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Abstract: In this paper, we study the structure and properties of escaping sets of holomorphic semigroups.
In particular, we study the relationship between escaping set of holomorphic semigroup and escaping set of
each function that lies in that semigroup. We also study about the invariantness of escaping sets.

Also, in this paper, we define the term bounded orbit set K (H) and the set K’(H) of holomorphic semigroup
H. Then we study their invariantness and their relations with escaping sets. We also construct a particular
class of holomorphic semigroups generated by two holomorphic functions such that bounded orbit set of
holomorphic semigroup is equal to bounded orbit set of its generators.
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1. INTRODUCTION

Let C denotes the set of complex numbers, Z denotes the set of integer numbers, Z>g
denotes the set of non-negative integer numbers and N denotes the set of natural numbers.
Let h : C — C be a holomorphic function on C, an entire function which is either polynomial

or transcendental entire. Let h°(z) = z and define
h"(z) = h(h"1(2)), n € N,

Then h™(z) is called n'" iteration of h with itself.

We say a holomorphic family H of holomorphic functions is normal in some domain D C C
if every sequence in H has a subsequence that locally uniformly converges to a holomorphic
function or locally uniformly diverges to co on D. We say H is normal at z € D, if there
exists a neighborhood N(z) such that throughout the neighborhood the family # is normal
[12].

The dynamics of holomorphic function was originated in early 20th century with the inde-

pendent work of Pierre Fatou and Gaston Julia [3, 12]. Both of them were motivated from
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Montel’s theory of normal family [12]. Due to Fatou and Julia [3, 12], the Fatou set and

Julia set of holomorphic function h is defined as
F(h)={z¢€C:{h" :n € N} is normal at z}, J(h) = C — F(h) respectively.

The escaping set and bounded set of holomorphic function h are denoted by I(h), K(h)
and defined by
I(h) ={z:h"(2) - c0 as n — oo},
K(h)={z:{h"(2) : n € Z>¢} is bounded}
respectively [1, 11].
Also, the bungee set of h is denoted by BU(h) and defined by

BU(h) = C — {I(h) U K(h)}[9)].

In the beginning the escaping set of polynomial function is treated as a Fatou compo-
nent of the function that escapes towards infinity. But the formal definition of escaping
set was firstly given by Eremenko in 1989 [1]. In the paper, it is proved that for and
transcendental entire function h, I(h) # 0,I(h) N J(h) # 0,J(h) = 0I(h). In the same

paper, it is proved that each component of I(h) is unbounded and formulated a conjecture

known as Eremenko conjecture which states that for a transcendental entire function h,
each component of I(h) is unbounded. In 2022, Rempe and et al. [8], solved the con-
jecture negatively. The set K(h) was first studied by Bergweiler in 2012 [11] and proved
that K(h) # 0, K(h) N J(h) # 0,J(h) = 0K (h). In particular, the bounded orbit set of
polynomial function is also known as filled Julia set[3]. In 1987, Eremenko and Lyubich [2]
showed the existence of the bungee set BU(h) of transcendental entire function s and later
in 2015, Osborne and Sixsmith [9] formally introduced the notion of bungee set and they
proved that for polynomial P, BU(P) = () and for any transcendental entire function h,
BU(h) # 0 and BU(h) N J(h) # 0, J(h) = O0BU(h). Also, the sets I(h), K(h), BU(h) all
are completely invariant [1, 9, 11].

One of the partition of the complex plane is Fatou set and Julia set [3,12]. Another parti-
tion of complex plane is escaping, bounded orbit and bungee sets. But for the polynomial,
escaping set and bounded orbit set form a partition of complex plane [9].

The dynamics of non cyclic holomorphic semigroup was firstly studied by Hinkkanen and
Martin [4] in 1996. They study the Fatou and Julia set of holomorphic semigroup gener-
ated by rational functions. Later in 1998, Poon [10] studied the Fatou and Julia sets of
holomorphic semigroup generated by transcendental entire functions. Due to them [4, 10],
the Fatou and Julia set of holomorphic semigroup H are denoted by F(H) and J(H) and
defined by

F(H)={z: H is nomal at z} and J(H) = C — F(H) respectively.

The escaping set of holmorphic semigroup was firstly studied by Kumar and Kumar [6] in
2016. The escaping set of holomorphic semigroup H due to Kumar and Kumar [6] is defined

as

I'(H) ={z :VY(gn) C H 3 subsequence (hy,) of (hn) s.t. hy, (z) = 00 as ny — oo}
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They [6] proved that I'(H) may be empty and I'(H) C () I(h). Also, they [6] proved
heH
that for any transcendental semigroup, it is forward invariant and later Kumar et.al. [7]

proved that for any abelian transcendental semigroup escaping set is backward invariant.
Also, they [7] proved that J(H)NI'(H) # () and J(H) = 0I'(H) where J(H) is Julia set
of transcendental entire semigroup H.

Later, Subedi [5] introduced another version of escaping set of holomorphic semigroup. Due

to Subedi the escaping set of holomorphic semigroup H is defined by

I(H)={z:Vhe H,h"(z) = o0 as n — oo}.
He [5] proved that his definition is not logically equivalent with the definition of Kumar and
Kumar. He [5] also proved that I(H) c () I(h), J(H) =0I(H), J(H)NI(H) # 0.

heh
Also, he [5] proved the following lemma.

Lemma 1.1. Let H be a holomorphic semigroup such that I(H) # 0 and z € I(H). Then

for every non convergent sequence in S has a sub-sequence that diverges to oo at z.

Then by using this lemma, he [5] proved that escaping set is forward invariant for any
holomorphic semigroup and backward invariant for any abelian holomorphic semigroup.
In this paper, we critically studied the structures and properties of escaping set holomorphic
semigroup due to Kumar and Kumar and due to subedi. Also, we extend the bounded orbit
set of individual function into the bounded orbit set of holomorphic semigroup. Then we

observe its basic structures and properties.

Definition 1.2 (Iteratively Bounded). we say holomorphic semigroup H is iteratively
bounded at z if for each h € H the orbit {h"(z) : n € Z>¢} is bounded.

Definition 1.3 (Bounded Orbit Set). We denote the bounded orbit set of holomorphic
semigroup H by K(H) and defined by

K(H) ={z € C: H is iteratively bounded at z}.

Example 1.4. Let H be a holomorphic semigroup genrated by two holomorphic functions
22 and 23. Then K(H) = D.

Example 1.5. Let H =< hy >, hj, = e*e?, k € Z. Then K(H) = ().

Example 1.6. Let H =< sinz, cosz >. Then the set {z € C: h"(z) € R for someh €
H and for somen € Z>} lies in K(H).

Again we define another set which is subset of bounded orbit set.
Definition 1.7. The set K'(H) of holomorphic semigroup H is defined by

K'(H) ={z:V sequence (hy) C H, {hy(2) : n € N} is bounded}.
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2. MAIN RESULT

We figure out the following results concern to escaping sets, bounded orbit set and the

set K'(H) of holomorphic semigroup H.

Remark 2.1. Let H be a holomorphic semigroup. Then the relation I'(H) ¢ () I'(h)
heH
may NOT hold in general.

Proof. For this, let z € I'(H). Then we need to show that V h € H, z € I(H). So, let
h € H. Then (h") is a sequence in H. Then by definition there exists a subsequence (h"™*)
of (h™) such that h™(z) — oo as np — oo. But this does not imply that h"(z) — oo as

n — oo because orbit of z under the map f may be neither escape nor bounded. That is,

€ BU(h). 0
Proposition 2.2. Let H be a holomorphic semigroup. Then I(H) = () I(h).
heH
Proof. 1t is trivial because
z€I(H) <= VheH, h"(2) » 00 asn— 0. O

Now we construct a counter example to the lemma 1.1.

Example 2.3 (A counterexample to the lemma 1.1). Let H =< hy > where hyi(z) =
e** k € N. Then z = i lies in I(H) but there exists a non convergent sequence in H such

that every sub-sequence of that sequence is bounded at z.

Proof. Since each sequence (g,) C H, gk(in) — oo as k — oo, z = im € I(H). Let consider
a sequence (hg(z)). Let z = im, then (hg(2)) = (hg(im)) = {—1, 1 — 1, ... }. This sequence

has no sub-sequence that diverges to co. This contradicts lemma 1.1. ([l

Proposition 2.4. Let H be an abelian transcendental holomorphic semigroup. Then I(H)

1s backward invariant.

Here, we prove the same result proposition 2.4 without using lemma 1.1.

Proof. 1t is sufficient to show that
VheH, hI(I(H)) cI(H).
Equivalently,
z¢ I(H)= h(z) ¢ I(H).

So, let z ¢ I(H). Then there exists g € H such that ¢"(z) /= oo as n — oo. Then there
exists a subsequence (g"*) of (¢") such that {¢"*(z)} is bounded. Then for all h € H,
{h(g"™)(2)} is bounded. Since H is abelian, h o g"* = ¢g"* o h. Thus {¢"*(h(z))} is also
bounded. Hence g"*(h(z)) /— o0 as ni — oo.

This implies that g"(h(z)) /= oo as n — oco. Thus h(z) ¢ I(H). O

We give a counter example to the forward invariantness of I(H).
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Example 2.5 (A Counter Example ). Let G =< g, h > be a holomorphic semigroup where
g(z) =1+ 2z+e 7 and h(z) = €*. Then I(H) is NOT forward invariant.

Proof. Choose a point z = Inm +i%. Then z € I(H) and h(z) = im which is a fixed point
of g. So, for each n € N, ¢g"(h(z)) = imw. This implies that h(z) ¢ I(g). Thus I(H) is NOT

forward invariant. O

Now we discuss some structures and properties of K(H) and K'(H).

Proposition 2.6. Let H be a holomorphic semigroup. ThenV h € H,K(H) C K(h) and

K(H) = N K.

Proof. Let z € K(H). Then H is iteratively bounded at z. That is, for all f € H,
{h"(2)}n>0 is bounded. Thus for all h € H, z € K(H). Hence K(H) C K(h).

This implies that K(H) C () K(h). Conversely, let z € (| K(h). Then for all h €
heH heH
H, orbit of z under H is bounded. So, H is iteratively bounded at z. Hence z €

K(H).Thus, (| K(h) C K(H). O
heH
Proposition 2.7. For any holomorphic semigroup H, K(H) C I(H)°.

Proof. We have,
I(H)={z: 3he€ H s.t. h"(z) /> 00 as n — oo}.
That is,
I(H)={z: 3 he€ Hwith z€ K(h)UBU(h)}.
Now, let z € K(H). Then V h € H, z € K(h). This implies that z € I(H)*. O
But K(H) # I(H)°. For this, we have the following Example.
Example 2.8. Let H = < g, h > where g(z) = e* and h(z) = e *. Then K(H) # I(H)".

Proof. We have, H = < g,h > where g(z) = e* and h(z)

= e~ ?. Choose a point z = 0.
Then, since 0 € K(h),so0€ I(H)¢. But 0 € I(g). So 0 ¢ K(H

). Thus K(H) # I(H)*. O
Similar result holds for I'(H). That is,

Proposition 2.9. For any holomorphic semigroup H, K(H) C I'(H)C.

Proof. We have,

I'(H)® = {z: Jasequence (hy) s.t. V subsequences (hy,) of (hyn), hn,(2) # o0 as ng — oc}.

Now, let z € K(H). Then V h € H, sequence (h") is bounded at z. So, every subsequence
of (k™) is bounded at z. That is, every subsequence (h"*) of (h™) is not escape to infinity
as ng — oo. Thus, z € I'(H)". O

But, example 2.8. show that K(H) # I'(H)°.

Proposition 2.10. K(H) is forward invariant if H is abelian holomorphic semigroup.
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Proof. We need to show V h € H, h(K(H)) C K(H). Thatis, z € K(H) = h(z) € K(H).
For this, let z € K(H).Then Vg € H such that (¢") is bounded at z. This implies that
Vh € H, the sequence (h o g,) is bounded at z since each h € H is a holomorphic function
in C. Since H is abelian, ho g" = g" o h. So, (¢" o h) is bounded at z. That is, ¢g"(h(2)) is
bounded. Thus h(z) € K(H). O

Proposition 2.11. Let H be a holomorphic semigroup. Then K'(H) C K(H).

Proof. For this, let z € K'(H). Then by definition, V (g,) C H, {gn(2)} is bounded. In
particular, Yh € H, (h™) is a sequence in H. So, by definition {h"(2)} is bounded. So,
2 e K(H). O

But K'(H) is proper subset of K(H).

Example 2.12. Let H =< {h} > where hy(z) = e %% k € N. Then —1 € K(H) but
-1¢ K'(H).

Proof. Since at z = —1,V g € H, {¢"(—1)} is bounded. So, —1 € K(H). But at z = —1,
the sequence

{(-1)} = {e' e, e’ et}
is unbounded. So, —1 ¢ K'(H). O

Proposition 2.13. For any holomorphic semigroup H, K'(H) C I'(H) and K'(H) C
I(H)e.

Proof. Since K'(H) C K(H) and K(H) C I'(H)¢. Thus, K'(H) C I(H)°. Similarly, since
K(H) c I(H), so K'(H) ¢ I(H)". O

But K'(H) # I'(H)¢ and K'(H) # I(H)°. For this, choose the Example 2.8

Now we discuss about the invariant properties of K'(H).

Proposition 2.14. Let H be a holomorphic semigroup. Then K'(H) is forward invariant.

Proof. We need to that Vh € H, h(K'(H)) C K'(H). For this, let z € K'(H) and (gy) be
a sequence in H. Then {g, oh : h € H} is sequence in H. Then by definition, (g, o h) is
bounded at z. That is, {gnoh)(z)} = {gn(h(2))} is bounded. Since (gy) and h were chosen
arbitrary, soV h € h, h(z) € K'(H). O

We investigate the relationship between the bounded orbit set and its generators for

some special type of functions as follows.

Lemma 2.15. For any holomorphic function h, K(h) C K(h*), k € N.

Proof. Let z € K(h). Then {h™(2) : n € Z>¢} is bounded. This implies that for every
k€ N, {h¥"(2) = (W*)"(2) : n € Z>¢} is bounded because it is a subsequence of bounded
sequence. Thus z € K (h*). O
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Proposition 2.16. For any transcendental holomorphic semigroup H generated by two

holomorphic functions g and h where g is periodic with periodicity p and h = g+ p, we have
K(H) = klg) = k(h).
Proof. Since V z € C, h(z) = g(z) + p, we have h?(z) = g?(z) + p. This implies that
VmeN, i (z) = ¢™(z) + p.

This implies that
z€ K(g9) & z € K(h).

Thus K(g) = K(h). Also
V ni,ng € Z>o with n; =0 & ny =0 does NOT hold simultaneously,

(97 0 H"™)(2) = g™ 72 (2) o (W™ 0.6™)(2) = ™ 7(2) + .
This implies that
VieH, f=g¢"or f=g¢"+p=h¥ for somek eN.

So,
VfeH, K(f)=K(¢") = or K(f) = K(h¥) = K(¢*) for some k € N
Thus
K(H) = () K(g") = (] K(h").

keN keN
Hence from lemma 2.1

K(H)= () K(g") = K(g9) = | K(h*) = K(h).
keN keN

We can generalize proposition 2.16 as follows.

Proposition 2.17. For any holomorphic semigroup H generated by two holomorphic func-

tions g and h where g is periodic with periodicity p and h = g" + p, n € N, we have
K(h) = K(g9") & K(H) = K(g).
Proof. Since V z € C, h(z) = g"(2) + p, we have h?(z) = g*"(z) + p. This implies that
VmeN, i (z) =g¢""(2) +p.
So
ze€ K(h) < ze K(g").
Thus K(h) = K(g"). Also
¥ a,b € Zzo, (9" 0 h")(2) = g"T"(2) or (h* 0 ¢")(2) = g""**(2) + p.
This implies that
VfeH, f=g¢"or =g 4 p=hr""" for some a,be Z>g.

So
V feH, K(f)=K(g"") or K(f) = K(h*™™) for some a,b € Z>
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Since, from lemma 2.1 K(g) C K(g*™") ¢ K(gletn) = K (h¢t™), we have

KH)= () K(¢"™"")=Kl(9).

CL,bGZZO

3. CONCLUSION

We showed that the escaping set due to Kumar and Kumar may not be subset of
intersection of escaping sets of each holomorphic function of that semigroup. Also, We
concluded that lemma 1.1 does not hold in general. Similarly, we investigated that escaping
set of abelian holomorphic semigroup is backward invariant and escaping set of holomorphic
semigroup may not be forward invariant. We also generalized the concept of bounded orbit
set of holomorphic function into the bounded orbit set of holomorphic semigroup. Then we
investigated that bounded orbit set of holomorphic semigroup is equal to the intersection of
bounded orbit of set of each element of the semigroup. Also we investigated that bounded
orbit set of abelian holomorphic semigroup is forward invariant. We concluded that bounded
orbit set is proper subset of complement of escaping set due to Subedi and due to Kumar of
holomorphic semigroup. We also defined a proper subset K’(H) of bounded orbit set and
concluded that this set is forward invariant. We investigated that this subset is also proper
subset of complement of escaping set due to subedi and Kumar of holomorphic semigroup.
At last, we constructed a particular class of holomorphic semigroups generated by two
holomorphic functions such that bounded orbit set of holomorphic semigroup is equal to

bounded orbit set of its generators.

4. FURTHER PLAN

In the near future, we will study modern holomorphic dynamical system more critically.

Our research will focus to response the following queries:

(1) What about the backward invariant of K(H) and K'(H) ?

(2) Does K(H) intersect J(H) ?

(3) Does boundary of K(H) equal J(H) ?

(4) What about the relationship between bounded orbit set, escaping set, Fatou set and
Julia set of holomorphic semigroup ?

(5) What about the structures and properties of bungee set of holomorphic semigroup
?
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