : limn,k M( d̄(Xnk,X )
ρ ) = 0, for some ρ > 0}.

(2C0)F (M) = {X = (Xnk) ∈ R(I) : limn,k M( d̄(Xnk,0̄)
ρ ) = 0, for some ρ > 0}.

In 2020, Dabbas and Battor[19] defined the classes of sequences of fuzzy real numbers using

double Orlicz functions as follows:

ℓF∞(X ,P)= {(Xnk,Ynk) ∈ ωF : supn,k{(λ(
d̄(Xnk,0̄)

r ))Pnk ∨ (ρ( d̄(Ynk,0̄)
r ))Pnk < ∞} for some r > 0}.

CF (X ,P)= {(Xnk,Ynk) ∈ ωF : limn,k{(λ( d̄(Xnk,X1)
r ))Pnk ∨ (ρ( d̄(Ynk,X2)

r ))Pnk = 0} for some r > 0}.

CF
o (X ,P)= {(Xnk,Ynk) ∈ ωF : limn,k{(λ( d̄(Xnk,0̄)

r ))Pnk ∨ (ρ( d̄(Ynk,0̄)
r ))Pnk = 0} for some r > 0}.

and studies different properties of the classes.

In this paper, we define the sequence classes using the concept of Orlicz function as follows:

ℓF∞(M, λ, ρ)= {(Xnk) ∈ ωF : supn,k M(λ(Xnk,0̄)
r ) < ∞; supn,k M(ρ(Xnk,0̄)

r ) < ∞ forsome r > 0}.

CF (M, λ, ρ)= {(Xnk) ∈ ωF : limn,k M(λ(Xnk,L)
r ) = 0; limn,k M(ρ(Xnk,L)

r ) = 0 forsome r > 0}.

CF
o (M, λ, ρ)= {(Xnk) ∈ ωF : limn,k M(λ(Xnk,0̄)

r ) = 0; limn,k M(ρ(Xnk,0̄)
r ) = 0 forsome r > 0}.

And, we study different properties like linearity, completeness and solidity of these spaces.
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4. Main Results

In this section, we shall investigate some topological properties of the classes ℓF∞(M, λ, ρ),

CF (M, λ, ρ) and CF
o (M, λ, ρ).

Theorem 4.1. The classes ℓF∞(M, λ, ρ), CF (M, λ, ρ) and CF
o (M, λ, ρ) are liner space.

Proof. Firstly, we show the class ℓF∞(M, λ, ρ) is linear. For, let X = (Xnk) and Y = (Ynk)

be to elements of ℓF∞(M, λ, ρ) then ∃ r1 > 0, r2 > 0 such that

supn,k M(λ(Xnk,0̄)
r1

) < ∞; supn,k M(ρ(Xnk,0̄)
r1

) < ∞

supn,k M(λ(Ynk,0̄)
r2

) < ∞; supn,k M(ρ(Ynk,0̄)
r2

) < ∞

Then for any α, β and r = max{2αr1, 2βr2},

supn,k M(λ(αXnk+βYnk,0̄)
r ) ≤ supn,k M(λ(αXnk,0̄)+λ(βYnk,0̄)

r )

= supn,k[M{α
r λ(Xnk, 0̄) +

β
r λ(Ynk, 0̄)}]

≤ supn,k[M{1
2λ(Xnk, 0̄) +

1
2λ(Ynk, 0̄)}]

≤ 1
2 supn,k[M(λ(Xnk,0̄)

r1
)] + 1

2 supn,k[M(λ(Ynk,0̄)
r2

)] < ∞

Thus, supn,k M(λ(αXnk+βYnk,0̄)
r ) ≤ 1

2 supn,k[M( λ(Xnk,0̄)
r1

)]+ 1
2 supn,k[M(λ(Ynk,0̄)

r2
)] < ∞.

Similarly, we can show that,

supn,k M(ρ(αXnk+βYnk,0̄)
r ) ≤ 1

2 supn,k[M(ρ(Xnk,0̄)
r1

)] + 1
2 supn,k[M(ρ(Ynk,0̄)

r2
)] < ∞

So that, supn,k M(λ(αXnk+βYnk,0̄)
r ) < ∞ , supn,k M(ρ(αXnk+βYnk,0̄)

r ) < ∞

=⇒ αXnk + βYnk ∈ ℓF∞(M, λ, ρ) and hence ℓF∞(M, λ, ρ) is linear space.

Similarly, we can show that the spaces CF (M, λ, ρ) and CF
o (M, λ, ρ) are also linear spaces.

□

Theorem 4.2. The class ℓF∞(M, λ, ρ) is a metric space with the relation

d̄(X ,Y) = inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1}

for X = (Xnk),Y = (Ynk) ∈ ZF (M, λ, ρ) and r > 0 for n, k ∈ N.

Proof. Let X ,Y,Z ∈ ℓF∞(M, λ, ρ) where X = (Xnk),Y = (Ynk),Z = (Znk).Then

d̄(X ,Y) = 0

=⇒ inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1} = 0

=⇒ M(λ(Xnk,Ynk)
r )=0 and M(ρ(Xnk,Ynk)

r ) = 0

=⇒ λ(Xnk,Ynk))=0 and ρ(Xnk,Xnk) = 0

So that,

(4.1) min{|Xα
ni − Yα

ni|, |Xα
jk − Yα

jk|} = 0

(4.2) max{|Xα
ni − Yα

ni|, |Xα
jk − Yα

jk|} = 0

From these two relation, we see that Xnk = Xnk =⇒ X = Y.

Thus, d̄(X ,Y) = 0 =⇒ X = Y.
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Conversely, we assume that X = Y. Then by the definition of λα and ρα, we have

λα(Xα
nk,Yα

nk) = 0 and ρα(Xα
nk,Yα

nk) = 0 , ∀n, k ∈ N, α ∈ (0, 1)

=⇒ supn,k λα(Xα
nk,Yα

nk) = 0 and supn,k ρα(Xα
nk,Yα

nk) = 0

=⇒ λ(Xnk,Ynk) = 0 and ρ(Xnk,Ynk) = 0.

By the definition of Orlicz function, we have

M(λ(Xnk,Ynk)
r ) = 0 and M(ρ(Xnk,Ynk)

r ) = 0 ,∀n, k ∈ N and r > 0

=⇒ inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1} = 0

∴ d̄(X ,Y) = 0

We have, d̄(X ,Y)= inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1}.

Here, λ(Xnk,Ynk) = supλ∈(0,1) λα(Xα
nk,Yα

nk)

= supα∈(0,1)min[{|Xα
ni − Yα

ni|, |Xα
jk − Yα

jk|}]

= supα∈(0,1)min[{|Yα
ni −Xα

ni|, |Yα
jk −Xα

jk|}]

= supα∈(0,1) λα(Yα
nk,Xα

nk)

=λ(Ynk,Xnk)

Similarly, we can show that ρ(Xnk,Ynk) = ρ(Ynk,Xnk).

Now, d̄(X ,Y) = inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1}.

= inf{r > 0 : supn,k M(λ(Ynk,Xnk)
r ) < 1; supn,k M(ρ(Ynk,Xnk)

r ) < 1}.

= d̄(Y,X )

Let r1 and r2 such that, supn,k M(λ(Znk,Ynk)
r1

) ≤ 1 and supn,k M(λ(Znk,Ynk)
r2

) ≤ 1.

Let r = r1 + r2 then r > 0 and by the definition of λ we have,

λ(Xnk,Ynk) = supλ∈(0,1) λα(Xα
nk,Yα

nk) = supα∈(0,1)min[{|Xα
ni − Yα

ni|, |Xα
jk − Yα

jk|}].

Using the definition of λα we have,

λα(Xα
nk,Yα

nk) ≤ λα(Xα
nk,Zα

nk) + λα(Zα
nk,Yα

nk)

=⇒ supα∈(0,1) λα(Xα
nk,Yα

nk) ≤ supα∈(0,1) λα(Xα
nk,Zα

nk) + supα∈(0,1) λα(Zα
nk,Yα

nk).

(4.3) ∴ λ(Xnk,Ynk) ≤ λ(Xnk,Znk) + λ(Znk,Ynk)

Using the continuity of M we get,

supn,k M{λ(Xnk,Ynk)
r } ≤ supn,k M{λ(Xnk,Znk)

r1+r2
+ λ(Znk,Ynk)

r1+r2
}.

≤ supn,k M{ r1
r1+r2

λ(Xnk,Znk)
r1

}+ supn,k M{ r1
r1+r2

λ(Znk,Ynk)
r1+r2

}

≤ supn,k
r1

r1+r2
M(λ(Xnk,Znk)

r1
) + supn,k

r1
r1+r2

M(λ(Znk,Ynk)
r1+r2

)

≤ r1
r1+r2

.1 + r1
r1+r2

.1

∴ supn,k M{λ(Xnk,Ynk)
r } ≤ 1.

This relation is true for all r > 0, so that

inf{r > 0 : supn,k M{λ(Xnk,Ynk)
r } ≤ 1}.

Then from (4.3), we have

inf{r > 0 : supn,k M{λ(Xnk,Ynk)
r } ≤ 1} ≤ inf{r1 > 0 : supn,k M{λ(Xnk,Znk)

r1
} ≤ 1}

+ inf{r2 > 0 : supn,k M{λ(Znk,Ynk)
r2

} ≤ 1}
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Similarly, we can show that,

inf{r > 0 : supn,k M{ρ(Xnk,Ynk)
r } ≤ 1} ≤ inf{r1 > 0 : supn,k M{ρ(Xnk,Znk)

r1
} ≤ 1}

+ inf{r2 > 0 : supn,k M{ρ(Znk,Ynk)
r2

} ≤ 1}

Thus we have,

d̄(X ,Y) = inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1}

≤ inf{r1 > 0 : supn,k M(λ(Xnk,Znk)
r1

) < 1} + inf{r2 > 0 : supn,k M(λ(Znk,Ynk)
r2

) < 1}

+ inf{r1 > 0 : supn,k M(ρ(Xnk,Znk)
r1

) < 1} + inf{r2 > 0 : supn,k M(ρ(Znk,Ynk)
r2

) < 1}

= d̄(X ,Z) + d̄(Z,Y)

∴ d̄(X ,Y) ≤ d̄(X ,Z) + d̄(Z,Y).

Hence, d̄(X ,Y) = inf{r > 0 : supn,k M(λ(Xnk,0̄)
r ) < 1; supn,k M(ρ(Xnk,0̄)

r ) < 1}

for X = (Xnk), Y = (Ynk) ∈ ℓF∞(M, λ, ρ) and r > 0 for n, k ∈ N is a metric and hence

ℓF∞(M, λ, ρ)is a metric space with the metric d̄(X ,Y).

Similarly we can show that, the spaces CF (M, λ, ρ) and CF
o ((M, λ, ρ) are metric spaces.

□

Theorem 4.3. The class of sequence spaces ℓF∞(M, λ, ρ), C∞F (M, λ, ρ) CF
o (M, λ, ρ) are

complete metric spaces with the metric

d̄(X ,Y) = inf{r > 0 : supn,k M(λ(Xnk,Ynk)
r ) < 1; supn,k M(ρ(Xnk,Ynk)

r ) < 1}

for X = (Xnk),Y = (Ynk) ∈ ZF (M, λ, ρ) and r > 0 for n, k ∈ N.

Proof. Firstly, we show that the space ℓF∞(M, λ, ρ) is complete. Then by similar procedure

we can show for rest spaces are complete.

For, let {X i} = {X i
nk} be Cauchy sequence in ℓF∞(M, λ, ρ) and let ε > 0 be given, then

there exists io ∈ N such that, d̄(X i
nk,X

j
nk) < ε,∀i, j ≥ io, n, k ∈ N.

(4.4) =⇒ inf{r > 0 : sup
n,k

M(
λ(X i

nk,Y
j
nk)

r
) ≤ 1; sup

n,k
M(

ρ(X i
nk,Y

j
nk)

r
) ≤ 1} < ε

=⇒ supn,k M(
λ(X i

nk,Y
j
nk)

r ) ≤ 1 and M(
ρ(X i

nk,Y
j
nk)

r ) ≤ 1

Here,

(4.5) supn,kM(
λ(X i

nk,Y
j
nk)

r
) ≤ 1)

For ε > 0, let us choose µ, η > 0 such that M(µη2 ) ≥ 1.

Then from(4.4), supn,k M(
λ(X i

nk,Y
j
nk)

r ) ≤ 1 ≤ M(µη2 ).

Since, M is non-decreasing function, we have

λ(X i
nk,Y

j
nk)

r ≤ µη
2 =⇒ λ(X i

nk,Y
j
nk) ≤

µη
2 .r

For,r > 0, let us choose r = ε
µη then we have λ(X i

nk,Y
j
nk) ≤

ε
2 < ε.

Thus λ(X i
nk,Y

j
nk) < ε,∀ i, j ≥ io.
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This shows that {X i
nk} is a Cauchy sequence in R(I). Since, R(I) is complete, so we suppose

that, Xnk ∈ R(I) such that limi→∞X i
nk = Xnk for n, k ∈ N. To complete the proof, we

show that Xnk ∈ ℓF∞(M, λ, ρ).

We have, supn,k M(
λ(X i

nk,X
j
nk)

r ) ≤ 1 for, r > 0.

Let us fix i and taking j −→ ∞ then we get,

supn,k M(
λ(X i

nk,Xnk)
r ) ≤ 1 ,for r > 0 and i ≥ io.

By the similar process, we can show that

supn,k M(
ρ(X i

nk,Xnk)
r ) ≤ 1 for, r > 0 and i ≥ io.

Thus, supn,k M(
λ(X i

nk, Xnk)
r ) ≤ 1 ; supn,k M(

ρ(X i
nk,Xnk)
r ) ≤ 1 , for all r > 0 and i ≥ io.

Taking infimum over such r > 0, we get using (3) we have

inf{r > 0 : supn,k M(
λ(X i

nk,X
j
nk)

r ) ≤ 1 ; supn,k M(
ρ(X i

nk,X
j
nk)

r ) ≤ 1} < ε.

=⇒ d̄(X i
nk,X

j
nk) < ε,∀i, j ≥ io, n, k ∈ N.

By triangle inequality of the metric d̄

d̄(Xnk, 0̄) ≤ d̄(Xnk,X i
nk) + d̄(X i

nk, 0̄) < ε+ d̄(X i
nk, 0̄) < ∞

=⇒ inf{r > 0 : supn,k M(λ(Xnk,0̄)
r ≤ 1); supn,k M(

ρ(X i
nk,0̄)
r ≤ 1)} < ∞

=⇒ Xnk ∈ ℓF∞(M, λ, ρ) and hence ℓF∞(M, λ, ρ) is complete. This completes the proof

□

Theorem 4.4. The spaces ℓF∞(M, λ, ρ), CF (M, λ, ρ) and CF
o (M, λ, ρ) are solid.

Proof. Suppose X = (Xnk) ∈ ℓF∞(M, λ, ρ) and let Y = (Ynk) be double sequence of fuzzy

numbers such that

λ(Ynk, 0̄) ≤ λ(Xnk, 0̄) and ρ(Ynk, 0̄) ≤ ρ(Xnk, 0̄) for n, k ∈ N.

Let, r > 0 then we have λ(Ynk,0̄)
r ≤ λ(Xnk,0̄)

r and ρ(Ynk,0̄)
r ≤ ρ(Xnk,0̄)

r .

M is non-decreasing function, we have

M(λ(Ynk,0̄)
r ) ≤ M(λ(Xnk,0̄)

r ) and M(ρ(Ynk,0̄)
r ) ≤ M(ρ(Xnk,0̄)

r ) for all n, k ∈ N.

This relation is true for all n, k ∈ N, so

supn,k M(λ(Ynk,0̄)
r ) ≤ supn,k M(λ(Xnk,0̄)

r ) and supn,k M(ρ(Ynk,0̄)
r ) ≤ supn,k M(ρ(Xnk,0̄)

r ).

Since X = (Xnk) ∈ ℓF∞(M, λ, ρ) we have, supn,k M(λ(Xnk,0̄)
r ) < ∞ supn,k M(ρ(Xnk,0̄)

r ) < ∞.

Thus, supn,k M(λ(Ynk,0̄)
r ) < ∞ and supn,k M(ρ(Ynk,0̄)

r ) < ∞ for r > 0

=⇒ Y = (Ynk) ∈ ℓF∞(M, λ, ρ). Thus ℓF∞(M, λ, ρ) is solid.

Similarly, other spaces can be shown solid.

□

5. Conclusion

The concepts of fuzzy logic and fuzzy sets have been applied in the study of various

sequence spaces. In this paper, we have used the Orlicz function to define new double se-

quence spaces ZF (M, λ, ρ) of fuzzy real numbers and study various properties like linearity,

completeness, and solidity. It can be applied in the study of various sequence spaces.6mm
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